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SUMMARY

This work contributes to the theory of entangled multilinear singular integral forms by
giving the first characterizations of L” boundedness of dyadic versions of these forms
associated with hypergraphs. Moreover, it establishes the first weighted estimates and
sparse domination results for such forms. The work proceeds by applying the obtained
characterizations to an open problem in probability theory. It introduces the notion of
ergodic-martingale paraproducts and establishes their boundedness and convergence in
a certain range of the L” norms. This gives a possible answer to a classical question
by Kakutani. Finally, the work discusses connections with the removal lemmas from

arithmetic combinatorics and graph theory.

Keywords: hypergraph, singular integral forms, entangled multilinear singular inte-
gral forms, T(1)-type conditions, ergodic-martingale paraproduct, Kakutani’s question,

L? estimates, removal lemmas
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SAZETAK

Ovaj rad doprinosi teoriji zapetljanih multilinearnih singularnih integralnih formi tako
Sto daje prve karakterizacije L” omedenosti dijadskih verzija tih formi pridruzenih hiper-
grafovima. Nadalje, dokazuje prve teZinske ocjene i dominaciju rijetkim operatorima za
takve forme. Rad potom primjenjuje dobivene karakterizacije na jedan otvoreni problem
u teoriji vjerojatnosti. Uvodi se pojam ergodi¢ko-martingalnih paraprodukata i pokazuje
njihovu omedenost i konvergenciju u izvjesnom rasponu L” normi. To daje jedan moguci
odgovor na klasi¢no Kakutanijevo pitanje. Konacno, rad diskutira veze s lemama o uk-

lanjanju iz aritmeti¢ke kombinatorike 1 teorije grafova.
Kljucne rijeci: hipergraf, singularne integralne forme, zapetljane multilinearne sin-

gularne integralne forme, T(1) uvjeti, ergodicko-martingalni paraprodukt, Kakutanijevo

pitanje, L” ocjene, leme o uklanjanju
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INTRODUCTION

Entangled multilinear singular integral forms have been studied by several authors over
the last ten years; see the papers by Kovac [34], [33], Kova¢ and Thiele [37], Dur-
cik [10], [12], and Durcik and Thiele [18]. They recently found applications in ergodic
theory [35], [16], in arithmetic combinatorics [13], [14], to stochastic integration [38],
and within the harmonic analysis itself [15], [17]. Therefore, it would be useful to have
a reasonably general theory establishing (or characterizing) L” bounds for these objects.
As a step in this program we take results from the papers [34] and [37], where the forms
are dyadic and indexed by bipartite graphs, and generalize them to r-partite r-uniform
hypergraphs. Some higher-dimensional instances of dyadic entangled forms were already
discussed by Kovac [33] and Durcik [11], but our hypergraph generalization prefers a
combinatorial description of the structure over a geometric one. Consequently, we can
study less symmetric entangled forms and show their estimates in an open range of L”
spaces.

Working in a dyadic model certainly limits the applicability of our results, but this
choice is justified in several ways. First, quite often dyadic models help in developing the
techniques that are used later to approach the original, continuous-type problems. The
reader can compare the result from Chapter 2 with the work of Durcik and Thiele [18],
which is the current state-of-the-art on the continuous singular entangled forms. Second,
in some applications it is possible to transfer an estimate easily from dyadic to continuous
setting; see [33] and [17]. Third, below we formulate an entangled T(1) theorem for
dyadic forms associated with hypergraphs. Even its particular case dealing with graphs,
which was discussed in [37], has not yet been formulated in the continuous setting and

leaves an interesting open problem.

The general theory that we develop has one interesting application on the verge of



Introduction

both probability theory and ergodic theory. There are many similarities in the behaviors
of ergodic averages and (forward or backward) martingales. Back in 1950 they inspired
Kakutani [32] to formulate an open-ended problem of finding a single concept that gener-
alizes both of these notions. He was primarily looking for “a general theorem which con-
tains both the maximal ergodic theorem and the martingale theorem” (a quote from [32]),
and both of these are results on convergence almost surely. However, one can understand
his question in a broader sense, by also considering other modes of convergence. Kaku-
tani’s question was answered in versatile ways by many different authors over the course
of the last 70 years. The most notable unifying theories were developed by Jerison [27],
Rota [48], A. and C. Ionescu Tulcea [26], Petz [45], Kachurovskii [30], and Kachurovskii
and Vershik [61]; see the survey by Kachurovskii [31]. It is also interesting to mention
a largely forgotten paper of Neveu [44], who deduced almost sure convergence of back-
ward martingales from the pointwise ergodic theorem for contractions. The question of
unifying ergodic averages and martingales still attracts some attention of the mathemati-
cal community; see the more recent papers by Podvigin [46,47], Ganiev and Shahidi [52],

and Shahidi [51].

This work attempts to approach the aforementioned question of Kakutani via bilinear
operators and in the spirit of classical harmonic analysis. Quite surprisingly, already the
simplest nontrivial bilinear objects formed by ergodic averages and discrete martingales

turns out to be somewhat involved.

In Chapter 1 we will present definitions and results needed for this dissertation. Most
of them are about very common objects and fundamental results in analysis and proba-
bility theory, which we are going to cite from [21] and [19], while other statements are
results from recent scientific articles. Along with that, we will introduce a hypergraph
setting by giving the definition of a hypergraph, which will turn out to be a direct general-
ization of a standard object from the graph theory, and certain assumptions on hypergraphs
that we consider, which will be our requirements needed for the proofs to work. We will
also shortly discuss the connections of results in this dissertation with removal lemmas,
which are another interesting topic, this time in combinatorics. These lemmas inspired

the proofs of the aforementioned results on multilinear singular integrals.
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In Chapter 2 we will introduce a singular integral form corresponding to a perfect
dyadic Calderén-Zygmund kernel K and associated with a hypergraph H = (V,E) in a way
that its formula will be expressed in terms of the set of edges E, along with corresponding

vertices that each edge e € E contains. At the level of a precise formula, it will be defined

Ag (F) ::/Rn<

We will consider L” boundedness of this form where the range of exponent p, for each

as

[ Fele) ) K ()

ecE

function F, will be (d,, |, where d, is a constant determined by the structure of the given
hypergraph. In Section 2.1 we will state the main result, which was also published in
the form of an article [58]. We will show that the boundedness is equivalent to several
other conditions, such as: the weak boundedness property and the T(1)-type condition; L”
boundedness for only one choice of exponents in stated range; domination by the sparse
form; the weighted L” boundedness for certain tuples of Muckenhoupt weights. In order
to obtain such result, in Section 2.2 we are proving L” boundedness of a similarly defined
form Ag ¢ where the kernel K will be replaced with a much simpler one; more precisely,

with

-
Y loMI( IT wiene) T1 Bee)),
0=l x-xL,EE =1 ")esi) VD e(s0)e

where h? and h'! are L!-normalized Haar functions; see (1.16). We are going to show
estimates using an induction on a certain collection of hypergraphs, a telescoping formula
for certain expressions and estimates of the form that is localized on a finite convex tree,
where we will also apply a stopping time argument. In Section 2.3 we are going to
consider paraproducts A‘g which sum over all observed tuples of vertex-sets S, decompose
the form Agr of main interest, and lead to localized estimates for Ag. In Section 2.4 we
will prove the required characterizations of L” boundedness.

In Chapter 3 the main object of interest are the ergodic-martingale paraproducts, de-

fined as the sequence (IT5™),,c, of bilinear operators given with

n—1
IL"(f.8) = ) (A4 /) (E(g|%+1) — E(g]%))-
i=0
Here A, f stands for n-th Cesaro average of a function f, with a certain transformation

given, and (¥;),cn, is a decreasing sequence of c-algebras, so that [£(g|%,) stands for the



Introduction

n-th term of a backward martingale (I£(g|%;))icn,. We will give a proof (later published
in the form of the paper [36]), that the sequence (IT;™(f,g))ncn, converges in L” space
forr e [1, %] and p,q € [%,4}, forevery f € L” and g € L7, and assuming % = 1%—1— %1 The
question of convergence will turn out to be equivalent to the same question for a similar

paraproduct (IT)°(f, g))nen, Where

n—1
H:'Lne(fug) = Z (A\_ai‘HJf_ALaiJf))E<g‘%+1)?
i=0
which is why the main focus in the proofs will be only on the first sequence mentioned.
The convergence of this sequence will follow from its L” boundedness, which we will
show by gradually performing various reductions. In Subsection 3.2.6 we will deduce the
estimate for the triple of exponents (p,q,r) = (4,2,4) and then, in Subsection 3.2.7, we

will use additional techniques (such as multilinear interpolation) of expanding the region

of exponents in order to obtain the required estimate.



1. DEFINITIONS AND PRELIMINARY

RESULTS

In this chapter we will list definitions of basic objects that we plan to work with in this
dissertation and we will state various results from the analysis, probability theory, and
ergodic theory. Most of these definitions and results are fundamental and commonly
applied in various texts, while some of them are objects of interest in most recent articles.
We will also introduce hypergraph setting with conventions required for the proofs to
follow.

Some results in this section will be accompanied with complete proofs, while the
others will come with references to the existing literature. We will prefer to prove those
results that are either slightly non-standard, or will be applied in slightly nonstandard

formulations.

1.1. ANALYSIS

For a locally integrable function F' and any bounded measurable set S C R" of strictly

positive Lebesgue measure |S| > 0 we introduce the notation

1
Fls =g /S F(x)dx.

In words, [F|g is simply the average of F on S.

For nonnegative quantities A and B we write A < B if A < CB holds with some unim-
portant finite constant C. If we wish to emphasize that the exact value of the constant C
depends on some of the parameters that appear in our calculations, we are going to write

those parameters as lower indices of the symbol <. For example, if A < C(p,q,r)B, where
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C(p,q,r) is a constant that depends (only) on p,q and r, we will writt A <, , , B.

With this notation our goal will be to write down all the parameters that influence
the value of the constant, but also to indirectly imply that the constant does not depend
on other factors appearing in the calculations. This will be important for some estimates
where the dependance on certain parameters might affect proofs in undesireable ways.

For the rest of this section let us observe a fixed measure space (X,.#, u). Recall that
the measure space is finite if (X) < o and it is a probability space if ©(X) = 1. If not
stated otherwise, definitions and results in this section, as well as some additional details,
can be found in [21].

The next theorem is a well known result in real analysis theory, which we are going

to use in two of its variants. One is commonly stated as follows.

Theorem 1.1.1. (Jensen’s inequality) Let (X,.%, 1) be a probability space, g: X — R
an .# -measurable function such that [y |g(x)|d(x) < e, and let F : R — R be convex on

[a,D], meaning F(As+(1—A)t) <AF(s)+(1—A)F(¢) foreachs,t € [a,b] and A € [0, 1].

F(/gd,u) g/Fogd/.L.
X X

In completely analogous way it can be shown that if F is a concave on [a,b|, meaning

Then we have

the reverse inequality F'(As+ (1 —A)t) > AF(s)+ (1 —A)F(¢) is valid for each s, € |a, b]
and A € [0, 1], then we have the reverse integral inequality F ( [y gdu) > [Fogdp.

Definition 1.1.2. If for a certain statement exists a set E € .% such that the statement
is valid for all x € E and u(E€) = 0, then we will say that the statement is true almost
everywhere.

If u(X) = 1, then we will say that the stament is true almost surely.

One of the most fundamental functional spaces in real analysis is defined as follows.

First, assume that p € (0,) and denote

17l = ([ 1F1Peano)”

and

|F | := inf{r € [0,00] : p({x € X : |F(x)| > 1}) = O}.
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We define the Lebesgue space as
LP(X):={F :X — C: F is measurable and ||F ||, < oo}.

It can be shown that L”(X) is a vector space for each p € (0,c0]; moreover, in cases
p € [1,00] it is a normed vector space with additional identification that two functions are
considered the same if they are identical p-almost everywhere. Also, the value ||F||e
turns out to coincide with

[[Fleo = ess supyey |F (x)]

where ess sup, .y stands for supremum on X up to sets of p-measure 0.

For each p € (0,00) we define the additional quantity

11l :=< sup P p({x € X : |f(x) >a}>)”.

0€(0,00)

Now we define the weak Lebesgue space as
LP=(X):={F : X — C: F is measurable and ||F ||  cc < co}.

To be more precise and to emphasize the underlying set on which we observe each of these
values, we introduce additional notations ||[F || r(x) := [|[F ||, and [|F[|Lre=(x) := [|F | p 0.

Another variant of such spaces that we will consider is known as the weighted 1P
space along with the weight w, denoted as L”(w) and defined as the standard L? space
according to the measure v such that dv = wdA, w being a nonnegative function and A
being the standard Lebesgue measure.

One of the most important inequalities in the measure theory is the well known
Holder’s inequality which gives an L! estimate of the product of two functions. For the

purposes of our proofs we will state its more general version.

Theorem 1.1.3. (Generalized Holder’s inequality) Let n € N, r € [1,00] and suppose
that p; € [1,00] for each j € {1,...,n} such that }.}_, p%- = 1. If f; € LP/(X) for each
JEA{L,...;n}, then T}, fj € L"(X) and | TT}_; fillLrx) < Tz (17 llLei x)-

The most common application of this theorem willbe forn =2,r=1and p; =pr, =2
which, in real analysis theory, is also known as the Cauchy-Schwarz inequality.
A direct consequence of Holder’s inequality is that the function p — LP(X) on [1, 0]

is decreasing with respect to the set inclusion if the initial measure space is finite.
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Proposition 1.1.4. If p(X) <eoand 0 < p < g <oothen LY(X) CLP(X) and || f||rr(x) <
11
1 ooy (X ).

Each . -measurable function f : X — C that takes finitely many values is called a
simple function. Equivalently, f is a finite linear combination of indicator functions of

sets from .%.

Lemma 1.1.5.  (a) If f: X — [0, 0] is measurable, there is a sequence (@, ),cn of sim-
ple functions such that 0 < ¢, < ¢, < f foreachn € N, lim,,_, ¢, = f pointwise

and lim,,_;. ¢, = f uniformly on any set on which f is bounded.

(b) If f: X — C is measurable, there is a sequence (¢, ),en of simple functions such
that 0 < |@,| < |@p+1]| < |f], lim, e @, = f pointwise and lim,,_, ¢, = f uniformly

on any set on which f is bounded.

As a consequence, the family of all simple functions is dense in L”(X ), meaning that
there exists a sequence (¢,)nen of simple functions such that lim, e || f — @n|1r(x) = 0.

One of the most interesting topics in harmonic analysis is obtaining L” estimates for
certain operators. Usually we try to make the range of p € [1,00] as large as possible for
which we have boundedness of the operator, which may also give us the answers to some
related interesting questions. The following theorem shows that it is enough to prove
boundedness for two different pairs of exponents in order to derive the conclusion for all

intermediate values.

Theorem 1.1.6. (The Marcinkiewicz interpolation theorem) Let (X, 1), (Y, A ,V)
be measure spaces and po, p1,40,¢1 € [1,0] such that py < qo, p1 < g1 and qo # g1 and

1 1—-t t 1 1—-t t
—=——4+— and - =——+— where0<t<1.
p Po P q q0 qi

If T is a sublinear map from LP°(X) 4+ LP1(X) to the space of measurable functions on ¥
and if there exist constants Cp,C; € (0,00) such that for each measurable function f we

have
T fllLao=x) < Coll fllLroxy and  [|TfllLa=x) < CillfllLer x), (1.1)

then there exists a constant C, € (0,00) such that for each measurable function f we have

1T fllaxy < Cpll fllrx)-
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Another variant of this theorem is stated with the assumption that 7 is the linear opera-
tor and that we have || T f|| a0 (x) and ||T f||Lro (x) in place of ||T f||ps0=(x) and ||T f||Lro=(x)
in (1.1), in which case it is also known as the Riesz-Thorin theorem.

A dyadic BMO-seminorm is defined as

F n = — F(x)—— | F(y)dy| d . 1.2
¥ l[Bmo(rr) 5:%<|Q\/Q’ (x) ’Q|/Q (y)dy X) (1.2)

Here, %, stands for a collection of dyadic cubes; see (1.15) for precise definition.

Before we give a useful proposition related to these seminorms, let us state a useful

estimate that can be found in [57].

Lemma 1.1.7. (The John-Nirenberg inequality) There exist constants C1,Cy € (0,00)

such that for each ¢ € (0,0) and each dyadic cube Q € %, we have

{xr€ 0 1£()— [flol > 1} < Cre Tawo|Q).

The previous lemma helps us giving a valuable characterization of the BMO-semi-
norm (which works not only for the dyadic variant that we consider here, but also in

greater generality).

Proposition 1.1.8. For each p € [1,) we have

PoNP
a’x).

This means that the BMO-seminorm could be defined with any exponent p that we

1 1
F rwsup<—/‘Fx——/Fydy
IFlsmorr) » 598 \ gl Jo (x) 01 /o )

prefer. For the proofs to follow the best choice for the definition seems to be p = 2 while

in the literature it is also common to define the BMO space with p = 1.

Proof. Let us denote

PN
dx)

1 1
F = — [ |[Fx)——= [ F(y)d
1F[gmo,p ng%<|Q|/Q‘ (x) |Q|/Q (y)dy
1

and fix Q € %,. By Proposition 1.1.4 applied to the measure Q — A, where A is the

10|
» o\
dx> .

Lebesgue measure,

ol \F(x)—@ [ oy

(g \F<x>—|—22| [ oy
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Let us try to obtain some form of inverse inequality (up to a multiplicative constant). We
are going to use the well known layer cake representation (which is an easy consequence
of the Fubini-Tonelli theorem) which, for a general measure space (X,.%, 1) and an .% -

measurable function f gives us:

7y = [ 7 e X 1£00) > 1))

Let us apply this to the function x — F(x) — [F]p on a space of Lebesgue measure
(R", B(R"), A) restricted to the set Q. Additionally, the application of Lemma 1.1.7 gives

|G = Flolds=p [ 77! [{x € 02 F(x) ~ [Flo}| > 1]

oo _ Gt
SClP\Q\/O P~ 1o TFlBmO,L gt .

By substituting s : we obtain

HFHBMO

Cip 1 s
|Q|/|F F]Q\de<(cp_ /0 e ds) 1F B0

2
The integral appearing inside the brackets on the right side of the inequality is convergent

and can be recognized as the value of the Gamma function at p.

Finally, by taking the supremum over all Q € %, we obtain

|1F{lBmo,1 < [|FlB7MO,p < CpllF|[BMO,1
1

where C), := ( Cip o sP~ le Sa’s) The statement of this Proposition follows by recog-
C

p—1
2

nizing ||F|[smo,2 = || F ||pmo(rr) and
IF llBMo(rr) < Cal|FllBMO0,1 < Co||F[[BMO,p < C2Cp | F [lBMO,1 < C2Cp|F |[BMO(Rr) -

Let us close this section with definitions of a few less familiar objects that we are
going to observe in this thesis.

The notion of sparse collections of cubes and the associated sparse forms was in-
troduced by Lerner [40]; the reader can also compare the dyadic setting of Lerner and
Nazarov [41]. Since we are dealing with multilinear forms, we will need the multilinear
modification of the theory developed by Culiuc, Di Plinio, and Ou [8], so several major

concepts and many ideas of proofs will be adapted from that paper.

10
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Definition 1.1.9. For a fixed ¢ > 0 we say that . C %, is a sparse family if it is a
collection of dyadic cubes such that, for each Q € .7, there exists a measurable set Eg C Q

with the following properties:
e for each Q € . we have |Eg| > c|Q],
o foreach 0,0 € .7,0 # (', sets Eg and E¢y are mutually disjoint.

A sparse (multisublinear) form associated with . is given by

0 )= Y [0TJIR“E,

Qe ecE

where d, € [1,0), e € E are some numbers, while F = (F,).cE is a tuple of measurable

functions.

Intuitively, elements of sparse family are those dyadic cubes that are mutually disjoint
in certain volumes that are large enough in terms of the Lebesgue measure (i.e., that take
at least 100 - ¢ percent of the whole cube).

Once again, we merely adapt the trilinear setting from the paper [8] by Culiuc, Di
Plinio, and Ou. Given the set E and a tuple of integers d = (d,).ck, let p = (pe)ecE be an
arbitrary tuple of exponents from [1, 0] such that p, > d, foreache € E and ¥, i =1.
Also, let w = (w,).cE be a tuple of strictly positive functions satisfying

Bl
[Iwé =1 (1.3)
e€E
We will define the multilinear Muckenhoupt constant of the tuple w to be an expression

—de 1 1

[W]p.a := sup whe e de e
pa = sup [T [

11
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1.2. PROBABILITY

In this section we are going to consider a fixed probability space, denoted as (Q,.%,P).
All of the definitions and results, as well as some of the comments in this section, with

the exception of the last stated Theorem 1.2.13, are from [19].

Definition 1.2.1. Let X be a random variable such that E|X| < o and let 4 C .% be a
o-algebra. A conditional expectation of X with respect to ¢ is any ¢-measurable random

variable Y such that we have
E(X14)=E(Y14) foreachAc¥.

Such random variable exists and is unique P|,-almost everywhere; | stands for a
probability obtained by restricting IP to o-algebra &. We introduce the notation E[X|¥]
for such Y.

Notice from this definition that, if X is ¢-measurable, then E(X|¥4) = X P-almost

surely. In fact, we have a slightly more general statement.

Theorem 1.2.2. If X is ¢-measurable and Y is any random variable such that Y, XY €
L'(Q), then
E(XY|¥9)=XE(Y|9).

Definition 1.2.3. A sequence (¥,)cn, is a filtration if it is an increasing sequence of
o-algebras, meaning %, C ¢, for each n € Nj.
A sequence X = (X;),en, of random variables is a martingale if for each n € No we

have E|X,| < oo, X, is ¢,,-measurable and

13 2

If the sign “=""1in this equation is replaced with “<” or “>", then X is called, respectively,

supermartingale or submartingale.

Intuitively, the best prediction of value X, 1(®) for each ® € Q (the value of the mar-
tingale at the following moment n + 1), considering information that we have at moment
n (which is what ¢, contains) would be to go for the value X, (®) (the value at the current

moment 7).

12
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In a similar way we can look at martingales reversed in time, which motivates the

following similar definition.

Definition 1.2.4. A sequence (¥,),cn, is a backward filtration if it is a decreasing se-
quence of o-algebras, meaning ¥, 2 ¢, for each n € Ny, and such that %) = .7 .
A sequence X = (X,),cn, of random variables is a backward martingale if for each

n € Ng we have E|X,| < o, X}, is ¢,-measurable and
E(Xn|gn+l) = Xn+1-

If the sign “=""1n this equation is replaced with “<” or “>", then X is called, respectively,

backward supermartingale or backward submartingale.

In order to emphasise which of these two objects we are observing, sometimes we
will refer to the objects from Definition 1.2.3 as the forward filtration and the forward
martingale. The most common example of both forward and backward martingale (de-
pending on whether (%,,),cn, is a forward or a backward filtration) and also the one we
are going to observe in this dissertation is (E(f]|%,)),en, for any function f € L7(Q),
where p € [1,0). It can be shown that every L-bounded backward martingale arises this

way.

Proposition 1.2.5.  (a) Let (X,),en, be a (forward) martingale. For each i, j € Ny,

Jj <iwe have
E (E(f1%)|9)) = E (E(f19)|%) = E(/1¥))-
(b) Let (X,)nen, be a backward martingale. For each i, j € Ny, j < i we have
E(E(f1%)|9)) = E (E(f19)|%) = E(/|%).

Take any n,m € Ny such that n > m. From Definition 1.2.3 and Proposition 1.2.5,

since X, is ¢,,-measurable, we can notice that
E(Xn|%n) = E(E(X|90-1)|9m) = E(Xn—1]n)-

We can continue lowering the index of a random variable inside conditional expectation

by repeating this procedure n —m — 1 times in order to get

E(Xu|%y) = E(Xn|G) = Xon.

13
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It is also well known that the conditional expectation is a contraction in L”(Q). The

proof easily follows by using Jensen’s inequality for conditional expectation.

Theorem 1.2.6. Let p € [1,o0|. We have

IE@F) e < llgllir(e)-

Notice that, for any p € [1,0], n € Ny and a (forward) martingale (X,,),en,

X llLr (@) = IEXnt1190) ILr@) < [[Xn+1llLe )

from which follows that (||Xy|[Lr(q))nen, is an increasing sequence of nonnegative real
numbers.

We are going to use the following two theorems on martingale convergence.

Theorem 1.2.7. (Martingale convergence theorem) If (X,),cn is @ submartingale with

sup,cn EX,5 < oo, then (X,,),en, converges almost surely to a limit X with E[X| < eo.

Consequently, if (X,),cn is a nonnegative supermartingale, the sequence converges

almost surely.

Theorem 1.2.8. (Dominated convergence theorem for conditional expectations) Sup-
pose X, X and Z, n € N, are random variables such that lim,,_,.. X;, = X P-almost surely
and |X,| < Z for all n € Ny where EZ < co. Let (¢,),cn, be a (forward) filtration and

denote ¥, := o (U;_(,%,). We have

lim E(X,|¥,) =E(X|%.) P —almost surely.

n—oo

We will need a theorem of convergence similar to the previous one, for backward

filtration.

Theorem 1.2.9. Let X be a random variable and let (¥,),cn, be a backward filtration.

Denote 9., :=N;_,%,. We have

lim E(X|¥,) = E(X|%.) PP — almost surely and in L' ().

n—yoo

Because of Proposition 1.1.4 we can conclude that the convergence in Theorem 1.2.9

is also valid in L?(Q) for each p € [1,00].

14
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Definition 1.2.10. Let (¥,),cn, be a (forward) filtration. A stopping time is any random
variable N : Q — Ny U {e} such that {N =n} € %, for each n € Ny.

For any sequence (X),),cn, wWe define Xy as the random variable such that
Xy=X, on{N=n}, neN

Additionally, if P(N = e0) > 0 and if lim,,_,. X, exists almost surely on {N = oo}, then we
define Xy = lim;, 00 X, on {N = oo}

It is easy to verify that, by replacing the condition {N = n} € .%, in the definition of

the stopping time with {N < n} € .%,, we obtain the equivalent definition.

Theorem 1.2.11. If (X,),cN, is a martingale, then for any stopping time N the sequence

(Xmin{ N,n})neNo is also a martingale with respect to the same filtration.

Theorem 1.2.12. If (X,),cN, is a martingale such that X,, € L?(Q) for each n € Ny, then

a martingale (Xpin{n,n} )neN, also satisfies Xyin(y 1 € LP(Q) for each n € Ny and we have

[ Xmingvn} ILr @) < 1 XanllLe(q)-

The next theorem is a result from [24]. We are going to use a statement and present a

proof that can be found in [25].

Theorem 1.2.13. (The Gundy decomposition) Let f = (fu)nen, be a martingale in LY(Q)

on a probability space (Q,.7,P). For every o > 0 there exists a decomposition
f=g+b+h,

where g, b and h are martingales with respect to the same filtration, such that

and the following estimates hold for all n € Ny:

||gn||L°°(Q) <2a, ||gn||Ll(Q) < 4||fi’l||Ll(Q)7 (1.4)
-1
P(max |bm|>0) <30 | fall1qy: (1.5)
n—1
Y et =l ) < 41 fallr ) (1.6)
m=0

15
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Proof. We will first prove the theorem in the case when | fy| < o P-almost everywhere.

Let us define stopping times
T :=min{n € Ny : |fn| > a},
n+1
S := min {n €Np: Z E(R{T:k}|fk _fk—1||gk—l) > OC}.
k=1

Note that T > 1. Now, let

min{n,S}
80 :=fo, &= fmin{ns -1} T Z E(L 7=y (fi = fim1)[%i-1), nel,
k=1

by = fa— fmin{n,S,T}a n € N,
min{n,S}
hn = Lr<minfasyy (fr = fr-1) = Y, E(lg—gy(fi—fic))|%-1), neNo.
k=1
We can readily check that bg = hg = 0 P-almost everywhere. Also, for each n € N,

gn+bp+hyp = fn+ l{TSmin{n,S}}(fT - fT*l) - (fmin{n,S,T} - fmin{mS,Tfl}) = fn-

We also need to confirm that these three constructed sequences are indeed martingales.

We have
)
n+1 min{n,S}
=K <fo + Y Lpemingsr—1py (fi—fie)+ Y, Bl (i = fie1)[%1)
=1 k=1
+ Lysont NE(L7—ng 1y (fat1 — fu)|9n) %)
n+1

=fo+ Y E(Lpeesi L 1<ry (fk — fie1)|%0)
k=1

min{n+1,5}

E(gn—i-l‘gn):E<fmin{n+l,S,T1}+ Y E(lg—iy(fi— fie)I%-1)
=1

5)

+ E(1{52n+l}E(ﬂ{T:n+l}(fn+1 - fn) |gn) |gn)

+IE( Y Vst B(Lir—iy (fi — fim1)|%—1)
k=1

=fo+ Y. Liesi L1 < B = fie1190) + Lips 1 <siE(L <7y (far1 — f2) %)
k=1
+ Y Lyt BE(Lir—y (fi — fim))|%—1)| %)
k=1

+ Lsonr 1 E(Lyrsng 1y (Far1 = S)|%0) = Lisonr y E(Lyrsng 1y (far1 — fo) %)

16
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n

=fo+ Y, Lk<min{s,r—133 (fi — i) + L1 <) B(Lpnra<ry (a1 — f2) |0)
=1

+ Y LpesiBE(Lr—iy (fe = fie DI1%—1) + Lissnr 1y Lizzns 1y (E(far11%0) — fo)
=1

= Lsons 1 E(Lironi2y (fat1 = i) |90)
min{n,S}

= fuinfnst-13+ Y, E(r—ig (fi— fic)|%-1) = &n.
k=1

We have applied Theorem 1.2.2 on several occasions: in fourth equality, since {k < §} =
{S>k—1}={S§<k—-1}€%_| C% for each k € {1,...,n+ 1} and, analogously,
{k+1<T} €% C¥Y,foreachk € {l,...,n}, and again in fifth equality as {T >n+1} €
%,. Notice that the obtained inequality is also valid for n = 0. This means that (g,),cn, is
indeed a martingale with respect to the filtration (¢, ),cn,. Now we can easily verify that
the sequences (b, )nen, and (h,),cn, are martingales, as well. Indeed, directly from the
Definition 1.2.3 we can verify that the sum and the difference of two martingales is also a
martingale, which, along with Theorem 1.2.11 proves that (b,),cN, is a martingale. Same
conclusion follows for (h,)nen, as hn = fn — gn — by for each n € Ny.

Now let us show the required estimates in stated order. We can readily check that

lgolli=0) = I folli-(y < 4e and [lgollLs ) = Ifollut e < 4lfollLs - Notice that, by
Theorem 1.2.6,

min{n,S}

IgnllL=@) < Iminfnsr—1 =@ +| Y Eir—glfi — fie1ll%-1)
(=1

L>(Q)

<oa+o=2ax.

The last inequality follows from the definitions of 7 and S, since they present the smallest
number n € Ny for which these inequalities are valid (given @ € ). In order to estimate

L'(Q) norm of g,, first note that

[ fmingn,s. 71311 (@) < 17 =ny fmingns.T-13 I @) + 1 {r<ny Sminns. 713 L1 (@)
< fmin{ns -1} L1 @) T 1 Lr<ny @l @) < [ fallLiq) + @P(T < n)
= [lfall 1) + aP(Oglrggn\fM > ) < 2| fallp )

In the second row we used the definition of 7' and, after that, Theorem 1.2.12. In the last
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inequality we applied Doob’s inequality, stated as Theorem 1.5.7. Also,

min{n,S}

Y, E(g—n(fi— fio1)|%-1)
k=1

min{n, S}

/ E(Lr—x} (fi = fim1)|%k—1) |dP

S/ Z |E(1{T:k}<fk_fk—1>|gk—1)|dp: Z ||E(1{T:k}(fk_fk—1)|gk—1)||L'(Q)
< Z”IL{T iy e = fi=) L o ZHH{T iy U = fr=1)ll g

= 1Lr<ny (fr = fr=DllLi@) < 1renpfriliuie) + g fr-illL g

< Hfmm{Tn}HLl +a<2”anL1

The inequality in the third row follows from Theorem 1.2.6 while the first inequality in
the last row follows from Theorem 1.2.12. Notice that, comparing third and last row, we

have also shown

Y I r—iglfr = fr-illiuig) <21l g (1.7)
k=1

which we are going to need again in the rest of the proof. Overall,

min{n,S}

Y, E(g—n(fi— fi-1)|%—1)
=1

HgnHLl(Q) < Hfmin{n,S,T—l}”Ll(Q) +
L'(Q)

<2/ fullLi) T2l ) =4Il g
This completes the proof of (1.4). Notice that, for each n € Ny and by the definition of b,,,
{b, #0} C{n# min{n,S,T}} = {min{S, T} < n} ={S <n}U{T <n}.
Let us estimate the P-measures of these two sets. We have

P(S <n)= <ZE (Lyr=i|fx = fi1l%— 1)>0‘>

n

NYE (Lir=ry lfk = fi1l|%—1)

k=1

Z 10 =iy fe = firllli) < 207 I falli g

L'(@)

by Theorem 1.2.6 and (1.7). Also,

P(T <n)=P( max |ful>a)<a” Nl < @ il g
0<m<n—

18
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by Theorem 1.5.7 applied to the martingale (E(f,—1|%n))men,; recall that E(f,—1|%,) =

fn—1 foreachm >n—1and E(f,,—1|%) = fin otherwise. Therefore,

P( max |by| > 0) =P(Uy_o{|bm| > 0}) <P(U,_o{m # min{m,S,T}})

0<m<n
<P(n#min{n,S,T}) <PH{S <m}U{T <m})

<P(S<n)+P(T <n) <30 | fullLi g
which shows (1.5). Now, for m € Ny we have

M1 — i = Lir—mi1<sy (fr — fr=1) = Ysom 1) E(Lgr=mr1y (st — fin)|Gm)
< Lr—mi 1y Lmp1<sy Fnt 1 = fin) = Lisome 1y ELr—mi 1y (Fnt1 — fin)|9m)
= H{Szm—i-l}(ﬂ{T:m—i-l}(fm—H — fm) _E(R{T:m—i-l}(fm—Q-I — fm)|%m))-

By this and by Theorem 1.2.6 and (1.7),

n—1

n—1
Y s —hmll 1) < Y ey Fnet = f) L )
m=0

m=0

n—1
+ Y B 71y (fin = Jm)|%m) L1 @)
m=0
n—1
<2 Y L raminy(forr = F)llLr ) < 4 fall )
m=0
By showing (1.6) the proof of this theorem is complete, however, with the additional

assumption that | fy| < o P-almost everywhere. In general case let A := {| fo| < o}. Note

that A € ¢, for each n € Ny, so, by Theorem 1.2.2,

E(fn+lﬂAc|gn) = ILACE(fn—Q-l ’gn) = ]lACfna (18)

which shows that (f,14¢),en, i also a martingale in respect to the filtration (%,),cN, -
Moreover, this martingale belongs to the case for which we already obtained the statement
of this theorem, so there exists its decomposition (9),en,, (b9)nen, and (A9),cn, with
analogous properties. We claim that the required composition for the starting martingale

(£ nen, is given with
gn =80 byi=b2+ fula, hpi=H, neN,.

We can directly see that (g,),cn, and (,)nen, are martingales with respect to (¢,) e,

but $0 is (bn)nen, as sum of two martingales (b9),cn, and (f,1a)nen,; the fact that the

19



Definitions and preliminary results Probability

latter sequence is also a martingale follows from the analogous identities as in (1.8). Since
| fulacllir @y < [l fullLr(q)> We can immediately see that (1.4) and (1.6) are satisfied. As
(fnla)men, is a martingale, we have [ |fo|LadP < [ |fa|LadP, so
P(,max |bs| > 0) <P(max |b,] > 0)+P(max |fulls > 0)
<3a’! [ falacll 1 q) +P(1a > 0) = 307! 1 Lacllr g +P(A)
<30~ /Q ol LacdP+ ! /Q | folLadP < 30! /Q ol LacdP+ ! /Q | 1adP

<30 [ fldP =30 Sl o
Therefore, (1.5) is valid and so is the statement of this theorem. |

The previous theorem gives a decomposition of a martingale into three martingales
which intuitively present, in order, good, bad and harmless part. The first part can be
considered good as it belongs to L”(Q) for each p € [1,00], which is a property we would
hope for from the martingale that we started with (the fact that we cannot guarantee that is
a reason to perform the decomposition). The bad part of the martingale cannot affect the
starting martingale much because the measure of its support is not large. In the end, there
is the third part remaining, which we cannot bound in L”(Q) and the support of which we
cannot estimate, but still we have the last inequality guaranteeing the control of its total

variation in the L' norm; therefore it is still harmless in a certain way.
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1.3. ERGODIC THEORY

Let (Q,.7,P) be a probability space. For n € Ny and for a complex .% -measurable func-
tion f we define a Cesaro average A, with respect to the iterates of a (.%,.% )-measurable

transformation 7' : Q — Q as
1 n—1 )
A, fi=— T! 1.9
nf = ;)f (1.9)

and additionally Agf = 0. In this section as well as throughout Chapter 3 we will be
interested in the transformation 7 such that it preserves measure P, meaning that 7 is
(F,.F)-measurable and that for each A € .7 we have P(T~1(A)) = P(A).

One of the biggest and most interesting results in the ergodic theory is the convergence
of sequence (A, f)nen,, P-almost surely and in L?(Q) for p € [1,00). On the way to
showing this result, one can observe a maximal operator which, for f € L! (Q), is defined

as

Mcf := sup|Anf].

neN

In Section 1.5 we are going to observe some other maximal operators and deduce their
(strong or weak) L? estimates. Here we are going to present the same result for the
operator Mc, in order to give an additional illustration to the ideas that we plan to use
in these thesis, such as the Marcinkiewicz’s interpolation theorem and an idea from [6]

known as a Calderdn’s transference principle.
Theorem 1.3.1. For each p € (1, we have
IMcfll=@) S Il and  [[Mcfllr@) Sp l1fllre)-

Proof. Trivially,
1 n—1 )
[AnfllL=(@) < P Y IfoT =) = I/~
i=0
as T is P-measure invariant, so || f o Ti|\Loo(Q) = || fllL=(q) for each i € Ny. Therefore,

IMcflli=@) < IfllL=(o)-

If we obtain the inequality [|Mcf|[ 1=q) < [|f]lL1(q) then the claim of this theorem will

follow from Theorem 1.1.6.
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Let g: Z — R and n € N be arbitrary. For k € Z define discrete averages A,, as

n—1
K %;)g(kw)

Furthermore, let /2 : R — R be a function given with /1 := Y17 8(k) 1y y+1)- Note that, if

Y ez |g(k)| < oo, by Lebesgue domination theorem,

ey = [ X 180y 0d2 ) = X 1@ [ ah) = lellagzy, (110

R ez kez [kk+1)

where A is the Lebesgue measure on R and ¢!(Z) is the Lebesgue space L!(Z) equipped

with counting measure. Similarly,

1 1 n—1
;/[k7k+n>h(x)dl(x) ”,Zé glk+i)=A,g(k). (1.11)

Let us introduce the uncentered Hardy-Littlewood maximal operator M, with

My f(x) := Sup HfHB(y’,r) = sup B(y y)|dy forxeR’,
V' ER,r€(0,00) ¥ €R,re(0,00) 1B, r)| JB(y.r)
XEB(y,ar) xEB(y )

where B(y',r) :={y e R:|y—y| <r} = (Y —ry +r) is an open ball in R (given Eu-
clidean metric) with center y’ and radius r. The reader can compare this operator with the
one defined in (1.17), with slight difference being the collection of sets over which the
supremum is taken (or, from a different point of view, the only difference being the metric
on space R). With a similar proof as in Theorem 1.5.1 (see details in [57]) we can show
that

[Machl] 1oy S 0 1Al (1.12)

Additionally, note the following. Take any & € (0,o0) and assume that n € Ny and k € Z
is such that |A,g(k)| > a. By (1.11) we see that Mych(x) > a for each x € (k,k+ 1) (by

taking the ball (k,k+ n) in the supremum that defines M,.). With this, we can notice that
card({k € Z : sup |A,g(k)| > a}) < A({Mnch > a}).
neN
By (1.12) and (1.10),

card({k € Z: sup Aug(K)] > a}) < & VAl m) = @ gl z)- (1.13)
ne
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Now, for @ € Q and N € N let us define go v : Z — R along the trajectory of @ with

gon(n) = f(T"®)11 1  av-1)(n), neZ (1.14)

Note that, forn € {1,2,...,N} and k € {0,1,...,N — 1},
v ln—l - 1=l 5
Af(Tr0) = T (T 0) = Y go (ki) = Angon (k)
i=0 i=0

Now, by P-invariance of 7', Fubini-Tonelli theorem, (1.13) and (1.14) we conclude that

1 N—1
P A, —— VP Q: A, f(TF
<{n€{r11’l;}§7N}| fl>a}) ng ({o e ne{Tzaf.’.‘.,N}l f(T"w)| > a})

1 -
= /g card({k€ {01, N =1}z _max Ao n(K)| > @})dB(o)

1 1 o 1! n PP
Sy o lsorladE@) =at 5 B [ AT 0)dR@) =207 |l (o
With this, the statement of this theorem follows. [ |

The following two corrolaries are the results on convergence of the sequence of Cesaro
averages, proven by Birkhoff in [4] and by von Neumann in [43]. Interestingly, the limit
turns out to be the conditional expectation E( f|%€’) where & is 6-algebra on X consisting
of all T-invariant sets; in other words, sets A € % for which 7! (A) = A P-almost surely;

details can be found in [19].

Corollary 1.3.2. (Birkhoff’s pointwise ergodic theorem) For each f € L1(Q) the se-

quence (A, f)nen, converges P-almost surely.

Corollary 1.3.3. (von Neumann’s mean ergodic theorem) For each p € [1,e0) and f €

LP(Q) the sequence (A, f),cn, converges in LP ().

A similarly sounding problem is the convergence of the sequence (B, (f,g))nen, Of

bilinear ergodic averages
1 n—1
Bulf.8)i= 5 X (FoT")(goS"),
i=0

where S and 7 are commuting measure-preserving transformations on (Q,.%,[P) and

f,g € L”(Q). This, however, is still pretty much an open question. The L2-convergence

23



Definitions and preliminary results Ergodic theory

was proven by Conze and Lesigne in [7]. Another proof of this result, in a more quan-
titative manner, can be found in [16]. The proof from that article reduces estimates for
B, to bounds for paraproduct-like operators similar to those defined in (3.1) and (3.2).
In Chapter 3 we will be interested in L” convergence of those two paraproducts while
the convergence P-almost surely remains open; because of the similarities with proofs
from the latter mentioned article, it is reasonable to believe that these two problems have

similar answers.

24



Definitions and preliminary results Dyadic setting

1.4. DYADIC SETTING

For r € N, we define the set of dyadic cubes in R" as
6, = {H (250,25 (i 4+ 1)) ik i € Z,i = 1,2,...,r}. (1.15)
i=1
The elements of €, will usually be denoted as I} X I x --- x I, =[];_I;, with I, ... I, €
%. For I € €1, let
1 1

h:=—1;, hl:=— (1, -1 1.16
1 ‘I‘ I, 1 ’I’< Ir IR)7 ( )

where I} and I are, in order, left and right halves of the interval /; more precisely, if
I = [a,b) for some a,b € R, then I, := [a, #> and Iy := [#,b>. Function h? is simply
the L'-normalized characteristic function of I, while h} is the so-called Haar function,
normalized in the L! sense, as well. We will also call these, in order, non-cancellative and
cancellative Haar functions.

For each r € N and Q € %, there exist exactly 2" disjoint cubes Q1,...,Qs € %, such
that |Q;| =+ = Q2| =27"|Q| and Qy,...,Q2r C Q. These Q;,i € {1,...,2"} are called
the children of Q, while Q is the parent of Q1,...,Q>r. The family of children of a cube
Q will be denoted as €' (Q).

Definition 1.4.1. Let r € N. A tree is a family .7 C %, for which there exists Q7 € 7
such that Q C Q 5 for every Q € .7 ; such Q 7 is called a root of the tree 7.

A tree 7 is called convex if for every Q1,03 € 7 and Q, € %, the inclusion Q) C
0> C Q3 implies O, € 7.

A leaf of the tree 7 is any Q € 6,\.7 with the parent Q' € 7. A family of these
cubes will be marked as . (7).

If we consider families of dyadic subcubes of [0, 1) of side lengths between 2% and

1, we get an interesting example of (forward) filtration.

Definition 1.4.2. A dyadic filtration on [0,1)" is a (forward) filtration (%] );cn, given as

Dy = o({H 27,275+ 1)) 1€ d0,... 2~ 1},i = 1,2,...,r}>, k e Np.
i=1
For our proofs it will be enough to consider a dyadic filtration for » = 1 in which case

we will write & = &} for k € Ny. From this definition we can see that this filtration
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has some practical properties that will also appear to be useful later. For example, each

o-algebra ] is finitely generated and each of its atoms can be presented as a disjoint

r

union of exactly 2" atoms from & |; precisely,

r

[T2 7 w27 +1)) = U f[ 275N 2n+ i), 27 L+ i+ 1)),

i=1 (./l7jr)e{0>1}rl:1
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1.5. MAXIMAL AND SQUARE FUNCTION

OPERATORS

In this section we are going to define several variants of maximal function operators. As
there are various results in harmonic analysis about these operators being bounded, it is a
common trick to estimate a value of a certain expression with a specific maximal operator
in order to obtain the required result. Another interesting thing is that the boundedness
of those operators is sometimes equivalent with other interesting problems in harmonic
analysis such as the convergence of certain sequence of functions; see Stein’s maximal
principle [55].

The most well known operator is the Hardy-Littlewood maximal operator, which maps
a locally integrable function into a function defined by the supremum of all averages over

a family of sets of our interest. We are interested in the dyadic variant of this operator,

formally defined as
1 r
MgyagicF (x) := sup [|F|]go = sup —/ |[F(y)|dy forxeR". (1.17)
0%, ocz, |9l Jo
x€Q x€Q

We can show the following.

Theorem 1.5.1. For each p € (1,0] we have

IMayadicF Iy Sp 1F e @e)-
Proof. For each Q € €, we have |—é| Jo[F(3)ldy < ||F|[i=(gr. therefore
[MayadgicF ||lL=(r) < IF [lL=(r):
If we show that

”MdyadicFHLL“‘(]Rr) S HFHLI(R’)’

then we can apply Theorem 1.1.6 in order to complete the proof of the theorem. Let
a € (0,0), Eq :={x € R" : MyyaqgicF (x) > ot} and x € Eq. Then there exists a dyadic cube
x € Qx € €, such that [|[F|]p, > a. A collection {Qy : x € Eq} is contained in %, which

is countable, so there exists a sequence (x,),en in Eq such that {Qy:x € Eq} = {0y, :
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n € N}. Moreover, we can take subsequence (7,)men such that U,enQyx, = UpenQy,,
and that Q,, ,m € N are mutually disjoint. Indeed, we can take those points x,,, so that
{0, : m € N} is a family of maximal cubes in {Qy, : n € N} - those dyadic cubes that
are not subset of any other cube in that collection. As we know, if two dyadic cubes are
not disjoint, then one is contained in the other. This ensures that the maximal cubes are
indeed disjoint and also that they contain all of the cubes from the collection. Now we

can estimate

=) [0,] < / (v)|dy

meN mEN Oy
-/ Wiy < - [ 1ol
mENan

Multiplying this inequality with a and taking supremum over all & € (0,0) gives us the

|Ea| < ‘Ueran‘ — |Um€Nanm

required inequality. [

Let w be a measurable strictly positive function on R”. We will also consider a gener-
alized version of Hardy-Littlewood maximal operator, known as weighted maximal oper-

ator and defined as

F
M, F(x) := sup [F]wlo forx e R".
ocz, Wlo
xeQ

This operator is also bounded; the result can be found in [42].
Theorem 1.5.2. For each p € (1, we have
|MWF [y Sp IIF e ow)

It is worth noticing that this estimate is actually a Doob’s martingale inequality in
disguise. Indeed, if the measure Vv is the measure corresponding to the weighted L? space
L?(w) is probabilistic and if (.%,)men, is a dyadic filtration on the same probabilistic
space, then the estimate from Theorem 1.5.2 can actually be rewritten as the one in The-
orem 1.5.7.

Now we are going to mention several operators expressed as /> quantities made of dif-
ferences of various sequences. Intuitively, they sum up the jumps between neighbouring

elements of the sequence.
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The first operator we are going to mention is
> 1/2
fo (X v f—ans?)
i=1

for an arbitrary strictly increasing sequence of positive integers (N;);cn. We will state the
L? boundedness covered by two papers. The first bound was shown by Jones, Ostrovskii,
and Rosenblatt [29, Theorem 2.6] for p € (1,2]. After that, Jones, Kaufman, Rosenblatt,
and Wierdl [28, Theorem 4.6 for A;] extended the result for the range p € (2,00).

Theorem 1.5.3. For each p € (1,) we have

o 1/2
2
sup H<2|AN'+1f_AN'f| )
N;eN forieN i=1 I ' L7(Q)
(N;)jen is strictly increasing

S Ifllee o)

Since T preserves measure [P, the statement of this theorem in case p = 2 follows from

the following proposition.

Proposition 1.5.4. Let U be a unitary operator on complex Hilbert space H. Forn € N

we define
1 n—1
=-YU% veH
=0
We have

1

2

( sup ZHTn]V T, 1V||H> S|l veH. (1.18)
MeN j=1

A

Proof. First let us assume that H = C, v =1 and U : C — C is given by Uz = ¢!z for
0 € [0,27). In case of 6 = 0 the operators U and T,,, n € N are identity operators on H;

therefore the left side of the inequality (1.18) equals zero, so the inequality is trivially

valid. If © # 0, then T,,1 = %ZZ;(I) (e!9)k = %1 )" The inequality (1.18) then turns into
M ii0 ni_1i0 |2
— 1 — et
sup Y |—— s (1.19)

Mng,ny,....nmEN j=1 l’l](l—e’e) jil(l_eze) ~
no<ny<--<ny

Notice that the expression on the left side of the inequality is invariant under reflection

0 — 2w — 6, so it is enough to observe the case 6 € (0,7). As |1 —e/?? = 4sin2% >

4(% %) = %92, it is enough to prove

sup Z|F nj0)—F(nj_ 19)\ 1

M ng,ny,.. ,nMGNJ
nop<ny<---<ny

29



Definitions and preliminary results Maximal and square function operators

where F (1) := I’Ten Take any M € N and ny,...,ny € Nyng <nj; < --- <ny. Let
. 1
Ji = {]E{l,...,M}:nj—nj,l <5} and
1
J = {jE{l,...,M}Zl’lj—nj,1 25}

AsF'(r) = w by Theorem 1.1.1 applied to the normalized Lebesgue measure on

(nj—10,n;0) and by definition of Ji,

n;0 2
Y [F(nj6)—F(nj—10) =Y /] F'(t)dr) <Y (nj—nj 9/ 1)|2dr
= jeg 1/nj-10 jen
<Y / F' () 2dt < / F' () 2dt

JEJ

/ (tsint — 1 +cost)? + (—tcost +sint)?

3 dt

t“+2—2cost —2tsint min{¢™, ¢
[ i)

Indeed, for 7 € (0,1) we have

1 1 1 1 91
2.9 _orsing < 2 _(__2 <___>4)_ (__3) 4
t°+2—2cost—2tsint <" +2-2(1 2t + 24~ 720 2t t 6t 360

while for # > 1 we estimate
1242 —2cost —2tsint <2 +24+2+2 < 712

As for the second case, denote all elements of J, as ji, j»,..., jr. We can see that, for each
le{2,...,L} we have nj, > %—l—njl_l > & g +nj_, and, if we apply the same inequality
for additional / — 2 times, we get n;, > 9 Lin nj > 21 1 +3 Ly, -1 > . Additionally,
< min { ﬁ, 1} foreach s e R\{O}. Now,

2|sin 5|

note that |F(r)| = 0

Z;, [F(n;6) — F(nj-16)|* = Z;,(\F(nje)lz—2!F(n19)HF(nj—19)!+IF(nj—19)\2)
JES2 JES
< Z; 2(|F (n;0)* + |F (nj-16)%)
JES2
L 2 2 L 2 2
<2(x(a) +1 () o)

IN

Lg L3
2<;l—z+l§l—2+1>51.
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This gives

Z [F(nj0) —F(nj—10)]> =Y |[F(nj6)—F(n; 10)]>+ Y. |F(n;8)—F(n;10)]* S 1,
je j€h

which is what we were required to prove.

To prove this proposition in general case, first we will mention some definitions and
agreements from the spectral theory. In general, a projection-valued measure is a function
P defined on a c-algebra .# on set H such that, for each E € .%, P(E) is a projection
operator on space H and which also satisfies P(X) = 1y and P(U;,_E,) =Y, P(E,)
for each pairwise-disjoint sets E, € .%,n € N. It is easy to notice that, for each v{,v, € H

the mapping E — (P(E)vy,v2)y is a complex measure. For E € .7 we can denote

/E d(Pvi,v2) g () = (P(E)Wi, v,

which can be generalized to

/Ef(a)d(Pvl,vz <</f )dP(o )v1 V2>

where f is the .% -measurale function. Similarly, we can introduce the identification

| S(@)dp(@) = £ (P(E))

Details can be found in [20].
Now we can apply the spectral theorem. Let S' := {o € C : |a| = 1}. There exists a
regular Borel projector-valued measure P on S! such that for any bounded Borel function

f we have
1) = [ f@ar).
Specifically, for f(o) = o" and f(a) = @", n € N, we have
U — /S adP(a), (U") = /S @dP(a).

Note that

M
CIvIf T, =Tl = (1000 ¥ (5, ~1)" (T, - Tn,>)v, v)
j=1 H

M nj_1— 1
= <C_Z -
S

o a— Z o
j=111=1 ;=

N J/
-

>0
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where C is the constant that is implicit in (1.19) and the inequality follows from (1.19).

The proof of inequality (1.18) and therefore the proof of this proposition is complete. W

Another such operator is the martingale square function operator, defined as
> )\ 1/2
F (Z [E(F|%er1) — E(F|%)] ) :
k=0

The following theorem is a result of Burkholder and can be found in [5].

Theorem 1.5.5. For each g € (1,) we have

H(li(,)m(ﬂ%ﬂ)—]E(F|§4k)|2>1/2H < IF -

LI(Q)

Another useful estimate was shown by Jones, Kaufman, Rosenblatt, Wierdl in [28,
Theorem C]. Here, (¥;)jen, stands for the dyadic filtration on [0, 1) from Definition

1.4.2 and || - [ p(g) stands for the norm on the space L”(RR) taken over the variable .

Theorem 1.5.6. For each p € (1,) we have

Sp 1l m)-

H (;‘zj 02jh(Hy)dy_E(h‘@f)(x)r)1/2 LI(R)

The next result can be found as Theorem 6 in [56], but it is also present in any other

book on basic probability theory.

Theorem 1.5.7. (Doob’s inequality) For each o € (0,00) and p € (1,00 we have

1
P(sup [E(F|Fn)| > @) < —[|FllL1 g
meN o

| sup [E(F[Zm)lllLr@) Sp IFllLr@)-
meNg
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1.6. HYPERGRAPH SETTING

Definition 1.6.1. A hypergraph is an ordered pair (V,E), where V is a finite set of ele-
ments, which we call vertices, and E is a collection of nonempty subsets of V; the elements
of E are called edges. Let r € N. A hypergraph (V,E) is called r-partite if there exists a
partition of V into r nonempty parts (V(i)> I<icr such that one cannot find i € {1,2,...,r}
and vertices x,y € V(0 x = y for which there would exist e € E such that x,y € e. A

hypergraph (V, E) is called r-uniform if each edge e € E has the cardinality |e| = r.

Notice that every edge e of an r-partite r-uniform graph (V,E) with an associated r-
partition of the vertex set V = |J_; V(¥ satisfies card(eNV(®)) = 1 forevery i € {1,2,...,
r}. In other words, each edge contains exactly one vertex from each of the vertex-partition
parts. In this situation each edge can be identified with an element of VD xy@ x..ox

v — T, v

Definition 1.6.2. A labeled hypergraph is any hypergraph (V, E) along with sets Ly and
L, an injective function ly : V — Ly and an arbitrary function /g : E — Lg. The elements
of sets Ly and Lg will be called, in order, vertex labels and edge labels. Note that vertex

labels are required to be different, but we allow the repetition of edge labels.

Given an r-partite hypergraph (V,E) and the corresponding partition (V(i)) L<icr
V, we will usually denote vertices as V() = {vgi),vg), . ,vg,?} foreachie€ {1,2,...,r}.
Similarly, we will write Ly := U{ZILg,i) and Lg,i) = {xy) :j€ N} foreachie {1,...,r};
with this notation, we will assume that Iy (V) C Lg) foreachie {1,...,r}.

With this, we will often denote n; := card(V?)) and n := ¥\, n;. For shorter notation
we may write x, := Iy (v) for each v € V and also

X = (xv(ll)""’xv,(qll)’""xvgr)"”’xvff» and Xe := (xv<1>,...,xv(,>),

for e = (v(1),...,v(")) € E. The elements of sets Ly and Lg will be substituted with real
variables and real-valued functions.
Let H = (V,E) be a labeled hypergraph with the label functions /y and /g and the set
of vertex labels marked as Ly = U{Zng) such that, foreachi € {1,...,r}, Iy (V(i)) - L‘(,i).
(

With a slight deviation from the previous notation, this time we will write LVi) = {x% :
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J,k € N}. In some proofs we will square certain parts of paraproduct-type terms, making
certain variables appear more than once. To keep the practical notation of the evaluation of

the expression at certain graph, we are expanding the vertex label sets with “copies”, i.e. as

(@)
] . . .

will mark its copies with x%, k € N. Tt will also be practical to denote LE.Z) = {xﬂ :ke N}

certain variable x;” can appear more than once (but at most n; = card(V(i)) times), so we

Let us introduce a requirement on /y and /g so that they produce “properly” labelled

hypergraphs, i.e., those that will appear later. Take any label variable x(k).k for k €

iksJ
{1,...,r},ir, jx € N. As ly is an injective function, whenever xl(f)jk € Im(ly) we can define
Vz(f)jk = l;l(xl(f)jk). For the set of edge labels we choose Lg := {F;, _; :i1,...,ir € N}.

With this notation, we will require the following condition to be satisfied:

1 r
lE((vgl,}l,---,vﬁh)jr)) =F, . (1.20)
for each choice of indices i, and ji, k = 1,...,r. This means that any two edges with the

same first lower indices of their vertices receive the same label from the set Lg. Other-
wise, the two edges receive different labels. To make this agreement clearer and easier to
understand, an example of the 3-partite 3-uniform labeled hypergraph is given as a Figure
1.1.

Additionally, we will restrict our attention to hypergraphs that are “proper” in the
sense that we are about to define. When two variables x,, and x,, have the same first
lower indices (better said, when they appear to be the copies of the same variable), we
will require that their vertices v{ and v, play identical roles in the hypergraph, i.e. inter-
changing them leads to the hypergraph isomorphic to the original one. To be precise, for

every vi,v2 € V we require

ly(vi),ly (v2) eLgi) forsomeie {1,....r},j €N

= foreache € E we have (vi €e = (e\{vi})U{»n} €E). (1.21)

Notice that this property is trivially satisfied in case of the complete hypergraph.
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Figure 1.1: An example of the 3-partite 3-uniform labeled hypergraph. Empty circles

present selected vertices.
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1.7. REMOVAL LEMMAS

Hypergraph removal lemmas are general results of the following type: if a (hyper)graph
contains a small portion of sub(hyper)graphs isomorphic to a given pattern, then it is
possible to remove a small portion of its edges in order to make this pattern disappear
completely. The most general hypergraph removal result was shown by Gowers [22]
and many alternative proofs followed, for instance the one by Tao [59]. We will give
one possible formulation a bit later, as Lemma 1.7.8. An expository paper by Tao [60]
shows that, in fact, graph/hypergraph removal results belong to the realm of mathematical
analysis (rather than combinatorics) as both their formulations and their proofs carry over
to [0, 1] with the Lebesgue measure. Obtaining “reasonable” bounds in graph/hypergraph
removal results are some of the greatest and the most important problems in combinatorics
and graph theory today, with applications to theoretical computer science; see the paper
by Alon [2]. Many particular cases have been studied in the recent literature, but almost
all of them were concerned with graphs and not with more general hypergraphs.

In this work we do not prove any new removal results. However, their formulations
and the ideas around their proofs will be quite relevant in the next chapter, so we spend
a few words on them here. Although not obvious at first, techniques used in Chapter 2
were inspired by Tao’s proof of removal lemma. They turned out to be a direct inspiration
for Kovac in his work [34], while the proofs in Chapter 2 generalize concepts from that
article.

Many elements of proof of the hypergraph removal lemma are actually a single-
scale variants of arguments from Chapter 2. The best example is so-called box-Gowers-
Cauchy-Schwarz inequality. We are going to observe techniques from [60] applied to the
space ([0,1],2([0,1]),A), where A is the Lebesgue measure on [0, 1]; additionally, A(?)

is the Lebesgue measure on [0, 1]2.

Definition 1.7.1. The box-Gowers norm of a real-valued function f € L*([0, 1]?,

A([0,1]?),A?)) is defined as

=L L /Mf(x,y>f<x,y’>f<x’,y>f<x',y’>dydy’dxdx')"‘.

The box-Gowers inner product of real-valued functions foo, fo1, fi0, f11 € L=([0,1]?,
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2((0,1]%),A12)) is given by

[foo.fo1, f10, f11] 2
=] oo () ol ) (. dydy
[0,1] J{o,1] J{0,1] /[0,1]

Theorem 1.7.2. (The box-Gowers-Cauchy-Schwarz inequality) We have

|[fo0, for, f10, firme | < Nlfoollce ll forll e [ froll e fn | e

Proof. By Theorem 1.1.3 and by Fubini-Tonelli theorem we have

/ / / foo(x,3) for (x,Y) fro(x',y) fir (x', ) dydy' dxdx’
0,1] J[0,1] J[0,1] J[0,1]

< JonJo 1

(foton </01 st o)
(/ o ’”f“(x’vy’)dx’)zdydy')%

</[01/[01</ Aol s ) fo, i) i)

</01}/01 </ fio(x a)’)fll( ,y dx)(/ fle)’>f11(xy)dx>dydy>é
</01/ < Olfoox)’)foo( ,y)dy>

. (/[071]f01(x,y/)fo1(x’,y’)dy/) dxdx’> 3

| </[0,1] /[0.,1] ( [0,1]flo(x/’y)fw(x,y)dy)

| </[0,11 iy i <X»y’>dy’) dxdx’> :

1

< </[0,1} /[071} < [07”fOO<X7y)fOO(x,’y)dy>2dxdxl> 1
. (/[0,1} /[071} (/[071}f01 (x7y/)f01<xl’y/)dy'>2dxdx/>‘1‘

1

(/01/01(/ fio(x a)’)flo(x,y)dy>2dxdx’)4

dydy'

/ Fro, ) fi1 (¥, )do!

0] Joo(x,y) for (x,))
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. </[0,1} /[0,1} </[0’1}fll(x,’y/)fll(xay/)dy’>2dxdx,>‘1‘
o

) I I

i
foo(x,¥) foo(x ,y)foo(%y/)foo(x/ayl)dydyldxdx/>

1

Jo
( Lol o fntennts (8 ) or (53" o (4 Yy )
'</[01}/[0,1}/ / 7

)

o(x,y)fro(x 7y)flo(x,y')flo(x',y')dydy’dxdx’>
1

7
' </ / / f11(x,)’)fn(X/J)f11(x7y/)f11(x'7y’)dydyld)€dx/>
0,1 /10,1 /o1 Jjo, 1)
=|| fooll 2 Il for |2 [ froll 2 Il fi1 | e

This gives us the desired inequality. |

To notice the connection between this inequality and the one from Lemma 2.2.4 it is

good to observe that, by Theorem 1.1.3,

/ / / S fe ) f& ) f(,y)dydy dxdx’
[0,1] /[0,1] J{0,1] J[0,1]
1

2
S(/ / / f (xvY)zf(xlayl)zdydy'dxdx’>
[0,1] J[0.1] J[0,1] J[0,1]
1

3
: (/ / / f(x,yl)zf(x/,y)zdydy/dxdx/>
[0,1] J[0,1] J{0,1] /[0,1]

2
=( / f(x,y)zdde> :
[0,1] J[0,1]

or, written in a slightly different way,

1Al < 1o (1.22)

Now, for any functions fyo, fo1, f10, f11 as before by this and Theorem 1.7.2 we have

|[fo0, for, fros firle| < [ foollz o, 12y 1ol o,y 110/l o2 it iz o )

which is just a special case r =2,n; = ny = 2 of Lemma 2.2.4 from the following chapter.

Further particular cases of Lemma 2.2.4 were proved and used in the papers [23] and [53].

Theorem 1.7.2 also helps us in verifying the rightfulness of calling || - ||z a norm.
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Indeed, we can see that, for each real-valued measurable function f,

/[0’1] /[071] /[071] /[Oyl]f(xvy)f(m)f(x,y)f(x,y)dydy dxdx

2
= / / ( f (x,y)f(X’,y)dy> dxdx' > 0,
[0,1] J10,1] \J[0,1]

therefore ||f||2 is nonnegative (more importantly, the above integral expression raised
to the power of  is well defined). It is easy to notice that ||cf||2 = |c|||f||m2 for every

¢ € R. The triangle inequality follows from Theorem 1.7.2; indeed,

If +gliEe < 1152 + 41122 18lle + 61l £ IR llgliZe + 4l fllce I8l + 18l

= (Ifllce + llglle)*

Trivially, for f = 0 A(?)-almost everywhere we have || f||52 = 0. Now, fix g € L([0,1])
and h € L*([0,1]). By the box-Gowers-Cauchy-Schwarz inequality for foo = f, fo1(x,)’)

=g(x), fio(x',y) =h(y) and fi1 =1,x,y € 0, 1],
‘/[O . /[0 l]f(XJ)g(x)h(y)dxdy‘ < Al llg (o, 12 ll=(j0,1))-

Here we also used the inequality || |2 < [|f][L=(0,12) that follows from (1.22). If we

assume that || f||j2 = 0, then we have that the bilinear form

g [ ] S8R0y

gives value zero idenitically over all g and A. Since h € L*([0, 1]) was arbitrarily chosen,

we conclude that, for each choice of function g, the function

y = / f(x,y)g(x)dx

is zero A-almost everywhere. Moreover, we can conclude that it equals zero on the set
E € #(][0,1]) such that A(E€) = 0, where E does not depend on the choice of g, if taken

from the collection
n
{Zaﬂl@hbi) neN, o €Q,ay,...,a,,by,....b, € [O, 1] ﬂ@}
i=1

because it is countable by definition. As it is also dense in L2([0, 1]), we conclude that the

above function is zero A-almost everywhere for any choice of g € L*([0, 1]), which gives
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f(x,y) =0 for almost every choice of x € [0, 1] and for almost every choice of y € [0, 1].
Overall, f =0 A(?)-almost everywhere. We conclude that || - || indeed satisfies the
properties required from a norm.

Now we are going to mention two interesting classical results in combinatorics and
show their connection with integral forms similar to those that we observe. An arithmetic

progression is any k-tuple of integers
(a,a+k,...,a+ (k—1)d),

where a,d € Z and k € N. The number k is also called length of the arithmetic progression.
If d = 0, then the arithmetic progression is trivial.
One of the most fundamental results of combinatorial number theory was proven by

Roth in [49].

Theorem 1.7.3. (Roth’s theorem) For each 6 € (0,e0) there exists ngp € N depending
only on & with the following property: if n € N,;n > ng and if A C {1,2,...,n} satisfies

card(A) > On, then A contains a nontrivial arithmetic progression of length 3.

Another interesting pattern to observe is a corner, defined as an ordered triple
((a,b),(a+d,b),(a,b+d))

where a,b,d € Z. Again, if d = 0, then the corner is considered to be trivial. Ajtai and

Szemerédi [1] showed the following.

Theorem 1.7.4. (A corners theorem) For each § € (0,00) there exists ng € N depending
only on § with the following property: if n € N,n > ng and if A C {1,2,...,n}? satisfies

card(A) > 8n?, then A contains a nontrivial corner.

Interestingly, one can show that Theorem 1.7.3 follows from 1.7.4. Indeed, pick 6 €
(0,00) and choose ngy from Theorem 1.7.4 applied for the parameter g in the place of J.

Choose n € N, n > ngand A C {1,2,...,n} such that card(A) > dn. Define
A:={(a,b)€{1,2,....2n}* :b—a cA}.

For each k € A we have (1,k+1),(2,k+2),...,(2n —k,2n) € A; there are 2n—k > n

such ordered pairs. Since card(A) > 8n, we conclude card(A) > 8n> = % -(2n)%. By
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Theorem 1.7.4, there exist a,b,d € {1,2,...,2n} such that (a,b), (a+d,b),(a,b+d) € A.
By definition of A we have b —a —d,b —a,b—a+d € A which is exactly a nontrivial
arithmetic progression of length 3.

Let us for a moment observe a standard (simple undirected) graph G, which means

that its edges contain exactly two (different) vertices.

Lemma 1.7.5. (A triangle removal lemma [50]) For each € € (0,00) there exists 0 €
(0,00) depending only on € with the following property: if G is a graph with n vertices
that contains fewer than 8n° triangles, then it is possible to delete less than en? edges

from G to create a triangle-free graph.

Intuitively, if a graph has relatively small number of triangles, then we can eliminate
all of its triangles by removing a relatively small number of edges. This lemma implies
Theorem 1.7.3 as well as Theorem 1.7.4.; see [50] and [54]. We will also elaborate the
former implication below.

A triangle removal lemma can be stated in the following, equivalent way.

Corollary 1.7.6. For each € € (0,0) there exists § € (0, o) depending only on € with the
following property: if G is a graph with 1 vertices that contains at least en? edge-disjoint

triangles, then G must contain at least 5n> vertices.

From this variant of the triangle removal lemma we can deduce the corners theorem
as well as Roth’s theorem. The proof of Corrolary 1.7.6 implying Theorem 1.7.3 is also
interesting as it shows the connection of two observed objects from the graph theory and
number theory, respectively. Assume the contrary of Theorem 1.7.3 and let § € (0, o)
be the parameter from the negation of the statement. For arbitrary ng € N let n € N,
n>npandlet A C {1,2,...,n} be such that card(A) > On and that it does not contain a
nontrivial arithmetic progression of length 3. Let us construct a graph G = (V,E) with

V ={1,2,...,3n} x {1,2,3} and all the edges can take only one of the following forms:
e {(i,1),(j,2)} € Eifand only if j —i € A,
e {(j,2),(k,3)} € Eifandonlyif k— j € A,
e {(i,1),(k,3)} € E if and only if &£ € A.
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This way we constructed a 3-partite graph in which vertices of each triangle take form
(i,1), (j,2) and (k,3); in other words, we take exactly one vertex from each of parti-
tion sets. Trivially, we have % =j—i+ ("TJ” —j) andk—j=j—i+2- (]‘TJ”—])
which means that, if (i,1),(j,2),(k,3) forms a triangle in G, then A contains an arith-
metic progression of length 3. By assumption, this progression has to be trivial, meaning
’%i — j =0. Now we can notice that G can contain at least §n® triangles. Indeed, for
any choice of i € {1,2,...,n} and any of at least dn choices of a € A we can then take
J = i-+a and k that is uniquely determined by ]‘TJ” — j = 0. Also, all of these triangles are
edge-disjoint because any edge in G, either {(i,1),(/,2)}, {(j,2),(k,3)} or {(i, 1), (k,3)},
determines unique parameters i € {1,2,...,n} and a € A, so no two triangles can have a
mutual edge.

By Corollary 1.7.6 applied for € = % the graph G contains at least 7298'n? triangles
for certain 8’ € (0, 0) that does not depend on n. On the other hand, as A contains at most
n arithmetic progressions of length 3, we can have at most 3n? triangles, as we have 3n
choices for vertex (i, 1) after which j is determined with at most n choices and then, again,
k is uniquely determined. This means that we must have 7298'n® < 3n? or, equivalently,
n< #36" However, as the choice of ny was arbitrary, n can be arbitrarily large, so the
uniform upper bound for n leads us to contradiction. Theorem 1.7.3 follows.

Now we will give an analytic formulation of Lemma 1.7.5, which was stated as

Lemma 6.5 in [60].

Lemma 1.7.7. For each € € (0,00) there exists d € (0,0) depending only on € such that

the following is satisfied. Let f, g,/ : [0,1]> — [0, 1] be measurable functions such that
/ / / f(x1,x2)g(x2,x3)h(x3,x1)dxzdxadx; < 6. (1.23)
[0.1] /[0,1] /[0,1]

Then there exist E 2, E» 3,E3 1 € %([0, 1]%) such that

Lg, ,(x1,%2) 1 g, 5 (x2,%3) LEy , (x3,Xx1) =0 for each xy,x2,x3 € [0, 1] (1.24)
and

/ / JOe,x2) Lge ) (x1,%2)dxidxy +/ / g(x2,x3) L5 (x2,x3)dx2dx3
[0,1] /[0,1] ’ [0,1] /[0,1] ‘

-l-/ / h<X3,X1)ﬂEC (X3,X1>d)C3dX1 <eE. (1.25)
0,11 0,1 31
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1%} Vi 1
g S16|52.6 S5.6
2 S35 545 S6,5
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[
i " T2 3 4 5 6 1
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Figure 1.2: An example of a graph with 6 vertices and the corresponding plot of squares

Sij.

Moreover, if there exist o-algebras %, ¥, # C (|0, 1]) such that f is (% x ¥')-measu-
rable, g is (¥ X #')-measurable, and h is (# x % )-measurable, then one can achieve

Evp €U XV, Exs€V XW, , Es1 €W XU.

Interestingly, this lemma implies Lemma 1.7.5. Suppose that € > 0 is given. Let
G = (V,E) be a graph with card(V) = n vertices and with fewer than §n triangles, where
0 > 0 depends on € and it will be chosen a bit later. Let us denote V = {vi,vo,...,v,}

and let us define

f:g:h: Z HSI‘,]"
(i,))e{1.2,....n}
{V,’,VJ'}EE

where §; ; 1= [

2i—1  2i+l } % [ 2j—1  2j+1
2(n+1) 2(n+1) 2(n+1) 2(n+1)

card(E) squares S; j with area |S; ;| = m and with center (ﬁ, nj?), where (i, j) €

{1,2,...,n}? is any pair such that {vi,v;} € E; otherwise, f, g and h equal 0. It is easy to

}. Visually, these functions take value 1 on

check that these squares are mutually disjoint up to its borders and that they are subsets
of the domain square [0, 1]2 when n > 3, which does not restrict us since we consider the
existence of triangles in the graph G. To understand this construction easily, see Figure
1.2. Also note that the last condition of Lemma 1.7.7 is satisfied with % =¥ =¥ =

2i—1 2i+1 .
G({[2(2+1)72(2+1)} e {172,---711}}).
Let 8’ € (0,00) be from Lemma 1.7.7 applied for § in the role of parameter € and
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set 0 := 8’ /6. Notice that the function (xy,xz,x3) — f(x1,x2)g(x2,x3)h(x3,x1) equals 1
exactly when there exist squares S; ;,S; x and Sy ; such that (x1,x2) € S; j, (x2,x3) € Sjx,
(x3,x1) € Sk and (v;,v}),(vj,vk), (vk,vi) € E, therefore detecting all the triangles in G,

each of them precisely 6 times. The integration of this function gives

/ / f(x1,x2)g(x2,x3)h(x3,x1)dxsdxrdx;
0.1]/j0,11/[0,1]

= Z (/ dx1>
ijke{12,...n} [(2i—1)/2(n+1),(2i4+1)/2(n+1)]

{Vi7vj}7{Vjvvk}7{vkvvi}€E

</ ) . d)Q) </ dX3>
[(2j—1)/2(n+1),(2j+1)/2(n+1)] [(2k—1)/2(n41),(2k+1)/2(n+1)]

1
3

so (1.23) is satisfied with ¢ in the place of . Take E} 2,E»3,E31 € % x % C A(|0, 1]%)

from Lemma 1.7.7 and define E’ as the subset of E which satisfies the following condition:
{V,‘,Vj} € E' ifand only if Si,j ﬂELz ﬂE273 ﬁEg’l =0.

Note that, by the (% x % )-measurability condition, for each set Ey ; and each square S; ;
we have either S; ; C Ey; or §; jNEy; = 0. We claim that Lemma 1.7.5 is satisfied if we

delete edges from the set E’. First, notice that

1
card(E') = (nt1) / dxdy
2 ’-]6{1 27 ’
{v,,vj}GE

+1)2
S(n 2 ) </ / fxrx) Lg, (x1,x0)dx dxo
[0,1] J[0,1] :

+/[0 ; /[Ol}g(xz,m)]l];c (x2,x3)dxpdx3 + h(X3,x1)IlE§‘](X3,x1)dx3dx1>

(n+1>2 E 2
Z<e
2 2=

[0,1] /]0,1]

<

by (1.25) and by the choice of the parameter. This means that, by the suggested procedure,
we would indeed delete less than en” edges. To check that the newly constructed graph
would be triangle-free, note that, if there existed a triangle {v;,v;},{v;, vk}, {vi,vi} € E\

E i< j<k, thenwewouldhaveSljCElz,SJkCE“,Sk,§E31,sothat( €

n+1’ n+1 )
Ei, (n+1 , n—l—l) € E> 3 and (n+1 , n+1) € E3 1, which would contradict (1.24).
Observations in this section offer another motivation to analyse integral forms asso-

ciated with graphs and actually motivate one to generalize the concept to the hypergraph
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setting, in an attempt to offer a removal lemma for this more general concept. Recall the

notation introduced in Section 1.6.

Lemma 1.7.8. Suppose that &, r are positive integers such that k < r. For each € € (0, )
there exists & € (0,o) depending only on € such that the following holds. Let H =
(V,E) be an r-partite k-uniform hypergraph and let F = (F,).cg be a tuple of measurable
functions from [0, 1] to [0, 1] such that

/O 1 []Fe(xe)dx <6

[0, }neEE

where n = card(V'). Then there exist a tuple (E,).cg of elements in ([0, 1]¥) such that
[11e.(x) =0 foreachx e [0,1]"
eck

and

Z / e(xe) 1 (xe)dx, < €.

eck

This is just a slight reformulation of Tao’s hypergraph removal lemma from [59]. Its
proof is quite involved and the reader can find it in [59]. We will not need it later in the

text.
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2. T(1) THEOREM FOR DYADIC

SINGULAR INTEGRAL FORMS

In this chapter we will study dyadic singular integral forms associated with r-partite r-
uniform hypergraphs. We will prove L? boundedness of singular integral forms with Haar
functions in integral expressions and estimates for local entagled dyadic paraproducts.
Then we will prove characterizations of L” boundedness of singular integral forms with

general dyadic Calderon-Zygmund kernels.

2.1. CHARACTERIZATIONS OF L?

BOUNDEDNESS

Starting with an r-partite r-regular hypergraph H = (V,E), let (V("))f:1 be an r-partition
of the set of vertices V. We assume that there are no isolated vertices, i.e., each vertex
from V belongs to some edge from E. Moreover, we also assume that each partition set
V() contains at least two vertices. Also, let (H,)¥_,, given with H; = (V;,E;) for each [ €
{1,...,k}, be connected components of H, meaning that there exist partitions (Vj)

of V and (EJ)

1<j<m
1< j<m Of E such that each subhypergraph (Vi.Ej), je{1,2,...,m} is
connected (i.e. for each x,y € V; there exist n € N, v,...,v,_1 €V, and ey,...,e, € E;
such that x,v| € e1,v|,v2 € €2,...,V,—1,y € e,) and maximal (i.e. it is not contained in
any other connected subhypergraph of (V,E)). Throughout this chapter we are going to
impose the assumption that each of these connected components constitutes a complete

hypergraph. This is a serious restriction when compared with the two-dimensional case

from [37], but it keeps us far from unresolved issues related to the so-called triangular
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Hilbert transforms; see the comments in [34]. For each such / and for each i € {1,...,r}
we define Vl(i) :=V;N V. This makes (Vl(i))f:1 an r-partition of the set V;, which goes
along with the hypergraph H; being r-partite as well. For each e € E, taking the unique
1 €{1,...,k} such that e € E}, we define
I1 card(Vl(j ) )
: () 1<j<r
de:=max [] card(V;”’) = max

ISisriZic, 1<i<r card(VZ(’))
J#i

2.1

In words, d, is the product of cardinalities of the r — 1 largest vertex-partition parts of
the connected component containing e. These quantities will turn out to be important in
determining the ranges of exponents of the estimates to follow.

The following setting is a higher-dimensional multilinear generalization of the dyadic
setup from the paper [3] by Auscher, Hofmann, Muscalu, Tao, and Thiele. Let us denote
n:=card(V), n; := card(V\)) and let K : R" — C be a perfect dyadic Calderén-Zygmund
kernel, i.e. alocally integrable, bounded and compactly supported function that is constant
on each n-dimensional dyadic cube not intersecting the diagonal

D= {(x(l),...,x(l),. ..,f(r), s ,x(r)) eR"}

TV TV
nj times n, times

and that, for each x = (xgl), .. ,x,(,ll), .. ,xgr), .. ,xﬁ,r)) € R™\D, satisfies

r

Keis(Y X W) @2)

=11<1<ja<n;

For a tuple F = (F,).cg of measurable bounded functions we define

Ag (F) ::/Rn<

and, for fixed ep € E and for each x,, € R’,

I1 Fe(xe))K(x)dx, (2.3)

ecE

T (Fevgay) )= [ (T RG0)KG) T dne @4

eGE\{eO} VEV\&’O

where we have denoted the tuple (F,),c E\{eo} SIMply by Fr\(,1. We can notice that we

have

Ag (F) = /R oy (Fi o) ) (Seg) Fey (30 )dley
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for each ey € E. One could say that the operators T, for different ¢g € E are multilinear
adjoints of each other. We also say that Ag is the entangled dyadic form associated with
H and K.

Let us introduce the notation of the elementary tensor product, which, for two func-

tions f,g : R — C, is denoted and defined as

(f®g)(x,y) := f(x)g(y) for each x,y € R.

By the associativity of the operation ®, we will assume the notation f| ® f, ® --- ® f,,, as
an elementary tensor product of more than two functions and also write ®/" | f;. For what
follows, we consider all functions of the form
roomg
=1 @®( ® 1) ® ),
k=1 i=1 V§k)€ sy vl(k)e(s(k))c '
where Q = [T;_, [T, I e %, is arbitrary and S = ((S®));_,) # (@) is an r-tuple of se-
lected vertices from the r-partitioned set of vertices, i.e. S®) C V() for each k {1,...,r}.
Notice that these are the tensor products of L?-normalized Haar functions with at least one

of them being cancellative. This means that for a perfect dyadic Calderén-Zygmund ker-

nel K, being a square-integrable function over R”, we have

S S
K= Z Y <K B g (2.5)
S=(8)r_, anln’jul,
(vie{1,...,rH)sc
(3106{1, 7r})S

Notice that, as K is constant on dyadic cubes not intersecting the diagonal and each of
these tensor products has a cancellation in at least one of the variables, the corresponding
scalar products equal zero, so we can actually consider this sum only over dyadic cubes
o=TII_ 1HJ 1 j ) for which I() (;) for each ji,jo € {l,...,n;} and i € {1,...,r}.
Using this and by assuming that functions F,,e € E and K are bounded and compactly

supported, we can present the form Ag as

Ag (F) = Z Y (KhD) / <HF () )]hS (x)dx, (2.6)
S=(st)r_ Q H’ [(10)"es, e€E
(vie{1,...,r})S)
(3106{1 r})S

as we can use the Lebesgue dominated convergence theorem.
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Along with the form Ag for each tuple S we will define an entangled dyadic para-

product as

Aj (F) = L (K1) 2 g /R n <HFe(xe)>Jhg(x)dx (2.7)
Q:H;'Zl(l(z)) icE, eckE
Another useful way of writing this form will be
Ar (F) = ) 1012 [Fluso,
o=I1"~, (I(i))”iecgn

with A defined as A := Q|2 (K, h5é>L2(R”) and [F]y, g o is defined as in Section 2.2.

The following theorem is the main result of this work and it characterizes various

bounds for Ag.

Theorem 2.1.1. Let (V,E) be an r-partite r-uniform hypergraph such that all its con-

nected components are complete, with an r-partition (V(i)) Lic of the set of vertices V
<i<r

such that minlgigrcard(V(i)) > 2. Furthermore, let <S(i)) __ be a family of selected

1<i<
vertices and let (d,),. be numbers given with (2.1). The following statements are equiv-

alent.
(a) The weak boundedness property
|IAE(Lp,...,1p)| S |Q| for each Q € €, (2.8)
and the T(1)-type conditions
|Te(Lrr, ..., 1gr)[pmowr) S 1 foreach e € E (2.9)
are valid.
(b) We have

||Teo(]lQ)eeE\{eo}”Ll(Q) < |Q| for each ¢y € E and Q € . (2.10)

(c) The form Ag satisfies the estimate

[AE (F) | S TTIFellre ey (2.11)

ecE

for all choices of exponents d, < p, < oo,e € E, such that } g pi =1.
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(d) The form Afg satisfies the estimate (2.11) for some choice of exponents d, < p, <

1
oo, e € E, such that ZeeEﬁ =1.

(e) For any measurable, bounded, and and compactly supported tuple of functions F

there exists a sparse form ® o~ for which we have |Ag(F)| < © o (F).

(f) Let p = (pe)eck be an arbitrary tuple of exponents from [1,e0| such that p, > d, for
eachec E and ) . Epy = =1 and w = (w,).cE a tuple of strictly positive functions
satisfying (1.3). For each tuple F = (F,).cg we have

AE)] S Wy ™ ™ TNl o
eck
The implicit constants in all of the above estimates depend on the hypergraph H,

kernel K, the exponents in question, and they also mutually depend on each other.

Throughout the whole chapter we are going to work with the functions F,,e € E that
are nonnegative, as the general result will follow by representing each of these functions
as a difference of its positive and negative parts.

Because of the assumption minlgigrcard(v(i)) > 2 we easily deduce that

Y di > 1 (2.12)
ecE ™€
is valid. Indeed, if there exists a connected component H; = (V;, E;) such that card(Vl(i)) >
2 for each i € {1,...,r}, then by denoting iy := minlgigrcard(vl(i)), since card(E;) =
T card(Vl(i)), we have

Z— Zd—

eEE eck;

card(El)card(Vl(iO))

- >2>1.
T, card(v,")

If such component does not exist, then there exist at least two different components H;, =
(Vi,,Ey,) and Hy, = (V},,Ey,), 1) # I, in which case, with ij := minlgigrcard(VlEi)) and

ir := min 1§i§,card(Vlgi)), we can conclude
Z L
=% de

Theorem 2.1.1 would not give any estimates for forms associated with hypergraphs if

! 1 card(Ey)eard(v,\"))  card(E;,)card(v,))
= L 4 L d, +

eeE, ecEy e [T, card(V, ()) [T, card(V, (.))

>1+1>1.

(2.12) failed. In the particular case dealing with bipartite graphs (without the complete-

ness assumption), i.e. when r = 2, the paper [37] proceeds by studying exceptional cases,
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so that all nondegenerate bipartite graphs are covered with some nonempty range of ex-
ponents. We are not able to do the same here, since higher dimensions bring an additional
structural complexity, and this is another reason why we find convenient to assume that
each hypergraph component is complete. Indeed, the reader can see the recent paper by
Durcik and Roos [17] for an example of an open problem in dimensions r > 4, which

would be resolved if we could apply our main result to the hypergraph in question.

Example 2.1.2. Let us illustrate how the twisted paraproduct form from the paper [33]
can be represented as an entangled form associated to a hypergraph.

Suppose that each of the partition classes V() has precisely two vertices and suppose
that the hypergraph is complete, so that indeed E =[];_, v, card(E) =2". Thus, the set
of edges is in a bijective correspondence with {0, 1}" and we are working with a tuple of

functions F = (Fj, j, i)

J1ujpsenjrefo,1}- For the kernel we take

p I D\ - k k
K(x):= Y 1] h}(l)(xg ))h}<1>(x§ )) th?(w (xg ))]h?(k) (xg )),
o=I1r_, 10) k=2

where the summation is performed over all dyadic cubes contained in [0,2")" with edge-
length at least 2, for some positive integer N. Since [ lhll (x)dx = 0 for every dyadic
interval 7, it is easy to verify that K and the associated form Ag satisfy conditions from

part (a) of Theorem 2.1.1 with
E(HR"; ey ]er) = O

for each e € E. Consequently, we obtain L? estimates for Az in the range 2"~ < p, < oo
foreache € E, Y .cp pie =1.

The most interesting case in [33] is obtained by taking Fj, j, .. j = 1grr whenever ji +
J2+ -+ jr > 2, which leaves us with only r + 1 nontrivial functions. For the remaining
functions we need to take p, = oo, which makes the range of exponents empty unless
(r+ 1)2%1 > 1, 1.e. unless r < 2. The case r = 3 (and without the requirement d, < p, for

each e € E) was handled in [17], while the cases r > 4 are still open at the time of writing.

51



T(1) theorem for dyadic singular integral forms L? boundedness for a specific kernel

2.2. LP BOUNDEDNESS FOR A SPECIFIC KERNEL

First we are going to prove the LP-estimate for a dyadic singular integral form where,
instead of a perfect dyadic Calder6n-Zygmund kernel K, we have Haar functions defined
in 1.16. The form will be defined as follows.

Let (V,E) be an r-partite r-uniform hypergraph with a fixed r-partition; denote v =
{vgi), . ,v,(j?} foreachi € {1,...,r}. Let (F,),cx be a tuple of measurable, bounded and
compactly supported functions from R” to R and take § = (S¢ )) 1<i<r with SO C v for
each i € {1,...,r} and such that there exists ip € {1,...,7} such that card(S©) > 2. We
define

AE,S ((Fe)eeE)

= o[ (17 H( T s 1 B () ) dx

0= I]>< -xI.€6, ecE i=1 (i) e (s()e

where n = card(V) and x and x,,e € E are vectors defined in Section 1.6. For the defi-
nition of the form A and for the statement of the main problem we intentionally labeled
functions F, with the set of edges E and variables x ;) with the set of vertices V and its
r-partition (V( ))15,-9. As we will see later, we will introduce a short, compact nota-
tion which encodes all important information by just defining a certain labeled (r-partite
and r-uniform) hypergraph, therefore making proofs easier to write and more practical to
visualise. With this, a tuple S of vertices will be considered as a tuple of selected vertices.

Take a tuple F = (F7);cr,, of nonnegative measurable compactly supported functions.
More precisely, this is a collection of functions indexed by the set Lg and these functions
will be substituted in the places of edge labels in all of the following analytical expres-
sions. For Q = [;_, Ik € 6, an evaluation of a tuple F on the hypergraph H, given S and
Q is defined as the number given by

[F]H,S,Q = /n HEE(e) (Xe) ﬁ ( H ]h}, (xv(k)) H ]h(l), (Xv(k))>d}§{,

ecE k=1 v§k>€S(i) v(k)e(s(i))c

where § = (50)),<;<, and S® C V{0 for each i € {1,2,...,r}. This expression will also
be called paraproduct-type term. In particular, if each S() =@, then the mapping <7 : F —

[F]u 5,0 will be called an averaging paraproduct-type term. Also, any linear combination
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of paraproduct-type terms will be called a paraproduct-type expression. Note that the

form Ag g that we are trying to bound has much more compact notation now:

Aps(F)= Y Q| Fluso

Q<

where the initial labelling of edges is given by Ig(e) := F.

Theorem 2.2.1. Let (V,E) be an r-partite r-uniform hypergraph with an r-partition

(V(i))  of the set of vertices V, where V() = {vgi), .. ,vsl?} foreachie {1,...,r},a
1<i<r

family of selected vertices (S(’)> 1 <ic, A0d numbers (de),cp given with (2.1). Then, for

each tuple (p.),cp of positive real numbers that satisfy d. < p, < e for each e € E and

1 _
YecE o= 1 we have

ALs (Fo)ocr) | S (o) Q 1Fellre ) -
ec

Before obtaining this result, we are going to define additional forms which are going
to appear in the proof of this result, and we will show its specific estimates that will turn
out to be helpful for the later proof.

Given Q € €, for an expression # = % (F) we define its first-order difference as

1

D%Q (F) = Z o

0'e?(0)

B (F)~ By (F).

The operator [J can be thought of as a certain discrete version of the Laplace operator.

Theorem 2.2.2. For any cube Q, the first-order difference of the averaging paraproduct-

type term Py (9),0 = [Fly (g) o is the paraproduct-type expression

OB 0),0 = )3 Flis.o-
(Vie{l,...,r})S@ cv® 7czatrd(.S(")) even

(Jipe{1,...,r})card(5(0)) 0

Proof. Let Q :=[];_, 1; and, for each dyadic interval I € 4], let v; := 1;, — 1j,. Notice
that, for any «,..., 0 € R,

r n; r

H(H (1+aivh(xv5i>))) _

=1 "j=1 shcy

—

H (Xl_|5i|vli (xvy))'

yi=1 v§i)€S(i)

a

sy
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Indeed, the product on the left-hand side can be multiplied out. The left-hand side can
be rewritten by multiplying each term from each of the brackets, so we get each sum-
mand given on the right-hand side of the equation, depending on which of the terms

o, Vy, (xv(,->) we selected while multiplying. Adding up these equations for every choice of

J
[leck FIE (e) (xe)

= =+1,1 <i < r, multiplying the resulting equation with and then inte-

grating in each variable X (i) over I;, we get

j
HEGE I?lE i
02" |1 |,,, Z H (T (1 eavi (x,0)) ) e

=*li=1 " j=1I i

a,.;il
[ecr Fip(e)(e) r
|;1€|n1 E |; ‘”r Z H H V[i(xv(ii))dx,

My card(sM)eveni=1 vﬁi)gs(i)
<r>gv< ) card(s"))even
The right-hand side is the result of fixing the value of each but one ¢; and then adding
terms depending on whether the remaining ¢; equals 1 or —1; for subsets S; of odd car-
dinality the terms cancel out. This procedure is repeated by fixing each of the remaining

scalars ¢;. Note that
hj =vh), h) =(1+v)h}, h) =(1-v,)h}.

If we rewrite the above equality as

Z /nHFlE Xe HH 1+OC,V1 ))]h]( )dx hdx
==+1

eck i=1j=
o==+1

= ) / [] Fieo) [T v (xvy>)h2(xv;i>) 11 h?,.(xvy>)dxvy>dx,
le

sWcv® card(sU ))even eck ’Zlvﬁi)eS(i)
S(’>QV(’>7card(S(r))even

then, using the identities above,

1 0

or /]Rnel;lI;F}E (e ll—[UIT +1h(1i)R ()va)))dxvy)dx

- ¥ nHFzE(e)(xex ( [T biee) TT B Jas,oas
S()CV()card(S“))even ecE i=1 Vﬁi)es(i) / v( e(s))e ]

stcy ) c;r.d(S(’))even
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which can also be written as

l Z [F]H7(0))7Q’: Z [F]H,S,Q'

;
' 070 SOV card(s)even
S(’)QV(’)pér'd(S(’))even

Substracting the expression [F|, (0),0 from both sides of the equality gives the desired

result. [ |

Another useful result is the following lemma from [34], stated in a general notation

instead of a notation using hypergraphs and selected vertices.

Lemma 2.2.3. For any m € N, any [;,...,I, € %] and any nonnegative function f :
R™ — R, the expression

/ﬂan(xl,...,xm)<Hh}i(xi> th(xi)>d(x1,...,xn)

SC{1,...,m},card(S)even €S iese

is also nonnegative.

The next lemma follows from repeated application from Holder’s inequality through-
out which we will be able to read the exact form of thresholds defined in 2.1. This is also
the part where we will require for the connected subhypergraphs to be complete; more
precisely, we will state the estimate for complete hypergraphs. The reader can compare it

with the particular case r = 2 appearing in [34].

Lemma 2.2.4. Let H = (V,E) be a complete r-partite r-uniform labeled hypergraph. If

N :=T[;_,n; and M := max %,...,nﬂ = maxj<;<,[[1<j<,n;j, then for any tuple F =
' J#i
(F1)ieL, of nonnegative measurable functions we have
1
Mo
[(FIE(e))eGE]H,(O),Q < [FIE(e)]Aé‘

Proof. We can clearly assume that the edge labels are assigned via Ig(e) = F,. Differ-
ent labelling would simply account for repetition of the functions, while this is the most
general case. We will prove the claim by the mathematical induction on r € N. The
inequality for » = 1 is trivial. Assume that, for some r > 1, we have the inequality
from the statement of the lemma for each choice of a labeled r-partite r-uniform com-

plete hypergraph H, = (V,,E,,ly,) and for each choice of (F;)ccg, and Q, = [I;_; L.
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Let H.y1 = (Vr41,Er4+1,ly,,,) be an arbitrary (r + 1)-partite (r + 1)-uniform complete
hypergraph, let (F,).cg,,, be arbitrary and let O, = H,’;]llk € %y+1. Taken the (r+1)-
partition (V(l))1§i§r+1 of the set of vertices V,;; from the definition of the r-partite
hypergraph, define V, := U_,V), E, :=[T"_, V¥ and Iy, := Iy,,, |Vr' Note that H, :=
(Vy,Ey,ly,) is an r-partite r-uniform complete hypergraph, constructed from H,.;; by re-
moving the last part of the partition of vertices in H,, by shortening its edges and by
removing duplicate edges. Also, let N, := []'_n;,Ny41 1= H”1 ni = Nynpy1,M, :=
max N .. &} and M, := max{]M ’*‘} max {M,n,;,N,}. Also, for e =

' n ny 0ttt ey

(v(l) UH)) €E, lete (V(l), e ,vl(rr)). To additionally simplify and make the ex-

5 I l+1 0

pressions as clearer as possible, we will use a different notation for the Haar function,

writing it as lhg ety €1’ to emphasize in which variable we evaluate the function. With
iryl

that, let ]h?,r =l [Loeyoh 0 x el We have

[(FE)EEEH.]] H,11,(0),0r41

1
=N IT ey @ en )l o) by,
¢'cE, <r+1)€\/('+1) /U{V } f::ll) +1 (Rr+1) LI(R" 1)
Virs1
0 o 0
S H || H F/U{V r+1)}( r+1)€1r+1 HLNr R"rJrl)lh " nen (213)
e'cE, (r+1)€V(r+l) Virt LI(R" "r+1)
1
=\IT II £, e (I el, HLNr 1110
FEE, (r+1) Ly 1) /U{v } ’(:111) +| LR
r+1
1
Tt ]
|:< <r+1)l;‘l/(r+1>H e/U{vl('rill)} va:III>EIF+I|LI(R) e’EE, Hh(o)’Qr
Ir+1
My 1
Ny 0 Ny My
S H [ H ||FeU{v r+1 }hx,(r+1)€]r+1|L](R)]Q (214)
¢'EE, T\t ey (i) Vipp r
Vips1
My My
— Ny 0 0\n
B H H (HF/U{ (r+1) }lh (r+1)€lr+l Ll( )(]h ) M) P
e'cE, (r+1>ev(r+1) ’r+1 lr+1 L (R r+l)
1
Mrny ) Mr”1r+1
<TT TT |IFY, e B2 ena g BV, . (2.15)
,U{ 1+1 } 5:111) L LI(R’Zi”'A’l)

€€E, (rt1) cy(rt1)
Ir4+1

Each of the L' or LM norms are considered in those variables that appear in the expres-

sion; more precisely, in those variables appearing in all of the mentioned Haar functions.
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The inequalities (2.13) and (2.15) follow by Theorem 1.1.3, while in (2.14) we used the

assumption of the mathematical induction. In case that M,n,, | > N,, using Theorem 1.1.1
Mrny 4
for probabilistic measures and the convex function x — x ¥ |, we can dominate the last

term with

1
M-
H Myn, 0 H "t
Uy (r+1) } (r+1)€]r+1 Ll(
’+1 Vi
r+1

[T I b,
e'EE, (rt1) cy(r+1)
l r+1

Ll (R”fnr-‘rl )

Otherwise, if M,n,; < N,, with Jensen’s inequality for same function, which is concave

in this case, the term is dominated with

1
Ny

0 0
H H HF /U{ (r+l }]hx (r+1) €l HL](R)]th 1 pn—n '
€EE, (rtD) cy(rt1) Virg1 Vi LY (R""r+1)
Vi1
Myoyq W7
Both expressions are equal to [[.cg, [Fe i ] QZH so the desired inequality follows. W

Without loss of generality, we will consider only those labeled hypergraphs for which
the tuple (card(l;, l(Lgi))),card(l‘j I(Lg) ), ... card(l, (L ()))) is decreasing for each i €
{1,...,r}; otherwise we could interchange the roles of the vertex labels (along with their
copies) in a way that this becomes the decreasing tuple. That way we would operate with
labeled hypergraphs with same set of vertices V and same set of vertex labels Ly, but
with a different label function /y. A family of such hypergraphs on the set of vertices

V=U_ 1V( ) will be denoted by Hpy)- We define

S i={8=(81),_._ :S#(0) and, foralli € {1,2,...,r}, SV c v
and card(S")) is even }

Also, we define a binary relation < for hypergraphs H,H' € ;) in the following way.

H=<H
—17 (1) ~1 ) ) —1.7(r)
(card(l, ' (L})),...,card(ly, ' (Lin)))s . . .scard (L, 1 (L)), ... card(ly (L))
> (card(ly ' (LS)), .. card(l, (L)))s - . seard(4, (L)), . card (1 (L5))),
where we consider the latter relation on m-tuples to be a standard lexicographical order.

We can notice that (7,,), <) is a totally ordered finite set; therefore there exist minimal

and maximal hypergraphs with respect to this relation.
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In some of the proofs we will frequently change roles of vertices or switch labels of
certain vertices. However, if the hypergraph that we are working with is not complete, it
would be necessary to change the set of edges E, which might affect and change the family
of functions (F,).cg we are working with (by adding or removing certain functions) and
therefore changing the forms. To avoid problems like these, we begin with a temporary
additional assumption that the hypergraph must be complete, i.e. have all possible edges.
Consequently, the numbers d, are the same for all edges e and we write them simply as
d. Later, while proving the proposition on boundedness on a finite convex tree, we will
generalize the result for hypergraphs with any choice of edges. Moreover, we fix a finite
convex tree .7 . Any constants in the inequalities will be independent of the choice of that
tree.

Finally, let us also, for a moment, assume that all functions constituting F are normal-
ized so that

max F 1/d _ 1.
Qeyuz(m[ o

for each [ € Lg. Later we will use homogeneity to remove this normalizing condition.

Lemma 2.2.5. For every complete r-partite r-regular hypergraph H € 7, there exists

an averaging paraproduct-type term %y (g) o satisfying

B < 1
QE}I&’S@ H.(0),0 ~(n;)

and such that for every o € (0, 1) and for every Q € %, the following inequality holds for
some C(,,) > 0:
|Flusol <U%Bu 0.0 +Cuy8" Y| Flarol+Cuyd Y. |[Flyrol-
H'e A, H'<H H'e A, H'~H
Re Res

Proof. We will first cover the case for k € {1,...,r} and distinct i, j € {1,...,nt} such
that [;, 1(Ll(k)) NSk =@ and L, 1(Lg-k)) NSK) £ 0; without loss of generality, let k = 1,
i=1,j=2 Letv; € l;l(Lgl)) NSM and v, € l;l(Lgl)) NS, By separating products
of functions depending on whether the edge e € E contains vertex vy, vertex v, or none
of them and then applying the inequality |[AB| < %Az + %Bz < 67 'A? 4 8B? for any

A,B € R, we conclude that

| Flusol < 5! Flyro+ 6 Flpro
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Figure 2.1: A construction of hypergraphs H' and H” starting from the hypergraph H.

for labeled hypergraphs H',H” and a tuple of subsets R defined in the following way.
Starting with hypergraph H, let the label x,, be a copy of the label x, , i.e. redefine Iy (v;)
in a way that ly(v) € L(ll)\lv (V) (so that Iy remains an injective function). Also,
remove all edges e € E for which v, € E and add edges ¢’ € E which have v| € ¢/, but with
vertex v, instead of vq. In analogous way we define labeled hypergraph H”. Intuitively,
starting from the hypergraph H we removed one of vertices v; and v, and then we doubled

the remaining vertex and its role. As for the sequence of subsets R, we take
RV ={vi,m}, R =0,k >2.

This part of the proof is illustrated with the Figure 2.1.

Notice that H' < H as the first different component from the definition of the relation
< got increased while constructing H’. On the other hand, it might happen that the tuple
representing the number of times each vertex label appears for the hypergraph H” did

not decrease. In that case we will interchange the roles of the vertex labels according to
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our agreement before this lemma. With that agreement, it may still happen that H” = H
as well as H” < H, in which case we use the inequality 6 < %, which is true for any
8 € (0,1). The claim would then follow by adding the remaining terms § ! [F] H' RO OF
6 [Fly g o to the whole expression. Note that By (g) o = 0 satisfies the first inequality
required in the statement of the lemma.

The second case of possible hypergraphs H is when, for each k € {1,...,r}, there ex-
ists at most one i € {1,...,m} such that I, (Ll(f)) NS® £ . Without loss of generality,
let l;l(Lgl)) NSU) £ 0; in that case, there exist distinct vy, v, € l;l(Lgll)) NSW. If we

mark §' (1) := {v;, 12} and §'®) = 0 for k > 2, we can notice that

|Flusol <Fluso

Since it is enough to bound the expression for S’, we will assume that S is already defined
as 8’ above. Now, let Bh.(0),0 = [F] H,(0),0 - Note that the first inequality in the statement
of this lemma is satisfied by Lemma 2.2.4 and the normalization of the functions. By

Theorem 2.2.2,

OBy 0= Y, Flyro-
Re.¥

We will split the family . into three parts. For each k € {1,...,r} we define

W= {se.7:@ eNE L )nsD zon(vke 2,...,r})s® =0},
sV ={Se 7 (3ke(2,....r Bl e N (L) ns® #0

AWK € {k+1,...,7}) S¥) =0},
SO ={Se s (3ke{l,...r)Binii e N # i) 1, (L) ns® £ 0

AR AS® L0 (K € {k+1,...,r)S®) = o).
k

Notice that . = U,3€:15” (%) and that S € .#(1). Take R € .(1); as each of the functions
F,,e € E is nonnegative, the only possible integration of negative function on a set of
positive measure happens each time when the function ]h} is involved, i.e. whenever we
include the edge which consists a selected vertex. The only selected vertices appear in
the set S(1) and all of them have the label of the form xgll?jl for even number of indices

J1 € {1,...,n1}. Notice that, no matter which of these variables we use to evaluate the

integral expression, by the agreement in (1.20) and (1.21) we can separate the product
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[1eek Fe into equal products of the form [T o) _ .
i1

of the variables and separating the integral into more integrals, each of them having only
(1)

i1,J1°

F,. Therefore, by changing the order
one single variable of the form x we get a product of same integral which appears an
even amount of times. Having the same number to the power of the even natural number,
we conclude that the whole expression is nonnegative. This works for any R € . ),

therefore

Y, [Flyro>Fluso-
Re.7()

Now, let k € {2,...,r}. For a moment, we will consider a labeled (r — k + 1)-partite
(r — k+ 1)-uniform hypergraph H; on H{:kv(i) obtained from H in a way that we keep
all vertices from vertex components v®), ... v with same vertex labels and along with
edges which are reduced by removing its vertices from disregarded vertex components

vD . vED Also, if Q = [T/, I, define O := [T/_, ;. Along with §) := @ for

i€{k+1,...,r} and for fixed real numbers ((xv(k’>)1<k’<k—2) , we define
i I_Signk/
i1 ((xv,(-kfl))lgignk’l) = Z [F]Hk:(s/(i))kSiSka :

") 1 LAk
sy (Ll /)ms
S (040 and card(S V) is even

The expression in the definition of this function is a sum of integral expressions con-
taining the variables X ) foreach k' € {1,...,r} and i € {1,... ,ny}, integrating in each
variable when k' > k+ 11 The function in though of as depending on the independent vari-
ables corresponding to K’ = k while the other variables for K < k — 1 are, at this moment,
regarded as constants. Similarly as before, this function is nonnegative, so if we apply

Lemma 2.2.3 to function f;_, we can conclude that the function

fk*z((xvgkfz))lgignk#) = Z Z [F]Hk—l:(S,(i))k—léiéerk—l

§ k-1 cy k1) s O (LF)ns®)
'(k=1)y 5 N *
card(s 1) is even S/(k);é@ and card(S/(k)) is even

is also nonnegative, where Hy_ is a (r —k+2)-partite (r — k + 2)-uniform hypergraph on
ke v and O, :=TI1/_;_, I;, defined analogously as Hj and Qy before. Continuing to
apply Lemma 2.2.3 to each class of variables until we reach last function f>, in variables

X (1)505X (1), WE conclude that
1 ny

Y, [Flyro>0.
Re.7(2)
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The case of R € .7G) is covered as the first case of this proof, from which follows that

-1
|Flyrol <6 Y |[Flg g ol +6 Y |[Flg g ol-
H'€ A, H'<H H'eA), ) H' =H
Rev Res

Combining all these cases, we can conclude that

Flys0 < Z )[F]H,R,Q+ Z Flyrot Z Flyro— Z Fly ro

Res(1 Re7?) Re70) Re70)
-1
DBuwot ¥ (57 L IFurolt6 ¥ [Fluwol)
Re.703) H’e%jnl.),HkH H’ej‘[(,,i),H’tH
Res Res
-1
=0%10.0+tComd " X Flurol+Cud Y [Flyrgl
H'€ A, H'<H H'€ A, H'=H
Res Res
for C,,) 5 := card(’ (3)), which is the claim of this lemma. |

Lemma 2.2.6. For every r-partite r-regular complete hypergraph H and for every € €

(0,1) there exist an averaging paraproduct-type expression %y, ) satisfying
max B¢ Sine 1
oc7up(7) HA0).Q ~(ni)e
and
Y Flsol <O%Zg g o+e X [Flwsol
H/ejﬁ";)’H/jH H/e‘)ﬁni>’H/>'H
Ses Ses
Proof. As the totally ordered set (%’fni), =) is finite, we will prove this claim by induction

over the hypergraphs from this family. Before we begin, let H € 7, be arbitrary non-
maximal hypergraph and let H; be an immediate successor of H. Let C(,,,) be as in Lemma

2.2.5. Suppose that there exists an averaging paraproduct-term %’g such that

Y Flusol <0%5 40
H'€ A, ) H' <H
Ses

(0).0

2
€
" Flysol (2.16)
<4C(m)card(f%’fni))card(V)> H,ej%ﬁ,}ﬂ‘ Fliso!
Se.s

2
where €' := <4C(ni)card(jf<ni))card(v)> and € € (0,1) is arbitrary. Applying Lemma 2.2.5
for every H' € J{,,H' < Hy and 6 := 4C<,1l.)card(j%ni))card(V)’ we have

Z |[F] H’,S7Q’ < Z DB (0,0
Hlejfni)7H,jHY H/Ejfini)aH/jHY
Se.s Se.s
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4C(2ni)c:alrd(%”(,,l.))zcard(V)2

)
+ e Z | Flgr g ol + 1 Z | Flprrol
H"e A, H"<H H"e A,
Re Res
(2.16) 4C7 \card(H,, ) card(V)? ) €
< Z D'%H/,(Q)),Q + () c D%18-17((Z))7Q + 5 Z | [F]H’,S,Q |
H'eA,,) H' 2H; H'e A,
Se.s Se.s

4C? card(c%”(ni))2card(V)2

n; !

< Y 0%+ —2 . 0% 0.0
H'€ A, H' =H;

Se.s

£ 1

+5 X Fluselts X |[Flusel, 2.17)

H’ejffni) H'=H H’ejﬁ,,i) JH'<H;

Ses Ses

where we used card(-#y) < card(V) for any H' € #],,). Moving the last sum on the left

side of the inequality and multiplying the inequality by 2, we get

Y |Flusol <02 gote Y |Flusol (2.18)
HlefiﬁniVH/jH\" H,et;ﬁni)7H/>_HS‘
Ses Se

with additional notation

. 8C(2m)card(%”(ni))2card(V)2
B, 0),0 =2 Y, Zuwwot
H’e%(,,i),H’sz
Ses

8/

8 H7(0)7Q7

which is an averaging paraproduct-type expression.
Now we proceed to the induction. The induction basis for the minimal hypergraph H,,
is actually (2.18) with H; = H,;, and it follows from (2.17), where, instead of (2.16) (we

cannot refer to it as H,, does not have preceding elements), we use a trivial inequality

2
’ €

<% Fly
0< @Hm,(0)7Q+<4C(nl.)card(%”(ni))card(v)> H’gﬁ )H lirs.0]

for %181/ 0.0~ 0, which trivially satisfies the required bound. Suppose that the claim
of the lemma is satisfied for certain H € %”(ni), i.e. we have (2.16). Then the same claim

follows from its successor Hy, which is actually (2.18), with %’[8{ ) which also satis-

A 7Q’
fies the required bound by mathematical induction. With this, the required mathematical

induction is complete. [ |
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Lemma 2.2.7. For every r-partite r-regular complete hypergraph H there exists an aver-

aging paraproduct-type expression %y (g) o satisfying

B <, 1
Qeénuéé(y) H,(0),0 ~(n)

and

Z HF]H’,S,Q| < D@H,((D),Q-
H'G%’im
Se.s

Proof. As discussed while defining the totally ordered set (%ﬂ(ni), =), there exists a max-
imal hypergraph Hj;. The claim of this lemma follows from previous lemma by applying

it for any fixed € € (0, 1) and then by using By (g) o := %EM 0).0 [

For each tuple of functions F and each finite convex tree .7~ we define

Az (F):= Y |0Flyso
0cT
where H = (V,E) is any r-partite r-uniform labeled hypergraph and § = (S®),<;<, is a
tuple such that S&) C V) for each i € {1,...,r} and there exists iop € {1,...,r} such that

card($(0)) > 2.

Lemma 2.2.8. Let H = (V,E) be a r-regular r-uniform complete labeled hypergraph
and let .7 be a finite convex tree. Suppose that for each Q € .7 there exists an averaging

paraproduct-type term %y (g) o such that
F <0# and max X NIRRE
Flas.0l <O%u 0.0 o TPz 0.0 S(m)
Then,

Az (F)| Sny) 17|

Proof. We have

Az(F) < Y |0l[Flysol < ). 1010%k )0
QeT QeT

=Y (X 101000-10%n0.0)

QeT "Q'e?(Q)
= Y 101%uw00o—1071PBuwo, Sw Y, 101<107],
0eZ(7) 0eL(T)

where we also used that the averaging paraproduct-type term, given nonnegative functions

F, is also nonnegative. [ |
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Proposition 2.2.9. Let H = (V,E) be a r-regular r-uniform labeled hypergraph such that
its label function /g is injective and, more explicitly, [g(e) = F, for each e € E. For any

finite convex tree .7 with root Q & we have

1
A max Fde de 2.19
Az (F) IQﬁlegQ mmax lo (2.19)

Proof. First, we will prove the proposition in the special case when E = []/_ 1{v1 ,
.,vfli)}, i.e. for a complete r-uniform hypergraph. In that case the hypergraph is con-
nected and for every e € E the number d, is same for each edge e € E. First, notice that it

will be enough to prove the claim of the proposition with additional assumptions

1

|07]=1and  max [Fde]é 1 foreach e € E,
Qe TUL(T)

in which case we need to prove
Az (F) Sy 1-
Starting with an arbitrary finite convex tree .7 and functions (F,).cg, let [ € Z be such that
|0 7| = 2!. Notice that A is invariant under dyadic dilations, in a way that the following
relation is satisfied:
Az ((DyF),cp) =2"Az (F),
where, for any / € Z and any function f : R"™ — R, we define (D, f)(x1,...,%n) =
f (%, - %) for (xp,...,x,) € R™ and where .7} is a finite convex tree such that each
Q € 7 is replaced with
0 =2"'"0={2""x:x€Q}.

We can also see that

1 1
max  [(DyF, deyde _ olr max Fdf d _ olr,
|Q9|ele_)IEQ TULT 2! e) ]Q |Qﬂ|ele—!?Q 7U$(9) e ]Q

It follows that

A7 (F) = Az ((Dy(Dy-iFe)) per) = 2" Az ((Dy-1Fe) i) St 2"

1
I I de] de
=les eEQE;l%é [(D2Fe)®]g -
e

This proves the claim for all finite convex trees .7, but still requiring the assumption

1
max [Fdf]é =1.
0eTUL(T)
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For arbitrary functions (F,).cg, either we have that F, = 0 for some e € E, in which case
1
the claim of the proposition trivially follows, or M := minge 7, ¢(7) [Fi¢] 5 > 0. We

can see that ( %Fe)e cE satisfies this assumption, therefore

1 1
A7 ((Fo)ecr) = Az (M- Fe) op) = M'E'Aﬂ(ﬁ—f )ecr)
1 x %
M‘E‘ — d = Fde de.
Ileeng max [(M ‘1o |Q9|EI;]IEQ mmax K

Now we start with the proof in the general case. We are required to dominate each term
[(Fe) ce E} HS.0 Q € .7, from the definition of A ». First, notice that we do not necessarily
have S € .. However, if we, without loss of generality, suppose that max;c card(S (1)) >
2 and take v;,v;, €S (1) for some iy # i», then using the Cauchy-Schwarz inequality we

obtain

1 1
[F]H7S~Q S E [F]Hl 7S1>Q —I_ 5 [F]H27S27Q

for hypergraphs H; and H; and tuples of selected vertices S| and S, defined in the fol-
lowing way. For each j,j' € {1,2},j # j', a hypergraph H; has the label function

' ' 1
l(,}v\ v1,) = ZV‘V\{vij/} and [, (vi,) belongs to the same set L,(()

as ly(v;;), but does
not take the exact same value. Also, Sgl) = Sél) := {vy,»2} and Sgi) = Sg) := 0 for
i €{2,...,r}. We can see that S,5, € 7. For Q € €, let By (9) o be as in Lemma

2.2.7. Applying Lemma 2.2.8 and using the bound from Lemma 2.2.7, we have

Az (F Z |Q| F]Hl S0t [F]Hz,Sz Q) |Q7| =1
Qe?

Now suppose that we are given an arbitrary set of edges E. It might happen that the
hypergraph H contains isolated vertices, i.e. those that are not elements of any edge. If v is
an isolated vertex, then, by the definition of [F| H,s,0 and the injectivity of ly, the variable
Iy (v) will appear either in the expression h} (Iy(v)) or in h?(ly (v)) for some I € %;. In
first case, integrating by that variable we get [F|y s o = 0, while in the other case, since
the integral of function h;,_ equals one, the expression remains the same if we leave out
that variable (and the vertex) from the expression. Therefore, isolated vertices give no
significant contribution to the expression to A 7, so we may assume that there exist k € N
and connected components []/_,; Vj(i) for each j € {1,...,k} with no isolated vertices.

Notice that each number d, depends on which of the components the edge e belongs to,
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so we will also denote that number as d/), where j € {1,...,k} is such that e € I, Vj(i).
We can also suppose that these k components form complete r-partite r-uniform graphs by
adding missing edges from the set U Y ) and for those edges e, defining F, = 1.
For each j € {1,...,k}, let Hy,... ,Hy be the r—partite r-uniform complete hypergraphs
representing connected components of the hypergraph H; also, let §; = (Sgi)hgigr be
defined as Sﬁi) =50n Vj(i) foreachi € {1,...,r} and j € {1,... ,k}. With the additional
notation of Fg = (F,).cg and Fg, = (Fe)eeEj for each j = 1,...,k we can notice that
k
FE) = Z |Q| H[FE,]H S:.0
QeT j=1

The first case is when there exists j € {1,...,k} such that card(Sﬁl)) > 2. We can apply
this proposition to the hypergraph H; as it belongs to the first case that we already covered.

Therefore
1

D170
Frly. s max Fd a7 =1.
Qgg\QH EjH;.8,.0 S(ny) |Q9|ele;l e e 16

As for each Q € .7 and each j’ € {1,...,k}\{/}, applying Lemma 2.2.4 we get

|[FEJ»/]HJ~/,S/7Q| [FE/ H/ 0),0 = < el_EI [Fd 1

It follows that
Az (Fe)=Y |0IFglu,s0 [] Fe,lh,.5,.0 Sty 1
QeT 1<j'<k
J#i
which proves the claim of this proposition The second case is when there exist ji, jo €

{1,...,k} such that S 7& 0+ st P ), without loss of generality, let j; = 1 and j, = 2. Using

Lemma 2.2.4 in similar way as above, we can observe that

1 1
| [FE]H,S,Q| < |[FE1]H1 ,517Q||[F52]H2752,Q| < _[FE1]12’-11,S1,Q + E[FEz]%Iz,Sg,Q'

By changing the roles of the vertices let us assume that V = {v1 , - vl(ii)} for each
ie{l,....,r} andthatvg ) € Sg ) 1a) = Lie.ifly =---=[, =1, then, for By, 0=
[F(17~~71)]1%11,((0),Q we have
O%m.we= Y [Fu..nlire> Fu.lhse
ROC{HY
R(r)g“{.v(]r)}
R=(R")#(0)
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Note as well that

2
max By o0Fu,..1)=( max [Fy_ ylu.@0.0) =1

QeTUL(T) 0eTUL(T)
Analogously, we construct By, g) o = [F(l,...,l)]%fz 0).0° The proof of the proposition

is complete in this case after we apply Lemma 2.2.8 with By ) o = %%HnSuQ
+ %@HLSLQ' In the case /; =1 and I, > 2, using Theorem 1.1.1 for the convex func-

tion x — x* and the integral of type |, 0 |—é‘dx, we have that

2
e )a, 5.0 < Felu s 0

Here, Hj is the r-partite r-uniform complete hypergraph with set of vertices V' :=V U

{vgl)}, set of edges

El =B u{pMruEe " vV eec k)

(1)

and the label function /y+ given with Iy |,, := Iy, while the value /y+(v; ') can be chosen as

v
an arbitrary copy of xv<11>’ as long as [y 1s an injective function. Also, S,I(l) = {v(ll),vgl)}
and Sll(i) :=0forie {2,...,r};in short, we copied the single vertex vgl) from the first part
of the r-partition along with the edges that contain that vertex and selected only those two
vertices (v(ll) with its copy) out of all vertices in the hypergraph. Notice that S| € .%’; we
can apply Lemma 2.2.8 with %H{v(va that we get from Lemma 2.2.7. It is important to
notice that the numbers of vertices in each of the partition sets of the hypergraphs H| and
H), have changed, therefore affecting the exponents d, and possibly changing the range
of possible exponents p, while applying Lemma 2.2.8. However, this is not the case as
we only increased /; by one (when adding vgl)) and d, > [;, so the maximum from the

definition of that exponent remains the same.

The remaining case is when /; > 2. First we can bound

2 2
[FEl]Hl,Sl,Q < [FEl]Hl’S’PQ?

in a way that S| = ({vgl) },0,...,0). Then we can group the integral expression depending
on whether any function F, or any of the Haar functions appear to be evaluated in the

cancellative variable X (), the non-cancellative variable X (1) or if it has none of these
1 2
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two variables. Then, by the application of arithmetic-geometric inequality and also by

bounding the complete non-cancellative integral expression with 1, we get

2
Fe Ji, 5.0 < Ferluy sy.0-

This time, H{' is the r-partite r-uniform complete hypergraph with a set of vertices V" :=
(VU {vll(l)})\{vgl)}, a set of edges E{ given with E{ := {e € E; : vgl) ¢e}U {{v/l(l)} U

(e\{vgl)}) : vgl) € e € E| } and the label function Iy~ such that Iy« |, := Iy and lV//(V/l(l)) is

‘V:

a copy of xgl), in a way that /- is still an injective function. With that, Slll(l) = {v(ll),vll(l)}
and S,{(i) :=0 for i € {2,...,r}. In this case we copied the vertex v(ll) along with the

edges that contain it and left off vgl) with each edge that might contain it. The selected

vertices are only the first, already selected, vertex vgl) along with its new copy vll(l). Note
that, again, S’l’ € .7, so we use Lemma 2.2.7 to get ,@H;/’(@)’Q and then the result of the
proposition follows by applying Lemma 2.2.8 again. As in the previous case, we can

notice that the lemma is applied for the same number d, as the number of vertices in each

of the partition sets remains unchanged. |
Now we are ready to prove our simplest boundedness result on the entangled forms.

Proof of Theorem 2.2.1. For each N € N we define
¢V = {1111,-6(5,:|11]:---:]Ir|22N}. (2.20)
i=1
First we will add an additional assumption
|| Felpre(mny = 1 for each e € E.

Let H be the r-partite r-uniform hypergraph with set of edges E and set of vertices V,
consisting of all vertices appearing in any edge from E, along with the injective label
functions Iy and Ig. Given a card(E)-tuple of integers k = (k. ).cg, let
1
N .={Qe e : 2k < sup [Fede]g, < 2%+ foreach e € E}.

Q/ecwﬂN

0’20
Let Q € ¢} and e € E. By the definition of supremum, there exists Q' € €V, 0’ D Q such

1
that [Fede]g, > 2k=1 Tt follows that

* 1

_ L (%) L 1 1
oke—1 [Fedg]g/ < [Fepe]g = ‘Ql| peHFeHLpe(Rn) = |Q’| pe .
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The inequality (*) follows from the fact that the L” norms are increasing with respect to a

probability measure, which follows from 1.1.4. From this, we have that
0| <|0| < 9= Pe(ke—1)

As we can bound the volume of each cube Q € CKH](V from above (with 2~ Pe(Minecrke—1)y
there exist maximal elements of that collection; denote a collection of such maximal

elements as ///]f{v . Now, notice that, if Q € N then
Tp={0' €4 :0' C0}

is a finite convex tree, which follows from the monotonicity of the function (CKEI{V ,C) —
1
(R, <) given with Q" — sup ycqn [Fede]g,. If 0’ € £(J) and Qp is a parent of Q’, then
Q/:_)Q//

1 €
[Fe)s < RS, < 2k,

1
Note that, if Q' € Jp, by definition of €7, we have [F] g, < 2k+1 By Proposition 2.2.9,
AﬁQ (F) <(n) ‘Q‘ H ketr+1l _ |Q‘2ZEEE ke-l-(r-l—l)card(E),

I ecE
since Q 7, = Q. Note that, if Q € G\ (Uy 5547 ), then there exists e € E so that supre-
mum from the definition of (zo”]f{v equals zero, meaning that F, = 0 a.e. on Q and therefore
[F]HS’Q = 0. Also, for each k € ZI/El and for each Q1,Q> € ., Q1 # 0>, since they are
dyadic cubes and also maximal elements of €, we have Q1 N Q> = 0, so trees Jp, and
Jp, also cover disjoint parts of space R". We have
ke 1)card(E
Y 10Fyso= Y Y Azp(®)sy )Y 2metrttied® 3 o).
QE%N ]keanrd(E) Qe,///]k Ikeanrd(E) Qe,///k

In this proof we will use the fact that the operator, given as

1
MaF (x1,....xn) = sup  [|[F|]g, 221)

Q€
(X1 5e-eskm)EQ
is bounded as an operator from L”(R") to L? (R™), foreachm € N, p € [d, 0], d € [1,0].
1

This follows from the relation M, = (M \F4 ) 4 and Theorem 1.5.1; it remains to recognize

that Mgyagic = M. For each e € E denote
He =1k e 75E) : pok, > prky foreach f € E}.
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Notice that Z4E) = U,cp.#, and that, for any Q € €Y and (x(V),... x() € Q,

My Fo(xV,... x7) = sup [\F!de] > 2k,
Q/E%N
020

which gives us, for any e € E,

Y 10l=| U Q| <|{MyF, >2%}.
Qe Qe M,

It follows that

kp(1-¥, 4y, ke k
Z ‘Q| [F]H,S,Q S(n,'),r,card(E) 2 , E 2kt 7= Eeer\is) Pe) Lecr\(f) |{M Ff 2 f}|
Qe fEEkeX

Dk k ke— 2L
= Z Z 2Pf f‘{MdfFfzzf}’ H Z 2Xe™ e
fEEksEL ecE\{f} keeZ

[’

+%)
k k
Scard Z Z 2pff|{Md Ff>2f}| < (py) Z ||MdfFf||LPf R")
fGEkaZ

<(df (py) Z ”Ff”LPf Rr) —card(E) ~card(E) L.

In (**) we used the following trick (which works for any measurable function Fy):

zkf+1
k k — 1)k k
Z s f|{MdfFf > 2k = Z /k 2(pr—1) f|{MdfFf > 2K} |dt
kreZ kpez” 2
1 1 e
<o 1y / 21V (Mg, Fy > 1}]de = / Pt~V {My, Fy > 1)
kreZ 0
o
- p HMdfFfHLPf Rr

Note that the value card(E) is bounded from above with a constant depending only on the

sequence (1,).cg. From this, it follows that

Y. 1O1Fly5.0 Sn) o) 1-

QeeEN

If F is a tuple of arbitrary functions with F, # 0 a.e. for every e € E and if we apply this

inequality to functions (W)e > We get the result
f (rr)
Y 101Flys.0 Stmipe) HHFHLPf R)-
QeEN ecE
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Note that this inequality trivially holds if F, = 0 a.e. for some e € E. As this inequality
holds for any N € N and as the left-hand side is increasing in N, letting N — +oo we

obtain the same result with the sum over Uycné” = €,; therefore

Aes(F)="Y [0Flys0 Stmnipe) [T IFellrs @ry-
Q€%, eckE

This completes the proof of our theorem. |

72



T(1) theorem for dyadic singular integral forms Estimates for localized paraproducts

2.3. ESTIMATES FOR LOCALIZED

PARAPRODUCTS

Let us return to the form A% defined in (2.7). This form will be called cancellative if

either

(C1) max card(S®) > 2, or

<i<r

(C2) max card(S(i)) = 1 and there does not exist / € {1,...,k} such that UlgigrS(i) cVv.
SIST

Otherwise, it is non-cancellative, which means that

(NO) max card(S\)) = 1 and there exists [ € {1,...,k} such that Ulgl‘grs(i) cVv.
SIST

We can consider the cancellative form as the one consisting of (at least) two different
variables that bring cancellation to the whole expression, but are not entangled in any
way (so that those cancellations do not depend on or influence each other).

While trying to obtain certain estimate for A}, again, first we are going to prove a
certain bound locally, by taking the sum only over the dyadic cubes belonging to the
certain finite convex tree .7. Therefore we define the localized version of the form A‘gj as

Af 7 (F):=Y (0140 [F]y - (2.22)
QeI

Strictly speaking, we are slightly abusing the notation Ag, as it this coefficient is

sometimes associated with a dyadic cube in R” and sometimes with the corresponding

“diagonal” dyadic cube in R".
Proposition 2.3.1. Let A% be a cancellative entangled dyadic paraproduct.

(a) If (2.8) holds, then for the corresponding coefficients A = (1p) e, We have
4y S 1

(b) For a finite convex tree .7 and a localized cancellative entangled dyadic paraproduct

Ag 7 we have

1
A o (B <A max  [F%]%.
[Ag,7 (F)[ < (1A (%,)|Qﬁ!ngyU$(m[ ¢‘lo
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Proof.  (a) LetQ =]I\_, 1) € €. If we take F, := lp=®/_,1,, foreach e € E, then
our form Ag takes the form

(2.8)
| (KB @121 10) 2 gy | = A S [0 (2.23)
Notice that both the cancellative and the non-cancellative Haar function can be
written in the form i (1;, £1y,) and, as left and right halves of each dyadic interval
are mutually disjoint, we can bound A, as

ol <l Y Z (K, ®1 @, 1 >L2 (o |

1<i<r
1<j<n; IJ E{I }

In the 2" cases when Il(i) =...= I,(lf) for each i € {1,...,r} we can apply (2.23)
to obtain boundedness of each summand by a constant. To show the same bound
for the remaining cases we can without loss of generality assume that, for a certain
ke{l,....r}, we havel(i) =1 (i) andlz(i) :I(i) foreachie {1,... k} andl(i) ==
I,(,f) foreachie {k+1,...,r}. Let x(()) be a common endpoint of Ié) and I (1 e.a
midpoint of 1)) fori € {1,...,k—1} and letxg) e 1Y for each (i,j) € {1,...,r} x

{1,...,ni}, (i,j) € {1,...,k—1} x {1,2}. Then foreach i € {1,...,k— 1} we have
=2 = 1 =51+ 15 -5,

|x.(].i) —xgi)| + |x§.i) —xg)| > ]xy) —x(()i)| foreach j € {3,...,n;}.

We can use this to bound the expression under the brackets on the right hand side

of (2.2) from below with
r ny
i) i k
Y X kx> Zzwx 5 1+ L
i=11<j1<jp<n i=1 j= j=2
k—1 n; (i) Ty ) (k) %
<22|x xol |2+Z|xj — X, ]2> )
i=1j= j=2
Let x := (ic(()l), ... ,x(()l), . ,ic(()k_l), . ,xék_li,icgk),...,xgki). Note that
ny ?i;les nk_:gmes ny— mimes
k—1 n; W X
(TTT5") = (T157) < Blso.nlt ™),
i=1 j=1 Jj=2

where the latter set is a (n; + - - - +ng — 1)-dimensional ball with the center x( and

a radius n|11(1) . Using this, the inequality from above that we showed earlier and
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the integration in spherical coordinates, for all possible choices of I € {I i }

where (i, ) ¢ {1,...,k— 1} x {1,2}, we get

o™

[ K s s e <l [ K

r n
i= IHJ 11]

k—1 n;
< Ile/rkm /B(xojn[(l) <Hndx de§ )de1

i=1 j=

i—r n‘[(l)‘ ren Y% ni—2 (i)
| £ i a’tde]
r 10 Jo =k

§|I |r’1 |kl|1 |rk+1_1
Since the choice of Q € % was arbitrary, we conclude [|4 ||y < 1.

(b) Just as we showed at the beginning of the proof of Proposition 2.2.9, we can, with-
1

out loss of generality, assume |Q 7| = 1 and maxye 7, #(7) [Fedﬂ]g = 1 for each

e € E. Also, notice that the result for the case (C1) already follows from Proposition

2.2.9, also using |Ag| < [|A |4, foreach Q € 7.

As for the case (C2), let H; and H> be the connected components of H such that
each of them has at least one selected vertex. If there are k connected components
altogether, we can estimate

k
‘[FE}&&Q’ - ﬂ‘ [FEI]H,,SI,Q‘ < ’[FEJHI,SI,Q’ | [FEZ]Hz,SZ,Q|

1
2(’ [FEJHI ,S],Q’2 +I [FEJHz,SzaQ’z)’

where we used Lemma 2.2.4 applied to the hypergraphs Hs, ..., H;. We can rewrite
this inequality as

1
‘[FE}H757Q| < 5(’ [FEJH;,S'I,Q’ +| [FEZ}H§75/27Q|)’

where Hj is a new hypergraph consisting of two copies of the hypergraph H; and,
similarly, S, has same vertices as S; along with its analogous copies, for [ = 1,2.
Formally, we construct the hypergraph H] = (V/, E;) such that, for each vertex vl e
V; we add both v() and a new vertex v, also keeping the agreement that, for each
newly constructed vertices vllm and v,z(i), the label xv/l(i) is the copy of the label xv;(i)

if and only if the label X (0 is the copy of the label X ()5 also, no label of the newly
1 2
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constructed vertex is a copy of the label of any vertex from V;. Analogously, we

define

E/ :=E/U {(v/(l), e ,vl(')) 0 W) e EYand 8} = S5, U {vl(i) ) e s}
Note that both of the hypergraphs H| and H} belong to the case (C1), therefore for
each [ = 1,2 we define

AE/ FE/ = Z |Q| FE/ H/ S/ Q
0T

By Proposition 2.2.9,
AS L (Fp)| < (A5 _(Fp)+ A% _(Fp)) <1
E.7\VE —2( E|,7\VE| Ey, 7\ E} )N :

Notice that the thresholds d, required for this result are those thresholds that we
get while applying the Proposition 2.2.9 on the modified hypergraphs. However,
with this construction the thresholds cannot increase and are still at most equal the

quantity defined in (2.1). This completes the proof of the proposition. |
Proposition 2.3.2. Let Afg be a non-cancellative entangled dyadic paraproduct.

(a) If (2.9) holds, then for the corresponding coefficients 15 = (7LS )ocs, we have

1

2
Y o) <
Q€%
0CQo

1
A5 = sup <
|| Hbmo 00e%, | Q |
(b) For a finite convex tree .7 and a localized non-cancellative entangled dyadic para-
product AJ. - we have

1
S < S de E
A7 OS2 ool @7 T1 ,_ max - [FE]g

Proof.  (a) Let us see what we can conclude with the assumption of (2.9). Fix ey =
(v(l), ... ,v(’ )) € E. By the definition of the operator 7, given in (2.4), in this case
with kernel defined as in (2.5), we have

1as
Too (FE\feo) ) (eo) = )3 )3 Q1725
S=(sOyr_ o=IT,(10)"e%,

(vie{1,....,rH) s cy @)
(Jipe{1,...,r})st0) £

/n—r< H Fe<xe)>1hé(x) H dx,.

ecE\{eo} veV\eg
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(b)

We turn our attention to the case when F, = 1y for each e € E\{e(}. The function
. . . . . 1

appearing under the integral sign in that case is ]hé which, up to the constant |Q|2,

equals the product of functions of one variable ]h}l, and ]h(,)i for each i € {1,...,r},

where Q =[]\, (/ (i))”i € %,. Depending on whether the cancellation appears or

not, the function 7, (1gr,...,1gr) can either be identically equal to zero or, if
v(l), . ,v(s) are all the selected vertices for s € N, it can be given as
-
S17(1)r— (@)
T, (Lgr,..., Lgr) = y Y 1oAY @y
s=(s1,...s0).0,..0) 0=TI._,(10)"c%, i=1

(Vie{1,....s})sOc{vl)}
(Jige{1,....5})510)£0

where we define ]h;f?

l

as ]h}m if 1 <i<soras ]h% otherwise. From the definition of
the dyadic BMO-seminorm, taking care of the cancellation again (which happens
to appear in at least one variable of each summand of the above expression), we

have

HTEO(HR’7 SRR ) ILR’)HBMO(]R’)
| %
~ sup <‘Q_| y y |1<1>|r|,15|z> .
Qe MXO01 g (s 56 0...0) o=IT_,(1Dyic%,
(Vie{1,..sHsOC Y 1, 19Cq
(Bipe{1,...,s})s0) £
From this, recognizing the expression inside the brackets as the BMO-norms of the

coefficients, it follows that from each such choice of S we have
123 o < 11 Teq (T, -+, 1) gioger) S 1

Notice that for the preceding proof we were required to have an edge ey € E that
contains all of the selected vertices from the starting hypergraph, which is precisely
the condition (NC) together with completeness of the corresponding hypergraph

component.

Without loss of generality we can assume that

1
|Q7| =1and max [Fede]é" = 1l foreache € E.

Qe TUL(T)
By the Cauchy-Schwarz inequality we have

1

AL 7 (B) =Y 01140 [Flys0 < (Y, 10112012 (Y, 10[Flfs0)°-
QeT 0eT QeT

71



T(1) theorem for dyadic singular integral forms Estimates for localized paraproducts

We can notice that

2 2 2 2
Y, 10040 <} 10l1A0l® <107 [[1A° o = 127 o
0eT Q€%
007
Let H' be a hypergraph consisting of two copies of the hypergraph H (up to the
labels of vertices and edges) and let S’ be an r-tuple consisting of the vertices from

S and their corresponding copies. This hypergraph belongs to the case (C1), for

which we already have

Y [F]%L&Q =Y [QFygoSt
QeT 0cT

. . . 2
All together, we achieve the desired claim: Ag 7 (F) S [[AS Hbmo. |
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2.4. PROOF OF THEOREM 2.1.1

Finally, we are ready to prove the main theorem of this chapter. We can notice that
the statement (c) trivially implies statement (d). Also, a tuple w = (w,).cg given with
w, := LRrr for each e € E satisfies (1.3), so assuming that (f) is valid and checking that
[W]p.a = 1 we obtain statement (c). In the following sections we are going to present
proof of other adequate implications so that we will form a cycle of implications of all six

statements, showing that they are all equivalent.

2.4.1. Statement (a) implies (e)

log, (2card(E))
minecg de

For each Qg € 6, denote Z(Qp) :={0Q € %,: 0 C Qo} and M := . For a fixed

e € E let us define
1 €
Tg,={0 € 2(Qu): [FH]f > 2M[FHG ).

Then define .#p, to be the collection of maximal cubes in Ueegféo and finally set
My, = Mo, NI, Consequently, Ay, = Uecp# , but the union does not have to

be disjoint. From these definitions we have

Y olos ¥ 2R [ Rt

Qex//éo Qex//éo

—1
QO QO

|Qol

< (2card(E)) ' [F] 2card(E)’

Fe(xe)dedxe =

In the second inequality we used the fact that the elements of ,//150 are mutually disjoint
(by maximality), allowing us to increase the sum to the integral over the largest cube Qy.

This gives us

Y o<y Y IQ\SQ. (2.24)

Qe///QO ecE Qe///éo

Now, choose Q1,...,Qy € %, such that U¥ | Q; D U,cg suppF,. Indeed, if the supports
of functions F, are contained in more than one quadrant of the space R”, we may need

at most 2" dyadic cubes that cover their supports. For each i € {1,...,2"} we inductively
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define

S0 =10}, F2,in=Voesy,, Hon €N,
[ee] . 2}’
ey_@J = Un:Oy@,i,n,l < {1, e ,Zr}, 5”9 = Ui:ly@,i-

Let us notice that .% is a sparse family of dyadic cubes. Indeed, for any Q € .#y let
Eg:= Q\(UQ/G///Q Q’). For each two dyadic cubes Q1,Q» € .Yy, Q1 # Q», we have that
they are either mutually disjoint, therefore Ep, and Eyp, are mutually disjoint as well, or,
without loss of generality, O, C Q, in which case, by construction, Q> C Q’1 € Mp,, 50
0>NEg, = 0, therefore Ep, and Ep, are again mutually disjoint. Also, for each Q € .,
by (2.24) we have

no 1
[Eol =10|= ). 10=3]0l
QIGJ//Q

Now, for each Q € .¥4 and a fixed N € N let us define

Ty =" N2(0)\(Vge.n, 2(Q)),

where ¢’ is given in (2.20). Notice that ﬂgN is a finite convex tree where the set of leaves
Z (fQN ) are either elements of .# or they are dyadic cubes with length of each side

equal to 2~V~!. An application of Propositions 2.3.1 and 2.3.2 gives us

1
A vl (F) S0 max  [Fl]%
7y LIEQ' eqduz(7)) ¢ °

€ 1
If 0’ € 7 then Q' ¢ .4, which means that [F*] 5, <2M[F]5 1f Q' € £(F5)N S5

and Q) is a parent of (', then by maximality we have
1 1 1
A\l — nd[ppdede M| pd 2
[Fe ]é' Szde [Fe ]&ngr—b— [Fe ]Zz

The remaining option is if each side of Q' has length equal to 2~V~!. But even then its
parent Q) satisfies Qp ¢ //lé, so that the above inequality is valid again. Altogether,
1
n ayl )3 2 EM 0| TTIF )G -
ecE
This holds for any Q € .¥5. Note that the trees ﬂgN , Q € S5 form a partition of
(U%;l 2(Qi)) NE", therefore
S card(E d de

QE 9 EEE
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As the right side of the inequality and the inequality itself does not depend on N, with
N — oo we get
It W= V (e FOG.
Note that for Q € €,,0 ¢ U 1.@ (Qi) we have that the summand in (2.22) equals zero, so
by summing this inequality over each § satisfying conditions of the first sum in (2.6) we
get
[AE(F)| < 0.4, (F),

with a sparse form given associated with the sparse family .7y, which completes the

proof.

2.4.2. Statement (e) implies (f)

Assume that the statement (e) from Theorem 2.1.1 is valid and let ® » be the sparse
form that bounds the form Ag. It will be enough to prove the analogous inequality for

® . Once again, it is sufficient to work with nonnegative functions F,. For each e €
*de

1
E let h, ;= w2 % and let G, be a function such that F, = G,h%. Note that we have

|FellLrew,) = [IGellLre (1)~ Let us rewrite the form © o in the following way:
& pe [he]Q ”Le
@( F — he e Pe I L
,/( ) Qezy(el;-jlf[ ]Q ><‘Q|&I_£<|EQHI’1 ]EQ) )
(Géhelo
(T0eelmar® ()™ ) 2.25)

11
We can see directly from the definition of the Muckenhoupt constant that [[,cx[#.] g be
< [w]pa- To bound the expression inside the second pair of parentheses, first notice
that, by the Holder inequality, by (1.3) and along with with r, := p e—de for each e € E,

r =Y .ck e and the constant ¢ from Definition 1.1.9 for the given famlly % we can see

that
[1(Eolindee)® =TT ( [, nets ) > [ TThew)?dx =gl = clol.
ecE ecE ~7Eg EQ ecE

for each Q € .. Denote m := max,cg ;. This gives us

1 (&)wvze]gm g

0lindo \7
H<\Egr[he1EQ) Uiz

ecE
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It remains to note that we have already obtained one power of the Muckenhoupt constant

and observe that

1+m=1+max — max Pe .
e€E po—d, ecE p.—d,

We have

(i o) i) s

eckE ecE

with the implicit constant depending only on c¢. Note that the expressions in the first two
parentheses of (2.25) are bounded uniformly in Q € .. Since the first two terms in (2.25)

are bounded independently of Q, we turn to the sum of the third terms over Q € .7

< ¥ ([ 0060097 0005) "

pc.7ecE ' Eo

In the last expression we introduced the notation M ,,,, for d € [1,0) and a strictly positive

measurable function w, for the operator given as

[1F]“wlo

a
) forx e R".
wlo

Mgy, F(x) := sup (
Q<t;
xeQ

This operator is bounded on the weighted space L (w) for each p > d, by Theorem 1.5.2
1
and the identity My ,,F = (MWF d) 4. By Holder’s inequality for the summation in Q, the

disjointness of Ep and boundedness of My, j, the last expression is at most

1
Pe
(L [ M Grneae)” < [T Mg Gellniny < TGl

ecE “Qc¥ Eg ecE eck

= [T I1Fellure )

ecE

which gives the desired weighted estimate.

2.4.3. Statement (d) implies (b)

Let p, € (d.,|,e € E be the exponents which satisfy the statement (d) from 2.1.1 and let

ep € E and Q € €, be arbitrary. Specially, if we take F, = 1 for each e € E\{eo}, we

82



T(1) theorem for dyadic singular integral forms Proof of Theorem 2.1.1

have

/RrTeo(]lQ)eeE\{eo}Feo(Xeo)(xeo)dxeo = [Ae(F)| S Fellireoery [T IMLollirer)
ecE\{eo}

1 1L
= (| Feg I peo (ry | QIZ<EVC0) 7 = || Fog | peo (r) | Q] ™0
where g, is the conjugated exponent of p,,. This gives us

1
1720 (10)eckN fep} 1200 (@) S 1Q]*0 -

Combining this with Jensen’s inequality,

1
deqy

1
a1 s T (10er ooz < (57 [ 1Tu(Lolecs Gl odg ) 1.

This shows that condition (2.10) is valid.

2.4.4. Statement (b) implies (a)

Note that from the inequality (2.10) for any Q € %, we have
AE(1)ee)| = | [ T (Rodeesfe) (e )
< Te ((T)eer(en} ) i) S1€I-

This shows us (2.8) from the statement of Theorem 2.1.1. Take r > 0 such that the support

of the kernel K is contained in [—r,r]". Let ¢g € E and Q,, € %, be arbitrary. Define
S (Qey) :={0 €6, :10'| =|Q¢,| and |Q'N[—r,r]"| > 0}.

Note that

Teo(Trr)ecr\feo}) (Ken) Loey (Se) = ), ), Te((Lg,)erer feo}) (3en) Logy ()

e€E\{eo} Qeey(QeO)
= Z Z /nr ( H ﬂQe’ (Xe/)>K(X) H dxv.
e€E\{eo} Q.€7(Qe,) e'eE veV\eg

As the cubes Q¢ € E all have equal Lebesgue measure, they are either identical or

disjoint, which means that each integral expression is of the form

/n,<H H L ) K(x) T] dx,

i=1 () ecy) veVieg
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for dyadic intervals I i,v\) € V), i=1,... r such that TT/_; TT .o ey Loy = Qep- As K
is constant on dyadic cubes [T/_ [T, <y L, for which I i) #1 ;,) for some v(1) v(2) €
V() and some i € {1,...,r}, i.e. on those cubes that do not intersect the diagonal, the
above expression is the constant that coincides with its average over the same cube (the
integral over the same cube divided by its Lebesgue measure). In case that for certain
dyadic intervals 1,...,I,, we have I ) =1 ,) = I; for every i) y(2) ¢ v and i e
{1,...,r}, we can realize that Q,, = I{" x --- X I'" = Q, for each e € E, therefore the

above expression takes the form

Teo(Uo, Dot o)Ly (i) = [ (TT TT 1) )KG) TT s

i=1 ) ey ) veVie

Lo, (x) )K () [T

ecE veVegy

= T¢ ((]]‘Qeo )ecE\ feo}) (Xep) Lo, (xep)-

Combining both cases, we get, for each x,, € Q,,,

1
Too ((IRr) ek {eo)) (Kep) — —/ Too (IR ) ecE\ {eo)) (Yeo )Y e
‘Qe()‘ Qeo
1
= Teo((ﬂQeO)eeE\{eo})(Xeo) - —/ TEO((]‘QeO)€€E\{€0})(yeo)dyeo'
’Q60’ Qeo
This gives us

1
| QeO | Qeo

dx,,

1
T€0(<1Rr>eeE\{eQ})(X€o> - m/Q Teo((er)eeE\{eo}>(y€0)dy€0
() )

2
o /Q ITeo (L e eoy) (Seo) 50 S 1,
en )

where we applied (2.10). By Theorem 1.1.8, the expression

<

1
sup

dx
Qey €Cr ‘Qeo‘ Qe 0

1
Teo(Ua e ) (5s) ~ 157 /Q Too (2ot fen)) (Feo )0
eo )

is comparable with || 7o, ((1r) ek feo}) [IBMO(Rr)- This shows us that (2.9) is valid, which,

by applying the Theorem 2.1.1 (a), in turn establishes this theorem.
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3. CONVERGENCE OF
ERGODIC-MARTINGALE

PARAPRODUCTS

In this chapter we are going to define paraproducts of our interest and give a proof of their
convergence in the Lebesgue spaces, depending on the range of exponents that we will

state.

3.1. DEFINITION AND STATEMENT

Let (Q,.7,P) be a probability space. The paraproduct we are about to define will appear
to be a combination of two simpler, more common sequences. One sequence is a standard
backward martingale consisting of conditional expectations given a backward filtration,
while the other one consists of Cesaro averages A, with respect to the iterates of an
(% ,.%)-measurable and measure-P-preserving transformation 7 : Q — €, as defined in
(1.9). In order to obtain the main result we will require a commutativity condition of
operators f — foT and f — E(f|¥,) for each n € Ny. Although this condition may sound
a bit too restricing, it has already appeared in some other papers related to probability,
for example in Podvigin’s works in [46] and [47]. To see that this condition is not too
restricting, we can see that, in the case of T being bijective, it is equivalent to 7 and 7!
being (¥,,%,)-measurable for each n € Ny; see Lemma 3.1.1 below. The commutativity
requirement that we just imposed is only slightly more general than the conditions of the

following lemma.
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Lemma 3.1.1. Suppose that 7: Q — Q is a bijective transformation such that 7" and

T—! are both (.%,.%)-measurable. The following two conditions are equivalent.
(1) T/ is (4,,%,)-measurable for each j € Z and n € Ny.
() E(foT/|%4,) =E(f|¥,)oT/ foreach f ¢ L1(Q), j € Z and n € Ny.

Proof. (1) = (2) Fix j € Z, n € Np and take any G € ¢,. We have

- ) (10
| rorhiede = [ (Fipg)er/a ™ [ firgdp'™ [ E(f16) 10 dP

() - -
2 | €19 1rs) o TP = [ (E(f1%) 0T/ 1gdP.

In equalities marked as () we used that IP is invariant under 7/, while in equality (x*) we
used the definition of the conditional expectation, along with T/(G) € ¥, which follows
from the assumption applied to T~/. By the same definition we conclude that E(f o
Ti\%,) = E(f|%,) o T'.

(2) = (1) Again, fix j € Z and n € Ny. For G € 4, let f = 1. By (2) we have

E(lgoT/|4,) =E(1g|%,) 0T/ =1goT-.
This means that 1o T/ is (¢,, 2(C))-measurable, from which it follows that
(1oT) 1 ({1}) = (1) 1(G) € %,
Therefore, T/ is (4,,,%,)-measurable. [

Let us fix a € (1,e0). We are interested in the ergodic-martingale paraproduct (with
respect to T and (¥,,),cn,) which is a sequence (IT™),cn of bilinear operators defined as
n—1
" (f,8) == i_ZO(ALafJf)(]E(gI%H)—]E(g\%)) 3.1
for each n € N and complex .%-measurable functions f and g. We are interested in the
convergence of this sequence in L"(Q) space for r € [1,00).
Similar to the above sequence of operators is the martingale-ergodic paraproduct

(with respect to T and (¥,,),cn,), a sequence (IT'¢),cn of bilinear operators which, for

each n € N and complex .% -measurable functions f and g, are defined as

n—1

I0°(f,8) 1= ) (Agie1 | f — Al ) E(8]Gi41)- (3.2)

i=0
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Note that, by telescoping,

[P (f,6) T (g, f) = Y (A g /) E (el i) — (A )E %)
i=0

+E(8|G+1) (A i f) — E(8lG41) (A4} )
=(A | NE(8|9) — fs. (3.3)

We already know that sequences (A || f)nen, and (E(g|%))nen, converge in both L"(Q)
and P-almost surely. The convergence of Cesaro averages follows from Corrolaries 1.3.2
and 1.3.3, while the convergence of backward martingales is a consequence of Doob’s
martingale convergence theorem from [9]. In conclusion, by (3.3) the convergence of
(IIE™(f, &) )nen is equivalent to the convergence of same type of (IT¢(g, f))nen-

We are going to show the following result.

Theorem 3.1.2. Take a € (1,o0) and suppose that p,q € [3,4], r € [1,3] satisfy the
Holder scaling 1 = % + 611. For any functions f € L?(Q,.#,P) and g € LY(Q,.#,P) the
sequences (TIS™(f, g))nen and (IT7¢(f, ) )nen given by (3.1) and (3.2), respectively, con-

verge in the L"-norm.

It is good to point out that this range is far from the largest possible one. For example,
since the measure P is finite, with Proposition 1.1.4 we can expand the range by taking
the triple (p, g, r) that satisfies the Holder scaling and then by replacing r with any lower
value that is still larger or equal than one. However, even if we decide to work with Holder
triplets only, it is still very likely that the range of exponents stated in the theorem could

be enlarged.
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3.2. PROOF OF THEOREM 3.1.2

3.2.1. Reducing to L? estimates for the paraproduct

The convergence stated in this theorem will follow from the estimate

L (. )@ S Il gl (3.4)

where the constant in this inequality depends on constant a and the exponents p,q and r,
meaning that we will avoid the dependence on the sequence (¥;);cn, operator 7, n and
functions f and g. Once we have this inequality, for fixed m,n € N such that m < n by

inserting E(g|%,) — E(g|9%x) in the place of g, we have

ITE™(7.) =T () i E(8l%) — (411 E(s1%:1))
=m L' (Q)
n—1
= || 2 Ao BB (1%) ~ (el is1) ~ E(E(si) ~E(a))|

= T (F, E(g]%n) — E(g9n)llLr (@) S /1l @) IE(81%0) — E(g]%n)[|Ls(e)

Note that we have used the fact that (¥);cn is a decreasing sequence of o-algebras,
so by Proposition 1.2.5 we have E(E(g|%,)|%+1)) = E(E(g|%)|¥%)) = E(g|%)
for each i € {0,...,n—1}. Also, E(E(g|%x)|¥%+1)) = E(g|%,) when i < m and
E(E(g|9n)|¥%+1)) = E(g|9+1) otherwise; similar conclusion follows for the expression
E(E(g|9n)|%:)). Since (E(g|%))nen converges in LY(Q) by Theorem 1.2.9, it is also
a Cauchy sequence in the same space, so (II™(f,g))nen is also a Cauchy sequence in
complete space L"(Q) and therefore convergent.

While trying to bound L? norms of the expressions to follow, it is good to note that
Cesaro averages and conditional expectations as operators on each Lebesgue space are

also bounded. This follows from

[AnfliLe@) < - Z||f0T’||LP = [lfllr @)

by the P-measure invariance of 7', and by Theorem 1.2.6.
First of all, let us assume that this inequality is valid for nonnegative simple functions

f and g. If f and g are arbitrary nonnegative functions, by Lemma 1.1.5 there exist
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sequences ( fin)men and (gm)men of simple functions such that f,, < f,,+1 < f and g, <
gm+1 < g P-almost surely for each m € N and that they converge to, respectively, f and g
P-almost surely as well as in each Lebesgue space. We can notice that (IIS™ (£, &m) ) men

converges to II$™(f,g) P-almost surely (by using Theorem 1.2.8), so by Fatou lemma

I &)l (@) < Hminf [TL7(fon, gm) (@) S Hminf || fonllir o) gmllo o)
= [/l gl

In the general case we can split f and g into its positive and negative parts and obtain

(3.4). This is why we are going to work with nonnegative simple functions f and g in this

paper.

3.2.2. Reducing to times that are powers of 2

The next step in this proof is to show that it is enough to prove the required bound for
a=2. Foric Ny let K(i) := min{k € Ny : |a¥| > 2/} = [log,2/]. We are going to

estimate the L"(Q) norm of the difference

n—1 [(n—1)log, a]

;)(ALafJf)(E(glgi—H) —E(gl9)) - Z(,) (A ) (E(8|%k (it1)) — E(81%i)))
n—1 [(n—1)logya] K(i+1)—1

= Z(,)(ALaiJf)(E(mgi-l—l) —E(¢g|4)) - 25 Y () (E(elDj1) - E(8l%))-
i= i= J=K(i)

(3.5)

First, we need to notice that this expression can be written as

Y (A f = A, ))(E(g|%i11) — E(8|4) £ Y (AL H(E(8|%1) — E(g]4)).  (3.6)
i i

Here, M; is defined as nonnegative integer k for which K (k) <i < K(k+1). In words,
we joined sums over i in (3.5) and factored out E(g|9; 1) — [E(g|¥); as it is possible
that these two sums do not have the same amount of summands, we can have an extra
part in form of the first sum, where the sign in front of it depends on whether the first or

the second sum in (3.5) had more summands (that actually depends on whether a < 2 or

a > 2). At this point it is useful to notice that

K(|(n—1)log,a)) = [log, 2L~ DIegal] < 1og 2lloe2d"'] L | < jog 2lond"' 41—y,
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Therefore, K(|(n— 1)log,a]) <n— 1. This means that the factor E(g|¥,) — E(g|9,—1)
that appears in the first sum of (3.5) has to appear in the second sum as well, more pre-
cisely in the last iteration over i, when i = | (n — 1)log, a|. Additionally, we may notice
that, when a > 2, then either K(i+ 1) = K(i) or K(i+ 1) = K (i) + 1 for each i € Ny, since
a1 > 24" implies |a*!| > [2a*| > 2|a¥| for each k € Ny. This shows that there is no
additional part in form of the second sum in (3.6), so we can actually write the minus sign

in front to cover the case a < 2.

Let us observe the absolute value of the first sum in (3.6).

| L(n—1)logy a]

Y (A4S — A f)(E5l%) ~E(sl%)

i=0
|(n—1)logya] K(i+1)—1
< Y A A fI[E(gYj1) — E(gl4))|
i=0 J=K(i)
|(n—1)logya] K(i+1)—1 , j—
< Z Z ( Z ’ALak+l f=A fl
+|AW<<,»> Jf—Azfﬂ)|IE:<g|<f,-+1> —E(gl%)]
[(n—1)logy a] K(i+1)—1 K(i+1)-2
S Z Z <|A21+1f ALa (i+1)— f‘ + Z ’Atak_‘-ljf_ALﬂlka‘
i=0 J=K()

1A oy~ A1) B (aI%511) ~ B(gl9)

|(n—1)logya| K(i+1)— K(i+1)-2 )
s( Z Y (\Asz—AL w1 fIP Z A g1 | f = At f]

J=K(i)

% [(n—1)logya| K(i+1)—1K(i+1) %
o st (YL i)~ El)P)

i=0 J=K(@) k=K(i)
K(i+1)-2

[(n—1)log; al
<(loga2+2)< ) (|A2,+1f A grirn f1P + Z A gk | f = A £12
i=0
+1)-1 3

) [(n—1)logy a| K(i o
s —ansP)) I W <g|%,-+1>—E<g|%>\).

J=K(i)

Note that in case of K(i) > K(i+ 1) — 2 the sum over parameter k will be considered
as zero; similarly with the sum over j if we even have K(i) > K(i+ 1) — 1. The value

log,2 -+ 2 appearing after the application of the last inequality comes from the estimation
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of the number of integers from K (i) to K(i+1):
K(i+1)—K(i) = [log, 2" — [log, 2] < log, 2! 41 —1log,2' =log,2+1.

The L"(Q) norm of the first sum in (3.6) by Holder’s inequality can be bounded by

3 1/2 - 1/2
(NN)NfPle I( L An S = AnS P) el Y B(sl1) - EGHF) 0

increasing

which, thanks to Theorems 1.5.3 and 1.5.5, is bounded by || f||Lr (o) llg |l e (), along with
multiplicative constant depending on p and g only. As for the bound of the second sum in
(3.6), notice that, thanks to the observation above, it may have at most K(| (n—1)log, a] +
1) —K([(n—1)logya]) summands. However, we already estimated that this number
cannot be larger than log,2 + 1. This allows us to simply apply Holder’s inequlity and the
boundedness of operators of Cesaro averages and conditional expectations to bound the

corresponding sum with
(loga 2+ )| fllLr @) llgllLe(@)

as we allowed for the constant to depend on the parameter a. Altogether, what helps us

focus on the I1$™(f, g) for @ = 2 is a simple use of a triangle inequality for norms:

n—1 n—1
¥ (A (i) ~Bi) |, o < | X (A1) Blelier) - Blel)
i=0 i=0
L(n—1)logy a]
— Y (ANEEGk i) —E(g%)) @
i=0
[(n—1)logy a]
HL AN EEkn) Bl |,
i=0

So, in order to show (3.4) it will be enough to show the following bound for each n € N:

n—1

Y (A f)(E(g|%:+1) — E(g|%))

i=0

vy S Il gl

Note that the replacement of the sequence (9 ;) )icn, With (%;)ien, does not represent a
problem as the replaced sequence is also a general backward filtration with %K(O) =% =

Z , so the result still follows from the newly stated estimate.
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3.2.3. Calder6n’s transference principle

Let n € Ny and k € Z be arbitrary. Notice that, by the compatibility condition (2) from

Lemma 3.1.1,

n—1
™ (f,g)oT* = Y (Ayif o T*)(E(g|%is1) o TF — E(g|%) o TF)
i=0
21 . . )
— Z <21 Z foTJ+ ) gOT |%+1)—]E(goT ‘%))
Take w € Q and let
2 o), 0<k<2ml-1, Tr'w), 0<k<2m! 1,

0, otherwise, 0, otherwise.

By the measure invariance of [P under 7" we have

. !
em oy = 2: ™ (f,g) o TX||! 1) < _/
|| n (f7 HL H f» o HL(Q)_ 7 )yo

n=1/1 201 _
Y (5 X Fl+ko)
i=0 j=0

(E(G(k,)|%i1)(0) —E(G(k,)|) (@) d(v x P)(k, 0),

where the conditional expectations are taken in the second variable of G. In analogous
way we can deduce that

211+l ~1

1 N
11y = g1 & I oT ey = 3o [ IPk@)Pd(v xP) k. 0),
k=0 XL
. 1 2n+1 1 . 1 ~
= — T / Gk,w)|9d(v x P)(k, ).
leliue) = o L 60T ) = et [, |Gk @)dly xP)k.0)

Therefore, it is enough to prove the inequality

n—1 1 201 5 - ~
¥y (5 Y Pkt j,a)))(lE(G(k, 0)[%1) ~ E(G(k,0)|%))
i=0 Jj=0

Lfk.,w) (ZxQ)

SF e zxe)llGllLazxg)- (3.7)

The notation || - ”Lfk,w) stands for the L” norm taken in the pair of variables (k,®). Also,
from this context it should be clear that the conditional expectation is taken in the second
variable @ as the only probability space that we are working at the moment has € as the
sample space. Now, for (x,0) € R x Q, let

F(x CO Z F k (D ﬂ[kk-{-l)( )and G(x, CO) = Z G(k, a))]]_[k7k+1>(X).
kez keZ
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Note that

I cy = [, T Ik, 0)dP(0)

keZ

= [(E [ 0 sy (i) ae(o)

~ [ [ (L 1Pk o)1y @ds)aB@) = [ [ 1P o) dp(o)

keZ

= IFItr@xa)

At the beginning of the second row we applied the (standard) monotone convergence
theorem. Similarly we can show that HGHLq 7xQ) HGHLq Rxq) Lhis will allow us to
replace the norms on the right side of the inequality, however we will have to approximate
the left one. Let us for a moment fix @ € Q and, for the simplicity, denote Fp:=F,

Go:=G,Fy:=F and Gy := G. Take x € R and m € Z and define

ollf

S A 121 - -~
AR Go)ln) = 8, (5 Rl ) (Gl 1) ~ (Gl

T
S

7
L

A(FGo)(x) = (21 ’ Fo(s-+ 2)ds ) (B(Go(0)%1) ~ E(Gol) ) ).

HM

Fix a € [0, 1). Observe that, for m € Z,

An(Fg,Ge)(m+ )

n

1 (21 /Ozl Fo(s+m+ a)ds) <]E(Ga,(m+ ®)|%i11) —E(Go(m+ a)l%)

Il
T I

=0
(L At )
(B(X Gol) 11y (m+ 00li) ~ B(E, Golt) Ly (m + )| %) )
leZ leZ
n—1
=Y ¥ D) (B(Gm) 1) — E(Golm) ).
i=0keZ
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Notice that the last equality follows from the previous one as m+ a € [,/ + 1) only when

| = m. Here,
( .
0, k<m—1lork>m-+2"+1,
. 1, m4+1<k<m+2 —1,
A =A([0,2)Nk—m—a,k+1—m—a)) = .
a, k=m+2",
l—o, k=m.
\

for each k € Z. This gives us
An(Fw,Gw)(m+ (X) _A (Fa), Gw)(m)

Z m)|%it1) — E(Go(m)|%)) (— aFp(m) + aFy(m+27)).

By applying the absolute value, taking to the power of r and integrating over a € [0, 1)

we get

/01 |An(Far, Goo)(m+ &) — An(Fop, Gop) (m)| dt

r

- [ T 5 (BGolon)is1) ~ B Gulom) ) (~ Fm) + Folm-+2) | ' de
< |'T 3 (EGolm)8he1)~ BG4 (~ o)+ Fom +2))
From this, by triangle inequality for the norm of L’ ([0, 1)) space,
([ ot Gom+ oaa) "= ( [ 1An(Fi Gu)miaa) |
< ([ 1400, Go) o+ @)~ Au(Fo G ()
< | 3 B(Gom8h1) ~EGolm) ) (~ Folon + Folo+2)
(=

< Y 5 ([EGa(m)[Fi1) |+ E(Go(m)|4)]) (|Fu(m)| + [ Fo(m+2)]).

Finally, if we observe the L"(Z x Q) norm of (m, ) — |A,(Fg,Ge)(m)],

</ Y. As(Fo, Go)m) dP(®))

mEZ

<(LE

1

(ot oo “)’rdo‘)l VAP o) )| dB(@))
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(/ Z/ |An(Fa, Go) (m + ) |"dedP(@ ))1

meZ

<([ Z( 21 (IE(Go(m)|%hs1)|+ [E(Go(m)|%)])

mGZ

- (|Fo(m)| + | Fo (m+2' )\)) dIP’((D))r

(//\A (Fo, Go) (x)|dxdP( a>)>i

n—1
<X 51 ([, X (PGl Fotm + B2 Golm)i) Fo(m +2)

meZ

+E(Go(m)|)||Folm)| + [E(Go(m)|)|[Fo(m+2)]) dB(@))’

+( [ o, Gw><x>|’dxd1@<w>):

<X 547 [, L (IBCotmiths )l IFolm) + [ECamithe I Folm+ 21

mGZ

FIE(Go(m) )" 1Fo(m)+ [E(Galm) ) |Fo(m + 2| )dP(@))

1
+(//\An (Fo, Go) (x)|"dxdP(e ))
QJR

<3 ([, Z 1mGomisparo o)'(/ ¥ Vol ab(o )’

+</m§Z|E Goo ()| G| 1dP(@ ) </H§Z|F“’ (m-+2)|PdP(0 ))
+( [, X, Gotmisrapta 0)'( [, E olmpaeo @)’

([, Z meummrean) fZpamerar 2))
+<//|An (Fo, Go) () dxdP(e ))

¥ ([ X tmpara )(/wa rae))

meZ
+(//|An (Fo, Go) ()| dxdP(o )) .
QJR
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First, third and fifth inequality follow from the triangle inequality for the norm of L"(Z x

Q). In the fifth inequality we also used Holder’s inequality and Theorem 1.2.6. Compar-
ing this with (3.7), we conclude that

n—1 21
Y (3 X Flk+).0) ) (BIGK 0)%:1) ~ E(GK 0)9)
i=0 N j=0

sz_’w)(ZxQ)
<32 FllLrzxa) 1GllLsz o)

_|_

n—1 i
Y (2 [ Flsr0)dy) (B(G(x.0) 1) — B(G(x.0)4)
i=0 0

LY, o) (RXQ)

In conclusion, to prove (3.7) it will be enough to prove the following inequality:

1 i
i;) (21l /02 F(x+y, a))dy) (E(G(x, 0)|%41) — E(G(x,0)|4))

sz’ ) (RxQ)

S IF L exo)llGllLar<q)- (3.8)

3.2.4. Comparing the integral with dyadic martingales

If we consider the left side of this inequality for the rescaled functions x — F (27"~ x, @)

and x — G(27""!x, ®) instead of x > F(x, @) and x — G(x, @), we get

n—1 1 i
) (5 A F (2_"_IX+2_”_1y,w)dy)
i=0

(E(GQ27" 'x,0)[%1) —E(G2 ™" 'x,0)|4)))

L (RxQ)

(x,0)
n—1 1 2i7n71
. F ,0)d )
i_ZQ(zl_n_l/O (x+y ) y

(B(G(x, 0)|%11) —E(G(x, 0)|4)))

n+1
prm— r

fo_’w) (RxQ)

1 1

1 1
The right side of the inequality turns to plntl) (5+) IF|lLrrxq)l|GllLarxq)- As we have

;=5 Cl], the powers of 2 on both sides of inequalities are actually equal. Furthermore,
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note that

Zol( - / T 00 ) (G 0)91) - B(Gs 04|

E(F| Zhs 1) (e, ) (E(Gx, 0)[h11) — E(G(r, w>|%->>\

((2’ n— 1/2in1F(x+y’w)dy> _E(F|@n+1—i)(x,w)>

(E(G(x, 0)|%:11) - E(G(x, 0)[%))|,

(3.9)

where (%})icn, is a dyadic filtration of [0,1). This time the conditional expectation is
taken over variable x. To avoid further confusion, from this point on we are going to
use notations £y and [, for conditional expectations in, respectively, first and second

variable. Cauchy-Schwarz inequality gives us

Z

((21 = 1/2in]F(X+y,w)dy> —JEI(F|.@,1H,.)(X,Q,)>

(Ea(Gl1) (x, ) — Ea(GI) w>\
n—1
< ( ;)

n—1 '
: < ;) IE2(G|%i41) (x, @) — Eo(G|%) (x, a))|2> .

1 pi—n 1 2 3
(o [ Fetno)dy) ~BiFIZ0 ) wo) )

By Holder’s inequality we can bound the L” norm of the expression of left side of this

inequality with [|.71F || Lr(r <) |72G||Ls(r <) Where

1

2\ 2
>and

( ~_1_ /021 ” IF(x+yaw)dy> —E1(F|Zn11-i) (x, @)

1

(#6)(x,0) := L. [E2(Gli1)(x,0) ~ Ex(Gl)(x,0) )

Let us point out that both of the operators .%| and .%, are bounded. Indeed, the

boundedness of the second operator follows from Theorem 1.5.5. As for the first operator,
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by Theorem 1.5.6, HVIFHL,, (RxQ) equals

213

/Q[/Rti‘; <2i_{1_1/OZI_H_IF(ery,w)dy)—E1(F|-@n+1—i)(x,@) dx}dIP’(w)
<[I(L (zf /OZiF(X+y,CO)dY> “E(FI7) e ) ;(R)dmfo)
/ CHIF (50011 () = I

Combining this with (3.9), we can see that, in order to show (3.8), it will be enough to

prove

n—1

Y Ei(F|Zn1-1)(E2(Gl%:11) — Eo(GI%)
i=0

S F L @xo)lIGllLamxa)-
L' (RxQ)

(3.10)

3.2.5. Reducing the filtrations to a specific case

Since the sum under the norm is finite, we can interchange the order of summation so
that both of sequences of o-algebras are increasing, rather than decreasing. Furthermore,
we are going to replace the dyadic o-algebra with a more general one; precisely, we will
show that

n—1
Y Ei(F|.7)(E2(G|941) — E2(G|4))
i=0

SIF e <00 llGlliLe@, xa,)
Lr(legz)

(3.11)
where (%;)ien and (% );en are forward filtrations on probability spaces, respectively,
(Q1,%,P)) and (£,¥,IP,) and, additionally, each .%;, i € N, is finitely generated.

Interestingly, it is possible to replace a filtration (%;);c, with the one where each of
its o-algebras are also finitely generated. For that, let us notice that, if we follow the
construction from function g appearing in (3.4) to this function, for fixed w; € Q; the

function G(w, -) still remains a simple function. There exist mq, € N, Oalw L, a,?,)j)l €

R and G?’.__’G,“n’}ol € ¢ such that G(@,-) =Y,

Me,

=1 (xj(-‘" 1,01. Moreover, following the
j

construction of G from function g we can see that there are only finitely many different
fibers G(@;,-), therefore we can denote all scalars and sets previously mentioned with

ai,...,0, and Gy,...,G,, form € N. Let
A = G({{EZULGJ’%) > OC} e {Oaal}af S {1,...,7/1},06 € Q})
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We can notice that (J77)cn, is a filtration. Also, as for any / € {0,...,i}, @ € Q and

jeA{l,...,m} we have
{E2(Lg,14) > a} = (E2(Lg,|4) ' ({0, +0) € 4 C

and as those sets generate .77, we conclude that .77 C ;. Also, 77 is a countably gener-

ated o-algebra. We can also show that
Ex(Lg,|74) = Ea(1g,|%:) P2 —almost surely.

To show this, assume the opposite. First, let us assume that there exists & € QQ such that a

set

B:= {E2(1G1|%) S o< E2(1G1|%)}

has a [P>-probability strictly larger than zero. Notice that B = {]EZ(ILGj |7 <a}n{o <
E»(1g,|%)} € 7. Thatis why we can write

Es[lg, 1) = Ea[Ea(16,|%) 15] > oP(B) > Es[Ea (1, 7) 18] = Ea[lg, 18],

which is impossible. The case of P> ({E2(16,|4) < a <Ex(1g,|74)}) > 01is completely

analogous. This obviously gives us
Ex(G(o1,7)|%41) — E2(G(@1,)|9) = E2(G(o1,-)[11) — Ex(G(an, -) | 77),

meaning that, without loss of generality, we can assume that every ¢, i € Ny, from (3.10),
is countably generated o-algebra. Additionally, by application of Theorem 1.2.7 we can
work with finitely generated ¢;, i € Nj.

Let us for a moment assume that, for each i € Ny, ¥; is a o-algebra generated with a
partition .o7; = {Ggi), ... ,G,(,Q} of a set Q such that each element has a [P,-measure strictly
larger than zero. As (%)icn, is a filtration, let us furthermore assume that .27 and .7
have k; < m; same elements, while the remaining m; — k; elements of 7 are a disjoint
union of two elements of .7 ; let us fix i € Ny and, without loss of generality, assume
that G\ = G\,...,G\"") = GY: additionally, let G} = G{'T" UG{T" where k €
{ki+1,...,m} and G{TV,G{T € o7(+). We have

E2<G(w1 ) )|%+1) - E2<G(w1 ) )|%)
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mist Ba[1 o Glan, )] my Ea[l ;0 G(o1,)]
= . 1 vy — . 1
m; o[l 500 Glan, )] Ez[ﬂGm G(oy,-)]
= <( 1 i)+ L2 1 )
k=ki+1 P, (G,(;jl)) G P, (G,((’;l) ) G

]Ez[ﬂGl({oG(wh )]
R W ) )
m; Ea[1 Gt G(ar,)] Eafl G((Dl, )]
_ (( )ILG

K=k -1 Pz(G(lH)) PZ(G/(:))
EZ[HG](:;LI)G((DD')] Ez[ﬂG(z)G(wh )]
+( G N——" )HG““))
P2 (G, ) P2(G7) k2

= E,[1 (i+1)G(601,-)]( - — - )— : >]l (i+1)

k=krt 1 Gt Pz(G;(JI)) P»(G}) PZ(G;(()) G

) | Es[1 i1 Gy, )]

+<E2[ﬂ (4 G“’“'”( RV NS )_ =0 )ﬂc“'*”)

k2 ]P)Q(Gkiz ) Pz(le ) Pz(le ) k2

Py’ BllggGlonly
G(1+1)

~ ¥ ((Ez[ﬂ G, ) —— N ;
e il P2 (G 1) P2(GY) P2(Gy)

i+1 : :
PQ(G](CZ’I )) EZ[EG](JTI)G((DH )] > . )
G]((hztl)

P2(G{1")P2(GY) P2(GY)

+ (]EZ[HG,(’;LI G((l)],-)]

Motivated by this, let us define adapted Haar functions as

P2(Gy3") 1 P2(Gy; ) 1 (3.12)
(i) = ; ; (i+1) — ; (i+1) .
% PG RaG) G | PaGI ) Py(GY)) G

for each k = k; + 1,...,m;. Notice that the non-zero functions defined like this are sup-
ported on the sets appearing in their respective indices and that they are constant on each
of two subsets from their definition formula. Also, they are cancellative and mutually

orthogonal. The cancellation is easy to notice:
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To show the orthogonality, take any i, j=1,...,nand k=k;+1,...,m;, [ =k;+1,...,m;

such thati # jor k # [. Sets G( " and G( J) are either disjoint, so (h o0 j)) =0 because
k l

of disjoint support of functions, or G( J) - G,(:); without loss of generality, G( J) - G](;Tl).

As lh ) is constant of the support of lh
l

]P’z(Ggl))

P2(G{ T )Pa(GY)

]E(hGl@thEj)) = IEthEj) =0.

Such definition of functions was motivated so that we would have

Y Ea(G(wr, )b, 0 Z E2(G(ar,)h )b 0
=1 k=ki+1 keoTk

= y (( Pl (IH)) [1 ( )]——1 [1 ( )])1
—Tp |1 1) G0y, - — |1 1) G0y, - (i+1)
Py Gt (i) G\ ) G5 Gy

e HE (G Py(GY) T e
(i+1)
1 PZ(le )
+<— —IE[1 i G(@r,-)] + : —Ts[1 >G(a)1,~)]>1 (i >)
IED2(G](€z)) GkTI P (G]((l;rl))]P) (G]((l)) szl Gk;rl

=E»(G(o1,°)[%i11) — E2(G(a@1,-)|%).

Now we can see an analogy with the standard Haar function basis, as its functions are also
supported on disjoint sets which form a partition of a whole space and also their supports
split in two subsets which are elements of the succeeding o-algebra of a standard dyadic
filtration. Returning to (3.10), we would now like to show that

n—1 m;

Z Z El F|/ )]Ez(G]h )]h
i=0 k=

SIFlr @ xo)llGllLa@xay)-  (3-13)
L"(QyxQ)

G\
Note that this was possible with the assumption that elements of .7 either remain the same
or they can be separated in two mutually disjoint subsets of non-zero IP,-measure in order

to obtain o7 1. Let us consider more general case when there exists iy € Ny such that,

unless 7, = 7,1 (and then we have a trivial case ¥, = ¥, 1), there are G(iO), ey G,(f‘)) €
<7, such that, for each j € {1,...,k}, there exist mutually different G(IOH) ...,GE.Z;‘;JI) €
j,+1 such that G(lO) = Ul’ 1G(lOH). Let K := max <j<¢k; > 2. Let us construct o7/
from 7, in a way that, for each j = 1,...,k, we remove sets GgiO),...,G(ZO) and add
Ggif’lﬂ), o ,G,(ciolﬂ) nd G, (io) \G} tio-+1) e lo \G, | io+1), Inductively, we construct each

), 1€{2,...,K—2} in a way that, for each j € {1,...,k} such that [ < kj, we remove
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1 — io+1 io+1 ] io+1
G§.’°)\(va:11 Gg’oj )) and then add Gl(l‘j) ) and GE-IO)\(UZZ 161(;,0]‘ >). Now, let

%7 Oglél(h ﬁh OSZSZ(%
G =4 ol ), o+ 1<I<io+K=2, 7= Fiy,  io+1<I<ip+K-2,
Y9 -Kkv2, [>io+K—1, Fl_k+2, 1 >ip+K—1.

This construction helped us obtain the following. As the transition from ¥, to ¢; 1 can
happen by breaking more atoms into more than two parts, we added o-algebras in between
so that the transition from %l:) from %lg 4k (Which are same o-algebras as those that we
started with) actually happens by breaking atoms into exactly two parts, step by step. If
we replace (%n)men, With (4,,)men, and, additionally, (Fy)men, With (Z,,)men,, We
can notice that

n+K-3 ip—1
Z Ei(F|F))(E2(G|%}) — EaGl))) Z]E1 7i)(E2(G|%i11) — E2(G|%))

ip+K—2

n ,Z E\(F|.Z,)(E2(GI9], ) — E2(G|9)))
n—1

+ ) Ei(FIF)(E2(G%41) — E2(G|%))

i=ig+K+1

n—1
=Y E((F|.7)(Ex2(G|%11) — E2(G|%)),

i=0
as the second sum is actually a telescoping sum:

i +K—2
Z, E (F| 7)) (E2(Gl¥, 1) — E2(Gl9)))
0 io+K—2
=Ei(F|7,) ), (B2(Gl¥,) —E2(Gl¥)))

i=io
=1 (F| ) (E2(Gl%, 1 k1) — E2(GI¥,))

= E\(F|Zi)(E2(G|%+1) — E2(G|%)).

We can notice that, by shifting both o-algebras and also copying .#;, and adding inter-
mediate o-algebras between ¢, and ¢ 1, we still keep the property of filtration that
we wanted, but also the paraproduct remains unchanged, so we are still trying to bound
the exact same expression. As this construction required adding only finitely many new

o-subalgebras, what we have obtained here is that not only we reduced to the case when
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o-algebras ¥, i € N are finitely generated, but also that each atom from %; either remains
an atom in %; | or can be presented as a disjoint union of exactly two atoms from ¥ .
Once both filtrations have finitely generated o-algebras, we are able to show a result
that will turn out to be helpful later, during the attempt of extending the range of exponents
for our main result. We can see that (3.10) will not only give us the boundedness for the

specific triple (p,q,r), but also a range that will vary for exponents ¢ and r.

Lemma 3.2.1. Let (X,.#,u) and (Y,%,Vv) be probability spaces and let (.%,,),cn, and
(%) men, be filtrations on, respectively, .# and ¢ such that .%#,, and ¥, are finitely gen-
erated for each m € Nj. If we have

n—1

_O Eu(F|F)(Ey(Gl%s1) — Ev(GI%)

S Il xxn) IGllax<yy  (3.14)
L/ (X xY)

l
for some simple (F x ¢)-measurable functions F,G : X XY — R and p,q,r such that

1,1 1
p+q— r,thenwehave

n—1
zéEu (F|Z)(Ev(Gl%11) —Ev(G|9))

S FLeoexrn) [1GllLe (xxv)
L'(XxY)

for each r, = (L + (1 —1)(1+ 11)))_] and g, = (7 +1 —t)—l where 7 € (0,1) such that

ey gy S [1,00]

Proof. The key of the proof lies in Theorem 1.1.6 and the weak boundedness

n—1
X, Bu(FIF) By (Gl%11) = By (GI4)

S IF e IGllLrx<yy-
(3.15)

P o
LT (X xY)

A specific case of one of filtrations being a dyadic filtration can be found in Kovac’s ar-
ticle [33]. However, unlike his approach of cutting dyadic intervals in halves of equal
length by Lebesgue measure, we will have to approach this problem in different way,
for general martingales. Let us assume that ||[F||prx<y) = HG||L1(XXy) = 1. Recall
that F and G are finite linear combination of characteristic functions over sets from
F x ¥ so it is not difficult to notice that each of the conditional expectations E, (F|.%;)
and Ey(F|9) are also (.# x ¢)-measurable for each i = 0,...,n. Following the proof
from [39], we are going to fix x € X and use Theorem 1.2.13 for a = s7°1 and where

s € (0,00) is arbitrary, for splitting martingale (IEy(G(x,-)|%n))men, into three parts:
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good part G&(x,-) = (G (x,))men,» bad part G?(x,-) = (G5,(x,))men, and harmless part
G"(x,) = (G" (x,"))men,- They satisfy the following identities:

Ev(G(x,)|%m) =

Gg(% )

1G5 (6 )Ly <2

GE (x,-) + G2 (x,-) + G (x,-) for each m € Ny,
By (G(x,)[%), Gh(x,-) = Gh(x,) =0,
2577, 1G5 (%, )l vy < AV (G ) ) )

v(max [Gh(x.-)| > 0) < 35 7T By (Glx,) %) 1y

0<m<n
Z\IGm+1 G (% L1y < 4B (G ()| I

With eventual integration over x € X and taking into consideration that (X,.%, ) is a
probability space, we can rewrite these as
Ey (G|%,) = G5, + G2 + G", for each m € Ny,
G =Ev(G|%),Gh = G =0,
Gy < 2577 1GE Ity < 4IIEw (Gl

__P_
(u x v)(or<nna11><<n|Gﬁ1| >0) <3s PEy(Gl9) L1 (x <y

Z HGm+1 GZHLl(XxY) < 4HEV(G’gn)HL1(X><Y)‘

Let us observe the same paraproduct where, instead of martingale (IEy (G|%))men, We

n—1

have its good, bad and harmless part. From the assumption (3.14) we have
()| X BulF17) (G - 6| >
i=0

n—1

)
: <%>_r %

Y. Eu(FI.7)(GE, — GY)

r

L' (X xY)
r(g=1)
—r r.—r
<2 ”FHLP XXY) HGgHLq (Xxy) = <2 HGg”L"o XxY) ”Gqu (XxY)
pAg-1) P p(2
< 2pfqu7% 2 pq+ql)s (r+1) p+q 47%a IEv(G|9,)| fT(quY) <2 (pizl)s_ﬁ < 5P

Here we also used the fact that (Gf)en, is a martingale with respect to () men,, SO

Ey(G3|%;) = G foreach i € {0,...,n—1}. Also,

(uxv) < Z]Eu (F|7:) (Gt —GY) >O) SWXV)(()QMX IGh| > 0)

_p _
< 35 pil ||]EV(G|%1)||L1(XX),) NERGEE
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As for the harmless part,

(F|.7:)(Gl - GY)

(uxv) < > %)
;il —1 o
<(5) " |EEarzGL -]

_p_ __ P
S2p+ls Pl

_P_
Lrtl(XxY)

P
p+1

max [Ey (F|F) |Z |G1+1 Gh|

0<m<n—1

_P_
LrH1 (X xY)

Z |Gl+1

p+1

L __P_
<2r¥s p+1||0<r£2§71|1E“( [ Zil|Le(x )

Ll(xXY)

P
h p+l
<20 EFI (L 16H — G

<2712 By (GI%,)| ff(lxm <5

We used the fact that the martingale maximal operator F +— maxXo<p<n—1 |Ey(F|-Zn)| is

bounded from L?(X x Y) to L?(X x Y)) which follows from Theorem 1.5.7. Overall,

uxv(

T By (1) (B (G191) - Bu(6169)| > )
)

(F|F:)(Giyy — GY)| >

(Fl7)(Gi = Gf)| >

swxv)( _

-l-(uxv(

n—1

() ZEM (FIZ)(Gl —Gl)| >

Since s € (0,00) was arbitrary, this gives (3.15). [ |

It is important to emphasize that, while we are applying the Gundy’s decomposition
for each x € X and the cardinal number of X can be arbitrary, thanks to the fact that o-
algebras ¢, ...,%, are finitely generated, the set of values {IE,(G|¥;) :i € {1,...,n}}is

finite for each n € N so we are effectively decomposing only finitely many times.
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3.2.6. Estimating forms to obtain the first pair of exponents

The inequality (3.13) is equivalent to

n 1 m;
‘/ ZIEl (FIZ)Ea(Gh )lh (Hd(IP’l x IPy)
QX =0 k=

N HFHLP(QIXQQ)HGHL(’(leﬂz)HHHLV’(QIXQZ)

for any choice of H € L’ (Q1 x ©Q,), ' being the conjugate exponent of r.

Let {Fl(i), e ,Fn(ii)} be a collection of mutually disjoint atoms of .%;, ordered similarly
as {Ggi), e, G,(,;?} have been chosen, and let ]th(i) be defined analogously as in (3.12) for
eachk € {1,...,n;} and i € N.

The following idea is inspired by [33]. In order to bound the form

n 1 m;
A(F,G,H) // ZE (FI.F) Ex(Gh 0 b o HA (P X P)
Qngzl —0 k=

n 1 mj n;
- F OJ ]ho o))’ (1) G( ) o (@y)h

21 0k=1I=

H(1, p)dPy(@,)dPy(5)dPy(01)dPi (@),  (3.16)

we are going to observe few additional forms:

—1 m; n;
O\(F,F2,F3,Fy) : / / / / Y ZZFI o}, ) B (01, 05) (0, @)
o Jo, Jo, Jo

2 (=0 k=1Il=
Fy(o,0)h, ((Oﬁ) 0 (@ )]ho (o ')]ho ) (@1)dPs(@))dPs(w;)dPy (w))dPy (),

n— lm, n,
@ (Fl F27F37F4 / / / / Fl(a){vah)FZ(wlvwé)F?)(a)lva)Z)
Q,/Q, sz Ok 11 1,e{12}
Fy(of, 0)h’ o{* (wﬁ) G (@)h ()(wl)hFl@-)(wl)dIP’z(wz)sz(wé)lel(wl)dIPI(a){),
E(F, P, F,Fy) : / / / / ZFI 0}, 0) P (@1, 05)F3 (0, @)
o, /o, Ja, Jo

2k=11=

Fy(@], 0p)b? ) (@)1 . ) (ah)]ho (@) ) (01)dP2(an)dP2(w;)dP (@1)dPy (@)
k.j C.j Fy
for each i € {0,...,n}. First we are going to show that

O1(F, Py, F3,F) + Oy (F, Py, 3, Fy) = B (F, Py, 3, Fy) —EO)(F B, F3, Fy). (3.17)
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Let us fix 01, 0] € Q0,0 € Q,i€{0,....n—1}, ke {l,...,mi}andl € {1,...,n;}.

Notice that

0 (@B (@2) + B (D) ()

)
k
1
== . ]]. i ! ]]. i ! ]]_ i ]]_ ;
PZ(G;(;))( G,ij1>(a)2)+ G/(Jl)(wz))( G/({JH)((DZ)-F G/({;l)((’)z)))

GTPy(GY) Py (G5 )Py(GY) e
([ SET.
- - - (i+1)
PG TRy (G) (Gl PGy G
(i+1)
1 ]PZ(sz ) ) /
= — + RN : 1) (@)1 i1y (@)
(PZ(G,(;)) PZ(G;(;TU)PZ(G/(;)) Giq Gk,l+
(i+1)
1 Pz(le )
+( —+ TEIN ,~ > i1 (@)1 ian) (02)
]P)Z(G](()) PZ(G;(<7-2I—1))]P)2(G/(<)) Giy Gy
1 1
= — RN ) N ) — 1 N1
Ba(GUT G (@) G,ﬁj”( )+ i) G0 (@2) L e (@2)
1.0 \1.0 0 \71.0
_]th(f,Tl) (wz)]hG](jl) (an) “‘]hG](({;l) ((02)]}10](({;1) ().

Completely analogously,

b o (@) (1) + D0 (@)h o (@)

l l l

= ho <z+1)(w1)]h(;(z+l)(wl) ‘Hho (i+1) (a’l)]hg(m)(a’l)-

ll 1,1 12 1,2

From these two identities we can use a trivial formula:

T (@)1 (@) (B ()R (1) + 0 (@) o (01)
qefi2y Tk ki f :

- L h2<i+1>(wi)h2<i+l>(wl)> +1) ) (@])h7 (o) (hg(i)(a)é)h(();(,-)(wz)
e{12}y “hi Ljp 1 1 k f
g @)y (@)~ Y B0 (@B (@) ) =0
¢ k hefay Cki ki
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We can rewrite this expression as

h o (@05)h o (@)h® . (0))hO . (0)+ 1O . HhO,, h o (0))h o (w
g (@) ()b (@) (@) jle%'z} G,ﬁjl”(%) G}<{ﬁ1>(wz) £ (@)D (1)

=Y X lh(éﬁH)(wé)lh(();ml)(O’Z)MOFOH)(a’{ﬂhOF(m)(wl)
jie{12} pe{12} kil k.jp

l*jl lvjl
—h‘()}(i>(w§)hg<i>(@)h0 (@) (@r).
k k

l

By multiplying this equation with F (@], ®)F> (@, ®})F3(01,0)Fi( @], ®5), summing
overle{l,....n;},ke{l,...,m}andi € {0,...,n— 1} and integrating over m,, @ € Q,

and @, ®] € Q) we obtain

n—1
O\ (F, P, F3, Fy) + 0y(F B, B, Fy) = Y (YR, By, B, Fy) — BV (R B, By, Fy)),
=0

which corresponds to (3.17). Specially, since Fy, F>, F3,F4 > 0, each form =) takes non-

negative values, so specially
O1(F, Py, F3,F3) + @y (F, Py, F3, Fy) < (R Py, F3, Fy). (3.18)

The double application of Cauchy-Schwarz inequality gives us

n—1 nm;
OB E) <Y Y | [ ([ FitohoRe ey @)k o)
i—0 k=1 171/ Q k

([, Ao e aph o (@haza(o))

Z]hg(( )]ho ) (@1)dPy (e1)dPy (o)
= b

1
<y 3 ([ [ ([ Aote )Fz(wlaab)ﬂlG]@(a)z)sz(G)z))z

D=

Z ]hO o) w1)dP1(w1)d]P’1(w1)}

: UQI /Q1 </Qze(wl,wﬁ)F4(0)17wﬁ)hGg)(wﬁ)sz(wé)y

1

Z]h&( )]hO (w1)dP1(w1)d]P’1(w1)}
= N

S[l ;kml/!ll /Ql< Q2F1((01 ,)F3(@r, )b (ab)dpz(ah)>2

o=
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1
2

Z]ho / a)l)dIP’l(wl)dPl(a)l)}

ni

Y 10, (0] M ()P (@n)as (@) |
=1 "I

:[/91/91/92/9 Z’lﬁiﬂ (@1, @) F3 (0, ) Fi (0], 05)F3 (01, )

2 =0 k=11=

‘b (@2)hgo (wz)]ho (@ )]ho ) (1)dP (0 )sz(wé)dIP’l(wl)dpl(wi)}

k

n— lm, n;
F F F " W\ F. /
|:/Ql /Ql /Qz/Q Z Z 2 (1)1, 4 0)1,(02) 2((01,602) 4((01,602)

2 i=0k=11=
g (02) 8 0 (@910 (02, (@))dP2(@2)dP2( 05 () (@)

= ®1(F1,F3,F3,F1)§®1(F27F4,F47F2)7-

Analogously,

/92/92< o, Fa (o, 03)F3(or, 02)b (a)l)dIP’l(a)l)>

</£21 Fl(w{,a)z)F4((Ui,wﬁ)hEa)(w{)dPl(wi))

) ]h(();(m) (a)z)]hg(HI) (wé)d]PZ(wZ)d]PZ(wé)

k,j k.j

SEEE 5 [ (ot o)

1
2
-hgw<a>z>mg<f+l><w§>sz<wz>sz<w§>}

k,j kyj

: {/92 /92< o, Fl(w{,wz)m(w{,wé)hﬂ(i)(w{)d]P’l(w{))z

2y (@) ) (03)dP2 (0 )dﬂ"z(wi)}

k.j k-J

S[nzl 3 i Y /Qz/ﬂz< QlFz(a)l;(Ué)FB(wlaa)Z)HlFI(i)(wl)dPI(wl)>2

1
2
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1
2
0 (021 (05)Bs ()P 05|

k,j k.j
1 m; n; 2
XYY T L[ ([ A o)me)on,o@)deo)
i=0 k=11=1je{1.2} Q JQy NJQ )

1
2
B0, (@0 ()P 0)d B (05)

k,j kyj

(L LLLEEY ¥ Roneme.emo.ame)

2 i=0k=11= 1]6{12}

-ﬂlg<,-+1>(wﬁ)ﬂlg<l+l>(wz)ﬂl ]<>(0’1)1h @ (01)dP2(an )sz(wg)dIP’l(wl)dPl(a){)}

n— lm, n,
Vg /g /Q /Q Fi(0],0)Fy (0], 05)Fi (@1, ) Fy (01, @)

2 = Ok 1= 1,6{12}

D=

: ]hg(iﬂ) (a)é)lho (i+1) (a’Z)IhF](O (o )th(

k.j Grj 1

1 (00) () B (05)dP (01) Py ()|

=0, (Fs, Fy, F3, F>) 200 (Fy, Fy, Fy, Fy) 2.

Notice that, by Holder’s and Jensen’s inequality,

=0 (F,H,H,F) / / / F(0),m)F (o), 0))H (o, 0,)H (o), o)
Q) JQ Sy Qz

Z]ho w)) Zlho (o)) 1h° | (@1)dPy (@) dP>(@h)dP (w;)dPy (o)

(/QI/QI/QZ/QZ (oh @0’ (o}

Z]h G Z]ho a)l)]ho  (@1)dP2 (@, )dIP’z(wé)dIP’l(a)l)dpl(w{))

U// p—
QJQ JQy JQ)

Z]ho (w))h Zlho ;) a)l)dPZ(a)z)lez(wé)dIP’l(wl)dJP’l(a){))

(EL (i
( QZF(w{,a)é)zlhO (@5)dPs( ))dpl(wl)>

)
(3 H " (@2)dBo( )
(;;1/91< o, (o1, 0) 2

1
2

1
2

1
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1
2

| (/szwl,wgfﬂl?;,ga<w§>sz<wé>>dP1<"’”>

(/ </92F !, @) dP2(on )>2dP1(w{)>

2 1
([, (L o odpaon) i) < 1F1Rs g, o R g, o
1

Similarly,

(S

20(G,10,x0, 1,0y, G)

_ / / / G(w!, 0 Zlho 1 (02) P (2) () dBy (0]
Q, /o, o,
2
_ / / 2
[ (L G(wuwz)dpz(wz)) 4By (0]) < 16172 0,0
Using (3.18) we get

®\(F,H,H,F) < |F|?, —@,(F,H,H,F),

2
(91><92)HHHL4(91><92)
®1(G7 ]191 X0 ILQ] X0 G) S ”G”IZ_‘Z(Q] x Q) - ®2(G7 ILQ] X0 ILQ] X0y G)

2
- ||G||L2 (QxQ,)

O (F,F,F,F) < |IFllts, —O\(F,F,FF) < |[Fl,

Q X Q ) QIXQQ)

®2(H,H,H.H) < [|H||f —©\(H,H,H,H) < |H|{s

Q1 xQ) (Q1xQ)"
The second formula follows from the cancellation of the form ®, and the Haar function
over the standard dyadic interval appearing in the expression. The third, and similarly the

fourth one, follow from

@1(F,F,F,F):/Ql/g Z‘jiz(/ F(0}, @)F (@1, 02)h o (@2)dP2(; )

1i=0k=11=1
lhgl( )lhol (@1)dPy(01)dP;(wp) > 0.
Now,
A(F,G,H)| = |01(F,G,H, 1o, <0,)| < ©1(F,H,H,F)*0,(G, 10, %0y Lo, <0y G)*
= (1F a0 ey [V 3,y — @2(F HLHLF)) 2 [Gly 20 v
< (I1F (124 g, v I ||L4 . +@2<H,H,H,H>%®2<F,F,F,Fﬁ)%||G||Lz(glxgz>
< (IF 124 g, e 1 0,y I P 0o 1 P ) 216 20

= \/EHFHL“(QIXQZ)HG“Lz(QIXQZ)||H||L4(Ql><£22)
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This shows that we have obtained (3.13) for the triple of exponents (p,q,r’) = (4,2,4).

3.2.7. Obtaining the whole range of exponents

Similarly as we did in (3.3), we can show that

n—1 n—1
Y Ei(FI.7)(E2(G|%41) — E2(G|%)) + Y Ea(Gl%i41) (B (F|-Fi1) — E1(F|.57))
i=0 i=0

— E((F|.Z,)E2(G%,) — Ei(F|Z0)E2(G%).

If we replaced the sum in the inequality (3.11) with Y7~ Eo(G|%it1)(Ea(F|Fit1) —
E,(F|.%;)), the proof would still follow and we would be able to deduct estimate for

p =4 and g = 2. By triangle inequality and by Theorems 1.1.3 and 1.2.6,

ni"l]El (F|.7)(E2(G|%i41) — E2(G|%))
i=0

Lr(.Q.] XQz)

n—1
Y E2(Gl%i41) (Ba(F|-Fis1) — Eo(F|.7))
i=0

+[EL(F[Z0)Ea(Gl%) L (@, x0,) + 11 (F|F0)E2(G[%0) (0 x0)

<

Lr(Ql XQz)

SIF e, x0) IGllLr (@) xa,)-

If we compare this inequality with (3.11), we can see that we managed to swap places
of functions F' and G and therefore obtain additional estimate for reversed pair of ex-
ponents. We can consider following the proof from Subsection 3.2.6 onward in or-
der to conclude that we can interchange exponents for which the boundedness is ob-
tained. This gives us the bound for (p,q,r) = (2,4,4) as well. By Marcinkiewicz’s
interpolation theorem, the same boundedness is obtained for each tuple (py,qr,r]) =
G+ NG+ NG+ = (55, 157.4) where 1 € [0,1]. We can ad-

ditionally expand the range of exponents with Lemma 3.2.1 in order to obtain range

4 4 4
(P:49) € Urepis } * (i ir)-
Moreover, by this same trick of interchanging F' and G we can expand the range onto

qr = A_Ll and all p € <z+i27 %) To summarize, (3.4) is valid for all exponents

(p.q) € FATH {(x,y) : Z < %

<)
-<1y.
3 +y_
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Figure 3.1: The range of exponents for which the boundedness is shown.

The whole procedure of obtaining the exponents can be presented by the Figure 3.1.
The first result was obtained for the blue point (%, 611) = (%, %) With that and with the
swap of F' and G we got the similar conclusion for the point (%, 411) and then, by interpo-
lating, we obtained the blue line connecting two dots that present reciprocal values. By
obtaining the weak boundedness for the line from (%7 1) to (%, 1) (presented with dotted
line connecting white dots on the Figure), but restricting ourselves to the region where
r > 1 we rejected the grey area and proved boundedness for the green region which, by

the same swap as before, expanded to the yellow region. This shows that we have strong

boundedness for the complete range on the diagram, including border lines and circles.
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CONCLUSION

In this thesis we obtained the first characterizations of L” boundedness of dyadic entan-
gled multilinear singular integral forms associated with hypergraphs. We managed to
prove the L” boundedness of such forms where the kernel is composed of products of
Haar functions and in a certain range of exponents. In case of general dyadic Calderon-
Zygmund kernels, the L” boundedness in the same range was shown to be equivalent to
each of the following: the weak boundedness property and a T(1)-type condition; the L”
boundedness for only one choice of exponents in the stated range; domination by a sparse
form; the weighted L? boundedness for certain tuples of Muckenhoupt weights.

We also suggested a new approach to answering Kakutani’s question by introducing
the notion of the ergodic-martingale paraproduct and investigating its properties. By ob-
serving its L” estimates, making several reductions and applying methods from harmonic
analysis we showed that such paraproducts converge in L” spaces for a specific triple of
exponents. After that we applied interpolation methods in order to obtain a bigger range

of exponents satisfying the Holder scaling property.
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