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Summary

In this thesis we study the parameter dependent Hermitian quadratic eigenvalue problem
(PEQP) given by (A2(p)M(p) +A(p)C(p) +K(p))x(p) = 0, where p € R™ is a vector of parame-
ters. Through this thesis matrices M(p), C(p), K(p) € R" arise from corresponding (vibrational)
mechanical system represented by M(p)g(p;t) + C(p)q(p;t) + K(p)g(p;t) = 0 and represent
mass, damping, and stiffness, respectively. Usually matrices M(p), K(p) are Hermitian positive
definite and C(p) is Hermitian positive semidefinite matrix.

After a brief introduction and problem formulation we give three approximation approaches
for efficient computation of eigenpairs. These approaches preserve structure and allow com-
putation of eigenpairs, for different sets of parameters, that is computationally efficient and
at the same time they provide satisfactory relative accuracy. The first approach is based on
dimension reduction, the second on first order approximation, while the third one uses modified
Rayleigh quotient iterations for structured damping matrices. For the first and the third approach
we need to linearize PQEP. Within the first approach we distinguish two very important cases.
In the first case we consider efficient approximation for eigenvalues for the selected part of the
undamped spectrum. In the second case, we consider efficient approximation of all eigenvalues.
The first order approximation considered in second approach is based on Taylor’s theorem and
it is efficient for eigenvalue computation when the change in parameter is small enough. In
the third approach we provide an efficient method of eigenvalue computation of the diagonal-
plus-rank-one matrices (DPR1), and show how one can apply this method on corresponding
linearized eigenvalue problem, by exploiting the structure of the damping matrix. Numerical
experiments confirm efficiency and accuracy of these approahes.

Further on, we use obtained first order approximation bounds for efficient estimations of the
gap functions that appear in different perturbation bounds for the quadratic eigenvalue problem.
These estimations of the gap functions are based on removing perturbed quantities from them.
Accuracy and efficiency of these estimations are given in numerical examples.

Last we focus on damping optimization. Two different optimization criteria are considered:
minimization of total average energy, and frequency isolation, which will determine the damping
matrix which ensures vibration decay is as fast as possible. While dealing with the minimization
of total average energy we provide an approximation of the solution of the structured Lyapunov
equation, which can be efficiently computed. Frequency isolation is eigenvalue based criterion
so we use obtained eigenvalue approximations to determine the optimal damping, while the

areas from which we isolate the frequencies are ellipses with centers on the imaginary axis.
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Summary

Both approaches are illustrated on numerical examples.

Keywords: quadratic eigenvalue problem, vibrational mechanical systems, eigenvalue
approximation, dimension reduction, first order approximation, modified RQI, estimation of

gap function, damping optimization, frequency isolation, total average energy minimization

v



ProsSireni sazetak

Kvadratni svojstveni problem se pojavio ve¢ u 30-tim godinama 20. stoljeca kada su Frazer,
Duncan i Collar istrazivali vibracije zakrilca u zracnim letjelicama te zajedno objavili knjigu
[33], a Taussky i Lancaster su ga prvi rijesili za male dimenzije [95], [44]. Osim u aerodinamici,
kvadratni svojstveni problem ima brojne primjene u proucavanju dinamike mehanickih sustava,
kao S$to su na primjer zgrade i mostovi. PjeSacki Milenijski most u Londonu zatvoren je samo
2 dana nakon §to je pusSten u promet, zbog prejakog podrhtavanja. Podrhtavanje je posljedica
rezonancije, odnosno nestabilnosti sustava do koje je doslo zato Sto su frekvencije sustava
pod utjecajem vanjske sile, koja je djelovala na sustav (ljudi koji su hodali po mostu), bile
vrlo blizu prirodnim frekvencijama sustava. Vibracije vrlo Cesto nisu pozeljne, jer u slucaju
rezonancije moZe do¢i do urusavanja. Veza izmedu kvadratnog svojstvenog problema i problema
izbjegavanja rezonancije sustava je u tome Sto su prirodne frekvencije sustava i frekvencije
sustava pod utjecajem vanjske sile rjeSenja kvadratnog svojstvenog problema.

PriguSenje je utjecaj na vibracijski sustav koji kao posljedicu ima ublazavanje, ogranica-
vanje ili onemogucavanje vibracija. Prilagodavanjem viskoznosti prigu$enja moZemo promi-
jeniti prirodne frekvencije sustava te na taj nacin izbjeéi opasne vibracije, tj. moZemo izbjeci
frekvencije mogudih vanjskih podraZaja, tj. sila koje djeluju na sustav, kao $to su frekvencije
kretanja pjeSaka po mostu, frekvencije vjetra ili potresa. Ovisno o primjeni mogu se koristiti
razliciti kriteriji pri optimiazciji prigusenja, kao S$to su minimizacija ukupne energije sustava,
minimizacija amplitude vibracija u sustavu, izolacija opasnih frekvencija, itd.

U ovoj radnji proucavat ¢e se parametarski ovisan hermitski kvadratni svojstveni prob-
lem (PQEP) koji opisuje navedene mehanicke sustave, a dan je s (A%(p)M(p) + A (p)C(p) +
K(p))x(p) =0, pri ¢emu je p € R™ vektor parametara. Kroz radnju ée se proucavati vibracijski
mehanicki sustav zadan diferencijalnom jednadzbom drugog reda: M(p)g(p;t) +C(p)q¢(p;t) +
K(p)gq(p;t) =0, pri ¢emu matrice M(p),C(p), K (p) redom predstavljaju masu, prigusenje i kru-
tost, g(p;?) je stanje sustava, a p je parametar o kojem sustav ovisi. Ukoliko se parametar nalazi
samo u matrici C(p) tada on najces$ce sadrzi viskoznosti prigusivaca. Vrlo Cesto su matrice
M(p), K(p) hermitske pozitivno definite, a C(p) je hermitska pozitivno semidefinitna.

Matricu priguSenja moZemo modelirati na viSe razli¢itih nacina. Najcesce je zadajemo kao
sumu unutarnjeg i vanjskog priguSenja, tj. C(p) = Cint + Cext(P), pri ¢emu matrica vanjskog
prigusenja ovisi o viskoznostima i pozicijama priguSivaca. Matrica unutarnjeg prigusenja se
moze modelirati na razli¢ite nacine, ali najéeS¢e je modeliramo kao mali postotak kriticnog

prigusenja, koje je zadano s Cgif = MV M KM~ M3,



Sazetak

Nakon kratkog uvoda i formulacije problema navodimo tri razli¢ita aproksimacijska pristupa
za efikasno racunanje svojstvenih vrijednosti i svojstvenih vektora, koje ¢uvaju strukturu ma-
trica sustava. Istovremeno navedeni aproksimacijski pristupi pruzZaju zadovoljavajucu relativnu
toCnost. Prvi pristup je baziran na redukciji dimenzije, drugi na aproksimaciji prvog reda, a
tre¢i pristup koristi modificiranu verziju iteracija Rayleighjevog kvocjenta za slucaj kada je
matrica priguSenja strukturirana. Za prvi i treci pristup trebamo linearizirati PQEP. U navedenoj
linearizaciji koristimo istovremenu dijagonalizaciju matrica M i K.

Prvi pristup baziran je na idejama iz radova [12] i [13], te razlikujemo dva slucaja. U prvom
slu¢aju proucavamo efikasnu aproksimaciju svojstvenih vrijednosti za izabrni dio neprigusenog
spektra, dok u drugom slucaju proucavamo efikasnu aproksimaciju svih svojstvenih vrijednosti.

Aproksimacija prvog reda koje koristimo u drugom aproksimacijom pristupu bazirana je
na Taylorovom teoremu i vrlo je efikasna za raCunanje svojstvenih vrijednosti u slucaju kada
imamo malu promjenu u parametru. Sli¢ne aproksimacije prvog reda koriste se u perturbacijskoj
teoriji, npr. [14]. Jedina razlika je Sto se perturbacija ne vrsi u parametru, kao u nasem slucaju,
nego u samim matricama sustava.

Treci pristup baziran je na radu [47], gdje autori predlazu modificiranu verziju iteracija
Rayleighjevog kvocjenta kao efikasanu metodu raCunanja svojstvenih vrijednosti matrica koje
su oblika: dijagonala plus matrica ranga jedan (DPR1). Pristup iz [47] svodi se na par it-
eracija standardnog Rayleighjevog kvocjenta te nakon toga se provodi modificirana verzija, dok
se pristup opisan u Sekciji 2.3 bazira na prilagodbi duljine koraka u modificiranoj verziji it-
eracija Rayleighjevog kvocjenta. Takoder prikazujemo kako se ova metoda moZe primijeniti
na odgovarajuci linearizirani svojstveni problem iskoriStavanjem strukture matrice prigusenja.
Numericki primjeri potvrduju efikasnost i tocnost navedenih pristupa.

Nadalje, u Poglavlju 3 primjenjujemo aproksimacije prvog reda u perturbacijskoj teoriji
kvadratnog svojstvenog problema, to¢nije koristimo aproksimacije prvog reda kako bismo pro-
cijenili pribliznu vrijednost gap funkcija koje se pojavljuju u brojnim perturbacijskom ocjenama.
Ove procjene gap funkcija baziraju se na uklanjanju perturbiranih vrijednosti iz ocjene, jer Ze-
limo ocjene koje se mogu racunati bez potrebe za poznavanjem perturbiranih vrijednosti. Gap
funkcije koje cemo priblizno procijenjivati se nalaze u perturbacijskom ocjenama iz radova
[102] 1 [101], koje su prikazane u Sekciji 3.2.3. Toc¢nost i efikasnost ovih pribliznih vrijednosti
perturbacijskih ocjena su prikazane u numerickim primjerima.

Nadalje, u Poglavlju 4 glavni fokus je na optimizaciji prigusenja pri cemu razmatramo dva
razlicita optimizacijska kriterija koja ¢e odrediti matricu prigusenja tako da se vibracije u sustavu
primire Sto je prije mogucée. Prvi kriterij je minimizacija ukupne prosijecne energije sustava
koji povezujemo s minimizacijom traga rjeSenja pripadne Ljapunovljeve jednadzbe. S obzirom
da optimizacija priguSenja uz navedeni kriterij zahtijeva rjeSavanje Ljapunovljeve jednadzbe za
svaku promjenu u parametru, vrlo je bitno doéi do rjeSenja na efikasan nacin. U Sekciji 4.1.1
dajemo efikasnu aproksimaciju traga rjeSenja Ljapunovljeve jednadzbe za slucaj kada je sustav

blizu modalno priuSenom sustavu, ¢ime izbjegnemo rjeSavanje same jednadZbe.
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Sazetak

Drugi razmatrani kriterij je izolacija frekvencija. Cilj izolacije frekvencija je optimizacija
viskoznosti u sustavu tako da su svojstvene vrijednosti uklonjene iz opasnog podrucja, pri cemu
opasnim podru¢jem smatramo podrucje koje je blizu opasne frekvencije. Promatrat cemo elipse
s centrom na imaginarnoj osi, u opasnoj frekvenciji, kao opasno podrucje. 1zolacija frekvencija
je proucavana u [49], [32] i [69]. U [49], autori proucavaju strukture koje vibiraju na niskim
frekvencijama, dok u [32], autori predlazu metodu baziranu na inverznom problemu, tj. un-
aprijed je zadan spektar koji Zelim dostici, a koji je daleko od opasnih frekvencija. Izolacija
frekvencija je kriterij baziran na svojstvenim vrijednostima stoga ¢emo u njemu Koristiti aproksi-
macije svojstvenih vrijednosti prikazane u Sekciji 2.3. Oba kriterija su ilustrirana u numerickim

primjerima.

Kljucne rijeci: kvadratni svojstveni problem, vibracijski sustavi, aproksimacija svojstvenih
vrijednosti, redukcija dimenzije, apoksimacije prvog reda, modificirani RQI, estimacija gap

funkcija, optimizacija priguSenja, izolacija frekvencija, minimizacija ukupne prosjecne energije
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Nomenclature

In this thesis we use the following notation:

A,B,...,
AB,...

Y, W,...
[ViVar: Vk]
P,V, VM, VK, ...
v, C

o(")

M, U,T, T,

D.E,...

matrices of dimension n, if not defined differently (Latin and Greek

capital letters)
matrices of dimension 2n X 2n
vectors of dimension 2#n

vector of parameters where next parameter is concatenated with the pre-
vious one, (MATLAB notation)

parameters (vector columns)
one dimensional parameter
spectrum

vectors of indices
eigenvalue

approximation of eigenvalue
scalars

the submatrix of A obtained by intersection of rows determined with

vector p and columns determined with vector ¢
the ith column of matrix A

the ith row of matrix A

vector of integers from i to j

Moore-Penrose pseudo-inverse of a matrix

s dimensional identity matrix

2-norm



Nomenclature

the direct sum

the Kronecker product

condition number of a matrix in 2-norm
the gradient vector

the Hessian matrix

all positive real numbers, i.e., Ry ={a € R: a > 0}

X1



CHAPTER 1

Introduction

1.1 Motivation

The quadratic eigenvalue problem first appeared in 1930’s when Frazer, Duncan, and Collar
researched the flutter of airplane wings and published a book [33] together. The first to solve
a quadratic eigenvalue problem of small dimension were Taussky and Lancaster, see e.g. [95],
[44]. Apart from aerodynamics, quadratic eigenvalue problem appears in the dynamic analysis
of acoustic systems, fluid mechanics, electrical circuit simulation, modeling microelectronic
mechanical systems, signal processing, and most importantly for this thesis, in the dynamic
analysis of different mechanical systems, mainly buildings and bridges.

Millennium bridge in London was closed only two days after opening in 2000 due to alarming
wobbling of the bridge. The wobbling of the bridge was the result of the phenomenon called
resonance i.e., the amplitude of the systems vibrations were amplified because the bridge was
excited by external force induced by pedestrian movements, whose frequencies became close
to the natural frequencies of the bridge. A natural frequency is a frequency at which a system
prefers to vibrate. Resonant vibrations can be dangerous for structures and lead to collapse,
as was the case for the Tacoma Narrow bridge in 1940 (for more see [20]). This event is
an example of elementary forced resonance. The bridge collapsed because winds produced
aeroelastic flutter that matched the natural frequency of the bridge. Two more recent examples
of undesirable vibrations are the Franjo Tudman bridge in Dubrovnik in 2005, and the bridge
over the Volga River in 2010.

The connection between vibrations in mechanical system and the quadratic eigenvalue prob-
lem is that the natural modes and frequencies of the structure are solutions of quadratic eigen-
value problem, for more see [97]. A normal mode of an vibrational mechanical system is a
pattern of motion in which all parts of the system move sinusoidally with the same frequency,
for more see [112].

By adjusting the damping parameters in the structure we can change natural frequencies of
the system. This way we can avoid dangerous vibrations, i.e. we can avoid all possible frequen-
cies which external force can induce. Damping is an influence within or upon an vibrational

mechanical system that has the effect of reducing, restricting or preventing its oscillations. Ob-



Chapter 1. Introduction

taining the optimal parameter for a certain optimization criteria (frequency isolation, reduction
of average total energy, for an overview of the criteria see [112], [73]) is a process of damping

optimization.

1.2 Problem formulation

We consider the following parameter dependent quadratic eigenvalue problem (PQEP)

(A(p)*M(p)+A(p)C(P)+K(p))x(p) = 0,  x(p)#0, (1.1)

where M (p), K(p) are positive definite Hermitian matrices of order n and C(p) is a Hermitian
positive semidefinite matrix of order n, for all p € R™, where m is number of parameters. Let
A(p) be the spectrum of (1.1) for given p.

Such an eigenvalue problem usually arises if one studies parameter dependent mechanical

systems, which is usually described with the following second-order differential equation

M(p)g(p:t) +C(p)4(p;t) + K (p)g(p;t) =0,

(1.2)
q(p;0) = qo(p) and ¢(p;0) = qo(p),

where go(p) and go(p) are initial conditions. Here matrices M (p), C(p), and K(p), correspond
to mass, damping, and stiffness matrices, respectively.

It is common that some parameters do not influence all matrices, i.e., M(p) = M(vy), C(p) =
C(v) and K(p) = K(vk), where vy, v, Vg, are vectors of dimension sy, s, s respectively. For
the sake of simplicity we will use mentioned notation and we denote p = [vy; v; Vk] as a single

vector, where

(Vvm)j, fori=j,j=1,...,5m,
Pi=4(v);, fori=sy+j,j=1,...,s,

(vk)j, fori=sy+s+j,j=1,...,sx.

PQEP (1.1) is obtained from (1.2) simply by substituting g(p;z) = e*®)x(p).
The damping matrix can be defined in several different ways. One of the most common

ways is that C(p) = Cipt + Cext(V), where Ciy represents internal damping and only the external

damping part depends on parameters v; > 0 fori = 1,...,s (called viscosities), where v =
[vi,...,vs]T. Moreover, external damping can be written as

where each C; determines the geometry of the ith damper and it has a small rank, so that Cex¢(V)

is a semidefinite matrix in general.



Chapter 1. Introduction

Throughout this thesis, along with PQEP, we will consider the corresponding linearized
parameter dependent generalized eigenvalue problem (PGEP). In damping optimization we
(usually) only have the viscosity parameter in the damping matrix, i.e., p = v, which means that
mass and stiffness matrices are constants, i.e., M(p) = M and K(p) = K, respectively. Thus, we
consider PGEP only in the case when p = v when simultaneous diagonalization of matrices M
and K does not depend on parameter p. If we let matrices M and K depend on parameter p then
for each change in parameter we need to do new simultaneous diagonalization which is time
consuming, O(n?).

Now, let ® be a matrix that simultaneously diagonalizes M and K, i.e., [112]
OTKD = Q? = diag(w?,...,0?) and ®'MD =1, (1.4)
where
0 <...<w, (1.5)

are eigenfrequencies of undamped mechanical system, i.e., M¢(t) + Kq(t) = 0, while columns
of ® are its modes.
Then the linearized parameter dependent generalized eigenvalue problem (PGEP), which

corresponds to (1.1), is obtained from
(A2 (V)T MP + A (v)®T C(v)® 4+ OTKD)D x(v) =0, (1.6)
i.e,
(A2(VI+A(V)®TC(v)D+ QD x(v) =0, (1.7)

simply by substituting y; (v) = Q®'x(v) and y>(v) = A(v)Q~'y;(v) which gives us the fol-
lowing form of (1.7)

Qy(v) = A(V)y1(v), (1.8)
— Q1 (v) = &7 C(v) Py (v) = A(v)ya(v),
Then (PGEP) follows directly from (1.8) and is given by:
AW)y(v) =A(W)y(v), (1.9)
where
A(v) = 0 @ and y(v)= () (1.10)
—Q T Cipy® — D Copy (V)P | ya(v) |




Chapter 1. Introduction

but now the dimension of the eigenvalue problem is doubled. Similarly we can transform (1.2)

into 2n-dimensional first-order differential equation. By setting
wi(vit) = Q& g(vit), wa(vit) =D 'g(vst), (1.11)

system (1.2), i.e.,

ST MPD j(vit) + DTC(V)PD (vit) + PTKDP D g(v;1) =0, 0
~L4(v;1) + DT C(V)P D (vir) + Q2D g(v;t) =0, '
can be written as
Wi (vir) = Q@7 §(vsr)
= QWz(V)
W (vir) = @ Lj(vir) (1.13)
= —dTCc(V)PD §(vit) — Q2D g(vir)
= —®TC(V)DPwy(v;t) — Qwi(vi1)
1.e.,
w(v;t) = A(v)w(v;1), (1.14)
where
- 0 Q
w(v;t) = WY , A(v)= : (1.15)
Wz(V,t T T
—Q — DT Cp® — BT Cogy (V)P
with the solution
w(vir) = AV w, (1.16)
where
;0 QP ¢(v;0 Q!
wo= |10 _ g a0l ", B0 s the initial data. (1.17)
w2 (v;0) D '4(v;0) D g

Furthermore, for the mechanical system given by (1.2) it can be shown that matrix A is
(asymptotically) stable (Hurwitz), see [112], [19]. We say that the matrix A is stable if all

eigenvalues of A from (1.9) are in the left half of the complex plane, i.e.,
Re(A(v)) <0, VA(v)e€A(v).

The damping part that contains damping positions and viscosities is denoted by
DT Cexy (V) P, where @ is given in (1.4) and Cexe(v) is given by (1.3).
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The internal damping Cj,; can be modeled in different ways. The usual assumption on
internal damping is that it corresponds to the so-called modally damped case. Modally damped

systems are systems that satisfies the following identity:
MK~ 'Cv) = C(v)K'M, (1.18)

for more see [23], [112]. In [112, Theorem 2.3] author shows that so-called commuting con-
dition (1.18) is equivalent to the fact that all three matrices M, C(v), K can be simultaneously
diagonalized.

Furthermore, in [113] authors shown that identity (1.18) is equal to commutation of matrices
Qand ®TC(v)dD, i.e.

Q' C(v)® = dTC(v)DQ, (1.19)

and this is equivalent with the fact that matrix ® diagonalizes the matrix Cjy;. The usual assump-
tion is that internal damping is a small multiple of the critical damping, i.e., in the case of critical
damping

Cint = 0cCit, (1.20)

Corit = 2M2\| M~ 2 KM~ M2 (1.21)

see, e.g., [107], [8], [112], [57], [1]. In this thesis we are focused on internal damping which is
small multiple of critical damping, then ®7 C;,;® = 20,.Q holds, but our results can be easily
extended to other cases of internal damping that correspond to the modally damped case, such as
proportional damping (Rayleigh damping) Ci,; = aM + BK, where &7 Cj, ® = o + BQ? holds.
More details regarding the considered model can be found in [110] where author considers
corresponding inverse quadratic eigenvalue problem.

Damping optimization was widely studied in the last few decades. In the most general
context, the problem is for given mass and stiffness to determine the damping matrix that
ensures evanescence of unwanted vibrations, i.e., we want to determine the optimal dampers’
positions and viscosities. This requires proper optimization criterion and the choice of proper
criterion strongly depends on applications, but there are some cases where particular criteria
were used. For example, in [67] the question of placement of damping elements was investigated,
while in [52] the problem of periodic optimal control, which maximizes energy dissipation, was
considered. An overview of different damping optimization criteria can be found, e.g., in [112]
and [73].

For the non-stationary case, which means that the system is additionally excited, damping
optimization was also studied in [105] and [58], where the authors derived explicit formulas for
objective functions for particular types of mechanical systems, while in [78] it was shown how

to compute eigenfrequencies of structures composed of a series of inclined cables. In the case
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of multiple input multiple output systems one can use standard system norm, such as H; or He
system norms as a criterion, as it was considered in [18], [99], [8] and [74].

Furthermore, regarding the non-stationary case one can minimize the objective function:

1 T
;/O g (v;t)|%dt, (1.22)

which is usually called the “average displacement amplitude”. This approach was studied in
[51] where authors compare the heuristics from [105], [98] and [11] with the mixed-integer
programming approach from [50]. All approaches give us, at the same time, both optimal
positions and optimal viscosities of the dampers, but viscosities are chosen among predetermined
candidates.

Our problem described by (1.2) corresponds to stationary case for which one can consider
different optimization criteria. One of the criteria is minimization of the total energy of the

system, i.e.,

/E v;t)dt — min, (1.23)
0
where E(v;?) is the total energy of the system at given time ¢
1, Ty 1 T
E(vit) = 54(vst)” Mq(vit) + 5.q(vs1)” Kq(vsr), (1.24)

i.e., it is a sum of kinetic energy and elastic potential energy. Further on,

Iw(winl? = w{<v;z>w£<v;r>}[ E?] (1.25)
= wi(v;t) ' wi(vst) +wa(vit) wa(vs1) (1.26)
= (Q@ 'q(v;)" Q@ q(vit) + (@7 'g(v;it)) @ Ng(vir)  (1.27)
= gvi)Te TQ*® g(vit) +g(vi) T Td14(vi1) (1.28)
= q(vit)TMg(vit) +q(vit) Kq(v;t) (1.29)
= 2E(vi1), (1.30)

i.e., the square of Euclidian norm of this phase space representation of the solution of system
(1.2) equals twice the total energy of the system. Phase space is a space in which all possible
states of a system are represented by their position and momentum, i.e., each possible state is
represented by an unique point in phase space. Matrix A from (2.64) is called phase space matrix
of the system (1.2). Matrix A from (1.14) is not the only phase space matrix, but all phase space
matrices are unitary equivalent, see [113].

Since criterion (1.23) depends on the initial condition, the simplest way to correct this is to

take the average of (1.23) over all initial states of the unit total energy and a given frequency
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range, i.e.,
/E(V;t)dtdc, (1.31)

[[woll=1 0

where o is some probability measure on the unit sphere in R?". It can be shown that this average
corresponds to the trace of the solution of the corresponding Lyapunov equation [111], [73].
Therefore, the minimization of the total energy (1.23) is equivalent to the minimization of
the trace of the solution of the corresponding Lyapunov equation. more details can be found in
[73], [100], [106], [113], [22].
It can be shown that the criterion of the minimization of the total energy (1.23) is equivalent

to
tr(ZXe(v)) — min, (1.32)

where X (V) is the solution of the following Lyapunov equation

AT (v)Xo (V) + Xo(V)A(Y) = -1, (1.33)

and Z is a symmetric positive semidefinite matrix that determines which undamped eigenfre-
quencies have to be damped. Furthermore, Z may be normalized to have a unit trace, for more

detail see [73]. Furthermore, it is easy to show that
tr(ZXo(v)) = tr(Y(v)),
where Y(v) is a solution of the so-called dual Lyapunov equation
AWY(V) +Y(WAT(v) = -Z. (1.34)

The structure of the matrix Z has been studied in detail in [73] and some of these results are
presented in [100].
Throughout this thesis we will assume that the matrix Z has the following form

0, 0 0 0 0 0
0L, 0 0 0 0
0 00, 0 0 0

7-— ~ : (1.35)
0 0 0 0, 0 0
00 0 0 I, 0
(00 0 0 0 0,

where I, is the f,-dimensional identity matrix, and 0y, is the #;-dimensional (i = 1, 3) zero matrix,

with 71 and 73 defined such that the eigenfrequencies from (1.5) smaller than @y, and greater than
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@y, +1, are not dangerous (observe that 13 =n —1 —1,).

There exist several methods for solving the Lyapunov equation. Standard direct approaches
for solving the Lyapunov equation use Schur form, such as Bartels—Stewart algorithm [7] and
Hammarling algorithm [40], [55], an overview of the direct approaches can be found in [3]. On
the other hand, the structured Lyapunov equation can be solved by iterative approaches, such as,
sign function method [53], [10], [30], projection-type method based on Krylov subspaces [89]
and several versions of ADI (alternating direction implicit) method [79], [62].

Criterion based on minimization of total energy was considered in [22], [12], [13], [11] [100],
[111], [106], [107], [113], [19]. Approximations of the trace of the solution of the Lyapunov
equation (1.34) based on modal eigenvectors and dimension reduction was considered in [12]
and [13]. These approaches provide an efficient calculation of the objective function, [12] in the
case where parameter is one-dimensional and [13] in case of multidimensional parameter and
low-rank right hand side of the Lyapunov equation (1.34).

The algorithm presented in [111], [100] or [107] explicitly calculates the trace of the solution
of the corresponding Lyapunov equation and they consider the case with one or more dampers
with the same viscosity.

In [111] author gave an efficient algorithm for computation of optimal viscosity v (dimension
of the parameter is one), where C(v) = vec? | i.e., Cip = 0 and rank C(v) = 1. The author also
gave an explicit formula for the trace of the corresponding Lyapunov equation. In [100], the
author considers the case where rank C(v) > 1, but the dimension of the parameter is again
one, and gave an efficient algorithm which derives a formula for the trace of the solution of
the Lyapunov equation, based on Bartels-Stewart given in [7]. Similarly, but for low-rank right
hand side of the Lyapunov equation (1.34), in [107] authors gave an efficient algorithm which
computes the trace of the solution of Lyapunov equation, but this time it is based on CF-ADI
(Cholesky factor ADI) given in [62]. On the other hand, a more general case with the damping
matrix

C(v) = Cing + Codiag(v1,. .., v)Cg

has been considered in [19] and it is a Newton-type algorithm. As shown in [107], the algorithm
proposed in [19] can produce a poor result due to the problems with determination of the starting
point.

The existence and the uniqueness of the global minimum, if the damping varies over the
set of all possible positive definite matrices was considered in [113] and [22]. In [106] authors
showed that the trace of a corresponding Lyapunov equation can be represented as a rational
function of viscosity.

Note that the solution of the Lyapunov equation (1.34) is a function of several variables,
damper positions and corresponding viscosities. Thus, simultaneous optimization of damper
positions and viscosity can be computationally very demanding. Since up to date an efficient

general algorithm for the optimization of damping does not exist, i.e., available algorithms opti-
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mize only viscosities of dampers, not their positions, although for estimation of optimal viscosity
for given damper positions in [11] authors propose the algorithm based on the dimension reduc-
tion of the corresponding Lyapunov equation, given in [12] and [13], while for the optimization
of damper positions they proposed two heuristics. Both algorithms unfortunately do not have
bounds for their accuracy.

On the other hand, we consider eigenvalue-based criteria, which also play a very important
role, e.g., in [75], [39], [30]. One example of an eigenvalue-based criterion is the spectral

abscissa criterion that minimizes the maximal real part of all eigenvalues, i.e.,

min amck(v), where onck(v) = max Re(A(v)), (1.36)
veRS, A(V)EA(V)
which is connected to the rate of decay of the total energy. Since it is known that E(v;t) <
KE (v;0)e*" for some finite k¥ > 0 and 1 < 0 independently of the chosen initial data, we define
the decay rate as a function of C(v), i.e.,

n(C(v)) = min{n: Ix.s.t. E(vit) < KE(v;0)e*", V1 > 0}, (1.37)

where E(v;t) is total energy defined in (1.24). In [23] author shows that decay rate of total

energy is spectral abscissa, i.e.,

ncw) = [max Re(A(v)).

This means that spectral abscissa is considered as a criterion in order to judge vibrations and
their decay as in [34],[23].

Similar criterion i.e., also based on corresponding eigenvalues requires minimization of the
objective function

 Re(A(v)
AveAw)  [A(V)]

This criterion is designed to minimize the number of oscillations before the system comes to rest.
Objective functions sometimes depend on additional constraints. For example one can consider
a constraint based on

max Im(A(v))| <a,
e Im(A()] <

for some positive number a (see e.g. [19, 70, 73]). All these eigenvalue-based criteria are
independent of initial condition of the system.

Eigenvalues A (v) correspond to a natural frequencies of the system (1.2) for viscosity vector
v, i.e., these are the frequencies on which the system prefers to vibrate. Vibrations can be
increased if the system is excited by an external force whose frequencies are close to its natural
frequencies. All frequencies of the external forces which can significantly excite the system are

called dangerous frequencies (e.g., frequency induced by pedestrian movements, wind induced
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frequency, frequencies induced by earthquakes etc.).

The frequency isolation problem corresponds to the problem of parameter optimization in
such a way that the new system has no eigenvalues close to the dangerous frequencies (dangerous
areas). This problem has been previously studied in [49] and [32]. In [49], the author proposed
a Newton-type method for structures vibrating at low frequencies, while in [32], the authors
proposed a less costly inverse eigenvalue method: a target spectrum away from the resonance
band is fixed in advance. The frequency isolation problem in undamped vibrational systems was
considered in [69], where authors consider intervals as the dangerous areas. We would like to
use frequency isolation in a more general case which means that we vary parameters also in the
external damping matrix. Further more, we will use ellipses with their centers on the imaginary
axis as dangerous areas, where these centers are dangerous frequencies of the undamped system.

As one can see, eigenvalues play a very important role in damping optimization and there are
different approaches for their computation: direct and iterative methods. Also one can differ the
methods in those that solve the quadratic eigenvalue problem (QEP) directly and those that work
with its linearized form. Most of the methods that deal directly with QEP are based on Newton’s
method, such as methods from [56], [84], [80], [88] or [30], where author uses Aberth—Ehrlich
method to find roots of the corresponding characteristic polynomial. As we already said there
are also methods that work on the linearized form of QEP and once we obtain the linearized
form we can apply one of many direct methods for solving generalized eigenvalue problems,
such as the QZ algorithm, for more on QZ algorithm see [68], [37] or the QR algorithm with
column pivoting [37]. On the other hand there are iterative methods for solving the linearized
form of QEP, e.g., Lanczos [60], Arnoldi [4], rational Krylov [85] or Jacobi—-Davidson method
[90]. There exists several Arnoldi type methods, e.g., IRA (Implicitly Restarted Arnoldi) [61],
SOAR (Second Order Arnoldi) [5], TOAR (Two level orthogonal Arnoldi) [31]. A nice overview
of all methods is given in [66], [87], [97].

Additionally, there are methods that approximate eigenvalues, e.g., methods presented in
[75], [94], [112, Chapter 19].

1.3 Organization of the thesis

In this section we present the organization of the thesis. This thesis is based on works that

have either published or been submitted for publication:

[104] Truhar, N., Tomljanovié, Z., Puvaca, M. (2018), Approximation of damped quadratic
eigenvalue problem by dimension reduction, Applied mathematics and computation, 374,
40-53.

[82] Puvaca, M., Truhar, N., Tomljanovi¢, Z. (2019), Efficient Approximation of Novel Resid-
ual Bounds for Parameter Dependent Quadratic Eigenvalue Problem, submitted in Journal

of Computational and Applied Mathematics.
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[103] Truhar, N., Tomljanovié, Z., Puvaca, M. (2017), An Efficient Approximation For Opti-
mal Damping In Mechanical Systems, International journal of numerical analysis and
modeling, 14(2), 201-217.

[81] Puvaca, M., Jakovcevic Stor, N., Tomljanovié, Z., Mitchell T. (2020), Frequency-weighted
damping via non smooth optimization and fast computation of QEPs with low rank updates,

in preparation

In Chapter 2 we present three different approximation approaches of the parameter dependant
quadratic eigenvalue problem (PQEP). The first one is based on dimension reduction, and this
result is available in [104]. The second approach is based on first order approximations (result
is available in [82]), and the third approach is based on computation of eigenvalues of diagonal
plus rank one matrices (DPR1), i.e., it is based on exploiting the structure of the damping matrix.
This result is available in [81].

In Chapter 3 we present an application of approximations of parameter dependant quadratic
eigenvalue problem (PQEP) in perturbation theory, i.e., we use error bounds of the approxi-
mations from Section 2.2 to obtain the efficient estimation of perturbation bounds, that do not
contain perturbed eigenvalues and eigenvectors in the bound itself. Some results from Chapter
3 are also available in [82].

In Chapter 4 we deal with damping optimization and different optimization criteria, one of
the criteria is minimization of total average energy and the other one is frequency isolation, i.e.,
it is eigenvalue-based. For the second criterion we will use approximations of eigenvalues of
PQEP given in Section 2.3. We will distinguish two different criteria for frequency isolation,
first one is the minimization of spectral abscissa when there are no eigenvalues in fixed ellipses.
The second criterion is maximization of the major axes of these ellipses when there are no
eigenvalues in them and spectral abscissa is less then a given tolerance. This result is available
in [81]. The result in Chapter 4 based on minimization of total average energy is available in
[103].

We state PQEP as in (1.1) with parameter p in all matrices M(p), C(p), K(p), since in
Chapter 3 we discus perturbation theory of PQEP where perturbation can be in all three matrices.
Also, since in Chapter 3 we use error bounds of the approximations from Section 2.2 so in that
section parameter p will also be in all there matrices. On the other hand in all other sections
we are mainly focused on damping optimization, thus we will have parameter only in damping

matrix, i.e., p = v (v corresponds to viscosity parameter in damping matrix).

11
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Efficient approximations of PQEP

In this chapter we present three different approximation approaches of the parameter depen-
dant quadratic eigenvalue problem (PQEP) (1.1).
Since our goal is the application of eigenvalues in damping optimization where we need to

vary parameters to obtain the optimal one, the main issues we are addressing in this chapter are:

“How one can efficiently calculate the eigenvalues A;(p) (for all i = 1,...,2n, or just for one
important part of the spectrum) for a large variety of parameters p?”’, "How one can efficiently
calculate eigenvalues A;(p), foralli = 1,...,2n, if we already have eigenvalues A;(p) calculated,
foralli=1,...,2n, and the change in parameter is small enough, i.e., ||p — p0|| < &y, for given

tolerance &y ?”” and "How can we exploit the structure of the damping matrix to speed up the
computation of eigenvalues for different parameter p ?”
As we already mentioned, the above problem is related to the efficient solution of various

problems connected with damped mechanical systems (1.2), such as

1. efficient calculation of approximations of all eigenvalues or just of selected “most impor-

tant undamped eigenfrequencies” with corresponding error bounds,

2. efficient damping optimization where optimization criteria is minimization of spectral

abscissa, i.e., minimization of the (penalty) function anvck (p) = max Re(A;i(p)), where

=1l,...

A(p) are eigenvalues from eigenvalue problem (1.1), or frequency isolation or some other

spectrum dependant penalty functions.

This chapter is mainly devoted to the problems from item 1. A similar problem of efficient
calculation of eigenvalues A;(v), depending only on parameter of viscosity, has been considered
in [75] and [94]. In [75] authors present two different approximations, one for the case when
0<v; <1, and one for v; > 1, i = 1,...,s, while in [94] only the case v; > 1 has been
considered.

In [112, Chapter 19] and [75] the authors consider the approximation of eigenvalues A;(V)
for 0 < v; < 1 using the approach based on so-called modal approximation.

Approximations that will be presented in this chapter will be used in Chapter 4 considering

item 2.

12
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This chapter is organized as follows. Section 2.1 related to approximations of eigenvalues by
dimension reduction is divided into three subsections, where in Subsection 2.1.2 we calculate
all eigenvalues and in Subsection 2.1.1 we calculate just selected part of the eigenvalues. The
main result of Subsections 2.1.1 and 2.1.2 are a certain generalization of the results from [75]
and [112] that holds for v; < 1 on the set of parameters of modest magnitudes. We present an
approach that can be used for the efficient calculation of the whole spectrum or just a part of the
spectrum for problem (1.1), where parameters v;, i = 1,.. ., s, are of modest magnitude. However,
the notion of modest magnitude for viscosity parameters depends strongly on applications.

To the best of authors’ knowledge, the calculation of all eigenvalues with available algorithms
will not be always fully satisfactory for such a large parameter space. On the other hand, if one
is interested in calculation of just a few eigenvalues, some of the existing approaches like [38]
can be superior to our approach.

The approximations of eigenvalues that are presented in the next section are based mainly on
the ideas from papers [12] and [13], where the authors have considered damping optimization
based on the minimization of the total average energy.

Moreover, each of these subsections will provide error bounds based on the standard Ger-
shgorin type of bounds (see e.g. [37], [92]) and perturbation bounds like in [63], for given
approximations.

In Subsection 2.1.3 we illustrate, the performance of the approximations presented in Sub-
sections 2.1.1 and 2.1.2, and the quality of the given bounds.

In Section 2.2 we present a first order approximation based on Taylor’s theorem and corre-
sponding error bound. This section answers the question of efficient computation of eigenvalues
when the change in viscosity is small enough. In Subsection 2.2.1 we compare this first order
approximation with the first order approximation that appears in perturbation theory. Also, in
this section we illustrate accuracy of these approximations and error bounds.

In Section 2.3 we present an approach to efficient computation of eigenvalues and eigenvec-
tors in a case when we have the special structure of a matrix, i.e., if a matrix is diagonal plus

rank one (DPR1). Efficiency of this approach is illustrated in examples in Subsection 2.3.1.

2.1 Approximations by dimension reduction

Since our goal is to apply our approximations to damping optimization where only parameter
is viscosity v, in this section we will assume that mass and stiffness matrices are independent of
parameter p and that parameter p represents only viscosity of the damping matrix, i.e., p =,
which means that M (p) = M and K (p) = K.

In this section, instead of analyzing PQEP (1.1), we consider the corresponding linearized
parameter dependent generalized eigenvalue problem (PGEP) (1.9).

Also, in this section we avoid writing the dependence of matrices and eigenvalues (and other

quantities of interest) on viscosity parameters for the sake of easier notation. This dependence

13
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is assumed and it will only be sometimes written explicitly for emphasis.
The PGEP is given by (1.9) where

0 Q

A(v) = N .
) —Q —OTCyp @ —C(v)

Here the damping part that contains damping positions and viscosities is denoted by
C‘(V) = T Coy((v)P, where @ is given in (1.4) and Cex((v) is given by (1.3).

We distinguish two very important cases. In the first case we consider efficient approximation
for eigenvalues for the selected part of the undamped spectrum. Within the second case, we
consider efficient approximation for all eigenvalues. The procedures for approximations and

corresponding error bounds are given in the next two subsections.

2.1.1 The approximation of the selected part of the eigenvalues

Before we present the main result in this subsection, we briefly present results on dimension
reduction from [13], which allow us to efficiently approximate selected eigenvalues of the
parameter dependent generalized eigenvalue problem (PGEP). Here by dimension reduction we
mean that we replace the original problem containing matrices of dimension n by a problem
with matrices that have much smaller dimension.

In order to introduce this approximation, first we consider matrix P, i.e, the perfect shuffle

permutation, defined by

P - [€17€n+17€2,€n+27---aenann]7 (21)

where e; denotes i-th canonical vector. The perfect shuffle permutation is the permutation that
splits a set of even cardinality into two sets of equal cardinality and interleaves them, precisely,

] 2k —1, ifk<n )
it maps k — , for more see e.g. [13]. Then instead of the PGEP from (1.9),
2(k—n), ifk>n.

we consider a permuted one of the form
PTAPP”y = APTy, (2.2)

where A is given by (1.10).

Our approach is based on dimension reduction of the PGEP (2.2), for that purpose, we con-
struct an approximation of the matrix P AP. In order to obtain an appropriate approximation,
first we need to introduce an additional permutation denoted by matrix P. The additional permu-
tation takes into account the magnitude of elements of matrix C(v) = ®7 Coy (v)®, which plays
important role in our approximation. Moreover, the elements of the matrix & are closely related
to displacements of the corresponding modes and very often one can expect big differences in

magnitude of elements in matrix 6(V) (for more details on this approximation see [12], [13],
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[35]).
Let the vectors u € N” and it € N"~" be chosen such that the following conditions hold:

) puE=1{1,2,....n}%

1) u is the vector of indices of dimension r (! < r), where the first / elements of (t correspond
to the indices of eigenfrequencies of our interest (for example, eigenfrequencies which
have to be damped or excluded form some interval).

iii) 1 and u are index vectors such that max |C(fI(i), 1t(j))| < tol, for a given tolerance tol.
ij
The vectors u € N” and t € N"7" should be chosen such that r is as small as possible for
given parameters / and tol. A strategy for determining u, ut is discussed below.
Let us define a vector T € N” by 7(i) = u(i) fori=1,...,rand 7(i) = (i —r) for i =
r+1,....,n

The matrix P is the perfect shuffle permutation matrix and P=1 (:,7) ® I. Now for these
permutations it holds

0 o) 0 0 0 0
—Or(1)  —200(1) — Cr(1) (1) 0 —Cr(1),7(2) 0 —Ce(1) 2(n)
0 0 0 o) 0 0
0 —Cr(2),7(1) —0r2)  —200:2) — Cr(2) 1(2) 0 —C1(2),1(n)
Ap=| ‘ ' ‘ ‘ : 23)
0 0 0 0 .. 0 0
0 —Cr(n—1),2(1) 0 —Cr(n—1),2(2) 0 —Cr(n—1),2(n)
0 0 0 0 0 Orn)
L 0 6‘5()1);[(1) 0 76‘5(}1),1‘(2) R L 10)) 72(10(1)1(,1) - 6‘5(}1);[(71)_

with Ap = PTPT APP, for more see [12], [13] .
We are interested in dimension reduction which allows us to approximate eigenvalues effi-

ciently, thus we define an approximation matrix with

~ A 0
Ap=|"H1 : (2.4)
where
A= Ap(l 21 21‘) and Ay = Ap(2r—|— 1:2n,2r+1: 21’1) (2.5

for Ap given as in (2.3).

By this approach we reduce dimension from 2n to 2r, since we compute eigenvalues of Ay
instead of Ap. The parameter r is called the reduced dimension. Note that the more elements of
C are small by magnitude, the smaller the reduced dimension is.

Therefore, our approach is efficient when we have large amount of small elements in the

matrix C. This is often the case in non homogeneous systems, for more see [12], [13], [35]. On
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the other hand, when this is not the case, our approach will not be that efficient, e.g., in cases
with Gyroscopic system [6], [97].

Vectors i and  can be calculated adaptively using Algorithm 1, which can be found in
[13, Algorithm 1], where the indices that correspond to the selected part are included in the
vector i based on important (significant) undamped eigenfrequencies of our interest (for exam-
ple, those which have to be damped). These indices usually correspond to a certain percentage
of the undamped spectra, e.g. a certain percentage of the smallest undamped eigenfrequencies
or undamped eigenfrequencies within some interval. In order to achieve an efficient approxi-
mation, we ensure that all elements of the matrix C to be omitted are smaller up to the chosen

tolerance, i.e., we have that max |C(u(i), 7(j))| < tol, which will have a direct impact on the

)

corresponding error bound.

Algorithm 1: Construction of y and &
Require: tol;
vi, Ci,i=1,...,s — viscosity and the external geometry matrix for the ith damper;
t(1),u(2),...,u(l) —indices of the eigenfrequencies which have to be damped;
Ensure: u,u

o= [p(1),1(2),..., u(l)]

2: Determine vector i such that uUw ={1,2,...,n}
3: Z =1
4. C= CI>T(v1C1 +voCy+-- -+ VSCS)CI),
5. while7 =1do
6 M=max|C(un(), 1 (/)
7:  if M > tol then
8: Determine indices i, jo such that M = |¢;, j,|, while ensuring that jj is not used
before and ip contained in u
9: U= [AU’LIO]
10: Determine vector it such that u U = {1,2,...,n}
11: else
12: T=0
13:  endif
14: end while

Once we have obtained vectors ¢ and I, we can introduce Algorithm 2 for calculation of
eigenvalue approximations.

The following subsubsection provides two error bounds for the approximations obtained by
Algorithm 2.

2.1.1.1 Error bound for approximation of selected eigenfrequencies

The bounds for approximations of selected eigenfrequencies can be derived using several
different approaches usually used for error estimation in the eigenvalue approximation. One
approach is based on the standard Gershgorin type of bounds, like, e.g., in [37] and [92]. Another

16



Chapter 2. Efficient approximations of PQEP

Algorithm 2: Approximation of eigenvalues that correspond to selected eigenfrequen-
cies
Require: ., ® - such that ®TKP = Q? = diag(w?,...,®?) and DT MP =1,
vi, Ci, i=1,...,s — viscosity and the external geometry matrix for the ith damper;
t(1),u(2),...,u(l) —indices of the eigenfrequencies which have to be damped;
tol — tolerance needed for Algorithm 1.
Ensure: approximation of eigenvalues
1: Determine vectors it € N"~" and u € N" using Algorithm 1,
2: Q= diag(a)u(l), @y (2)5- -5 COM(,,)),
3: 6: CIDT(v1C1 +vCy+ -+ VSCS)CI),

Q,

. . 0
4: Calculate all eigenvalues of matrix | Q 200, —C ()|

approach is based on perturbation bounds from [63].
First, we present a bound based on the bound from [63, Theorem 4.1]. In order to derive the

error bound, here we consider matrix

_|An An
P

— (2.6)
Ayl Ax

that corresponds to block partition of matrix (2.3), where A1 is block of dimension 2r. Moreover,
let Ap correspond to the perturbed equation (2.4).

We establish a bound on |I — A|, where A is an eigenvalue of Ap and A is an eigenvalue of
Ap.
Theorem 2.1 Let Ap and Ap be as in (2.6) and (2.4) (i.e., Ap is obtained by Algorithm 2).
Furthermore, let matrices Ap and Kp be diagonalizable. If I,- is an eigenvalue of A1y, and if

Aii = min ’i,'— >0,
M2 () pEG(A22)| P

then Ap has an (exact) eigenvalue Ay ;) such that

[A12]2]|A21 |2

> |
IAi — Az | < K2(X) 2.7
g n2(4:)

where matrix X is a matrix that diagonalizes Ap.

Proof. The proof follows directly from [63, Theorem 4.1], where the bound for diagonalizable
non-Hermitian pencils A — AB, has been presented, by setting B =1 and 6B = 0. [

The application of bound (2.7) makes sense if k»(X) has the modest magnitude and if gap

M2(A;) can be calculated efficiently and is not too small. For the purpose of clarifying this, we

present the following remark.
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Remark 2.1. Since throughout this section we are interested in calculation of the approximation

of the part of the spectrum (A;, i = 1,...,r), we can assume that X can be written as
2r 2n—2r
2r X
X — 11 7
2n—2r I

where X diagonalizes A1. Then it follows from (2.7) in Theorem 2.1 that

|A12]]2]|A21 (]2

i — Ani| < k2(X11)
i ()

(2.8)

where

m(k)= min [4—p[>0.
pEG(A22)

On the other hand, one can notice that in general calculation of the gap 1m,(4;) can be
demanding, especially if r < n, i.e., when A, has “significant” dimension.

If that is the case, bound (2.7) or (2.8) can be applied using the simple estimation for 712(11')
based on the approximation of the spectrum of the matrix A,;, which can be obtained easily.
As we explain in more detail in the next section, one example of a matrix with the “significant”

dimension is A of the following form

n 0 N
Axp = @ W)+ Exn, where W= s
=t —@; —Y—Cij

and where || Ey; || has a modest magnitude. The spectrum of the matrix Ay, can be easily approx-
imated with eigenvalues of ;. Here parameter 7; depends on internal damping. In particular, if

internal damping is a small multiple of critical damping defined in (1.20), then ¥; = 20 ;.

We would like to note that bounds (2.7) and (2.8) can be useful if the gap 1,(A;) can be
estimated efficiently and accurately, which in general will not be possible. Thus, in what follows
we present an error bound in terms of Gershgorin eigenvalue bounds. Similarly to the above, we
assume that we have determined index vectors T and i such that max |C(TZ(i), ()| < to1 for
a given tolerance tol. Then, in order to apply the Gershgorin boutlljd, we diagonalize the block
A11, and for this we assume that all eigenvalues from the block A1 are simple. In most cases,
this is true. But even if the eigenvalues are not simple, we can still obtain the approximations,
but without this error bound. Let X;; be such that

A =XnAnX,', (2.9)
where Ap; is given by (2.5). Here, diagonal elements of the matrix Aj; = diag(zl, . ,Izr)
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provide approximations of desired eigenvalues given by Algorithm 2. Then, using the block
diagonal matrix

X1 O
0 I

1=

we obtain
—1
A XA

AnXyy  Ap

X 'ApX| =

In order to obtain an error bound that separately provides an error for each eigenvalue, we
apply the Gershgorin theorem (see, e.g. [37], [92]). Here, we use a row version of the Gershgorin

bound; thus, for each i there exists an index 7 (i) such that the following bound holds:

- 2n—2r
i = Agiy(AP) < Y (X Ar2)ijl (2.10)
j=1
fori=1,...,2r, where Ay, and X are given by (2.6) and (2.9), respectively.
Now, once we have the two error bounds, a legitimate question is which of the bounds, (2.8)
or (2.10), is better? As we will show in Subsection 2.1.3, sometimes bound (2.8) is better and
sometimes it is (2.10), thus the best option would be to take the minimum of both derived bounds

for the given eigenvalue approximation.

2.1.2 The approximation of all eigenvalues

As before, we apply the perfect shuffle permutation matrix P and add an additional permuta-
tion that allows us to approximate all eigenvalues. In order to achieve that, we need to determine
all elements from the matrix C = &7 Ce® with absolute value larger than a given tolerance.
Thus, apart from the permutations from the previous section, here we determine vectors € N”

and ¢ € N7 chosen such that the following conditions hold:
i) uupm={1,2,...,n}.

ii) @ and pu are index vectors such that max IC(T (i), u( J))| < tol for a given tolerance tol.
ij

iii) 1 and u are index vectors such that max |Cog(i, j)| < tol for a given tolerance tol, where
ij

matrix Copr € R(7%("=1) contains off-diagonal elements from matrix 6(E,H), ie., itis
given by
5o C@EG.EG), i# ),
Coff(l7]):{ 0B .
0, i=]j.
Here we also try to obtain vectors 4 € N” and i € N7, such that r is as small as possible,
but since we are interested in all eigenvalues we will obtain the reduced dimension which is
always at least as large as in the case of approximation of the important (significant) part of the

spectrum.
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Moreover, since we have more demanding conditions for the determination of the first r
indices, it is more likely that the final reduced dimension is larger than in the previous section.
On the other hand, we are able to approximate all eigenvalues, so it is natural to expect that the
bigger reduced dimension is needed.

Now, similarly to the previous section, we define a vector T € N” by 7(i) = u(i) for i =
l,...,rand 7(i) = u(i—r) fori =r+1,...,n. With this permutation, our aim is to approximate
all eigenvalues of the matrix Ap from (2.3).

In this case, we approximate the matrix Ap by the matrix

_ A 0
Ay— A ’
0 Axp
with
A =Ap(1:2r1:27), 2.11)
Ap= P Y.
i=r+1
0 ;
P, = Co. (2.12)
—0 =Y G

Due to the block structure of our approximated matrix Ap, in order to efficiently determine
approximation of all eigenvalues, we need to determine eigenvalues of the matrix A, while
eigenvalues of the matrix A,» can be calculated by a formula. Thus, the matrix W) given by

(2.12) has eigenvalues

=% —Cii — \/(}’i—i—@ii)z — 40}
fori=r+1,...,n,
2 (2.13)
—Yi—Cii+ \/(}’i+5ii)2 — 40}
2

A1 =

Aoy =

fori=r+1,...,n,

where &; = Y3 vi®(:,i)TC;®(:,i) and ¥ = 2 0.

All of the above-mentioned is summarized in Algorithm 3, which calculates approximation
of all eigenvalues.

In the next subsubsection we provide an error bound for the approximations given by Algo-
rithm 3.

We would like to emphasize that in general the new approach (summarized in Algorithm 3)
improves the approximation technique studied in [75] and [112] (derived specifically for a small
viscosity v < 1). More precisely, using Algorithm 3 with a tolerance tol large enough, one can
obtain approximations of the same quality as in [75] and [112]. On the other hand, a smaller

tolerance tol leads to the reduced dimension r > 0, that further ensures a better approximation
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Algorithm 3: Approximation of all eigenvalues
Require: o, ® — such that T K® = Q? = diag(w?,...,®»?) and D' MP =1;
vi, Ci, i=1,...,s — viscosity and the external geometry matrix for the ith damper;
tol — tolerance needed for determination of the vector 7.
Ensure: approximation of eigenvalues
1: Eachindex i € {1,...,n} such that |¢;;j| > tol for some index j # i, is included in vector of
indices u. The number of elements in ( determines r and i is such that
pupm={1,2,...,n}.
2: Q= diag(a)#(l), @y (2)5-++5 (D'u(r)),
3: C =@ (vC) +2Cy + -+ +v,Cy) D,
4: Calculate all eigenvalues of matrix

0 Q,
_-Qr _2ac-Qr - C(p, p) ’

5: Calculate other eigenvalues using formulas (2.13).

than the one from [75] and [112], as we will illustrate in the numerical experiments.

The benefits of the new approximation technique over the approach, which has been derived
specifically for small viscosities v; in [75] and [112], are illustrated in the Subsection 2.1.3,
especially Figure 2.3 illustrates the eigenvalue behavior obtained by formulas (2.13) as well as

the approximations that were also obtained by Algorithm 3 for the tolerance tol large enough.

2.1.2.1 Error bound for approximation of all eigenvalues

In this subsubsection, we present error bounds for the eigenvalue approximations made by
Algorithm 3 in the sense of Gershgorin. We assume that for the fixed viscosity v we have
determined index vectors {f and u as in Algorithm 3.

Similar to (2.3) our matrix of interest can be written in the block diagonal form as:

Ay A
Ap— A A ,
Ay Ap

where A1 is a matrix of dimension 2r X 2r. Now, our approximation corresponds to a matrix

Ap =

ZH 0
0 @, ¥
where ¥, is given by (2.12).

As in the previous section, we assume that all eigenvalues of Ap are simple.

In order to apply the Gershgorin bound we need to diagonalize all diagonal blocks of the
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matrix Ap. Thus, we first diagonalize the block Aj1, i.e., we calculate the matrix X;; such that
A =X diag(Ar, ..., A X (2.14)
where elements
Moeoi oy (2.15)
provide the approximations of true eigenvalues.

Moreover, we need to diagonalize all two-by-two matrices W;(;) fori =r+1,...,n. For

2

that, we assume that (¥z(;) + Cz(i)z(i))” — 400%(1.) #0fori=r+1,...,n; thus there exist matrices

Y, 1,41,.-, Y, such that
oo = Yadiag(Aoio1,A2))Y; ', i=r+1,....n,

where ‘Pr(i) and 125_1, Izi are given in (2.12) and (2.13), respectively.
Then, using a block diagonal matrix

~ X ~ n
= |71 | with Xm=| D W (2.16)
0 X I=r+1
we obtain R
SN A XA X
AR = A,l—” 11 A12X22
X5, A21 X1 Ay
with
Ay = X5, A X, (2.17)

where )/(\22 is given by (2.16).

Similarly to the previous section, we apply the Gershgorin theorem. To the upper and
the lower diagonal block we apply a row version of the Gershgorin bound; thus, for each i €
{1,2,...,2n} there exists index (i) € {1,2,...,2n} such that the following bound holds:

. 2n N
i — Az (AP) < ) ’(XﬁlAanz)ijv i=1,...,2n

j=r+1

. 2r
[ Azic1 — Ag(aimny(Ap)[ < )
=1

()?2_21221X11>

2i—2r—1,j
n—2r
+ Z |(AY)2i72rfl,j|7 i=r+1,...,n, (2.18)
=1
j7é2ji—2r—l

- 2r
|2i = A (i) (Ap)| < )

(22_21221)(11)
=1

2i—2r,j
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n—2r

+ Z |(AY)2i72r,j}a i:r+17"'an7
=1
j7é]2i72r
where r is the number of elements in the vector  and Ay and )?22 are given by (2.17), (2.16),
respectively.
In what follows we will present another bound of similar type (Gershgorin type bound) from

[94], which will be used for the comparison in the next subsection. In [94] author considers

following quadratic eigenvalue problem
(A2(V)M +A(v)vC +K)x(v) =0, (2.19)

where v is a positive real number that represents viscosity. In order to apply Gershgorin type

bound, (2.19) is linearized in the following way

7= Az, (2.20)

where A = M_%CM_%, B=M"2KM~7 and rankC = 7. Let p1,pP2,--.,Pr be nonzero eigen-
values of —vA, then [94, Lema 3.3.1] gives Gershgorin type bound. For each i € {1,2,...,2n}
there exists index (i) € {1,2,...,2n} such that the following bounds hold

~ 1
il < [|B]3, i=1,...,F
~ 1 (2.21)
|Ai—pﬂ(i)|§||B||22, i=r+1,...,2n,
where
0,p1,P2,---,P¢ (2.22)

are approximations of eigenvalues of (2.19) where multiplicity of eigenvalue O is 2n — 7.

2.1.3 Numerical experiments

In this subsection, we present two examples. In these examples we will compare our approx-
imations with exact eigenvalues obtained by MATLAB’s function eig in double precision, for
more on eig see [37],[27].

In the first example, we consider the eigenvalue behavior for all eigenvalues considered in
Subsection 2.1.2 and we compare our bounds given in (2.18) with the bounds given in (2.19). In
the second example we illustrate the quality of eigenvalue approximation given by Algorithm 2,

where we are interested in the behavior only of the part of the undamped eigenfrequencies.

Example 2.1 We consider an n-mass oscillator or oscillator ladder with two dampers, which

describes the mechanical system of n masses and n + 1 springs, shown in Figure 2.1. Similar
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models were considered e.g. in [12], [13], [107] and [112].
For this mechanical system, the mathematical model is given by (1.1), where the mass and

stiffness matrices are

M = diag(ml,mz,...,mn),

ki+ky —ko
—ky  kotks —k3

—Rp—1 kn—1+kn _kn
_kn kn + kn—H

Mass and stiffness are given by the following configuration

1200—2i, i=1,...,200,

n=1000; k=
4i, i=201,...,n.

%2
7

2

7

2

m 2

n %

2

2

%2

7

n n 2
7

2

7

2

Figure 2.1: n mass oscillator

We present two cases: in case a) we show the quality of the obtained approximation and the
eigenvalue behavior while we vary viscosity parameters and in case b) we compare our approxi-
mations given by (2.13) to the approximations given by (2.22) and our bound given in (2.18) to
the bound given in (2.21).

Case a)

The damping matrix is C(v) = Cip + Cext(V), where the internal damping Cjy, is defined as
in (1.20) with o, = 0.02. We consider two dampers of different viscosities, i.e., v = [vi,v3];
thus external damping introduced in (1.3) is defined by Cexi(V) = vieje! +vae je]T, where 1 <
i < j < n. We can consider different damping positions, but in order to illustrate benefits of our
approximation technique, while we vary viscosities, we fix damping positions to i = 600 and
J =900, with viscosities which vary over the feasible interval.

For the purpose of an easier illustration of the eigenvalue behavior, we consider the following
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configurations of viscosities:

(mwﬁ=<£w» v=1,2,....100. (2.23)

For the tolerance needed in Algorithm 3 we use tol =5-107%.

%107

3.9

3.8

3.7

' R T
3.6 ]

exact eigenvalues

35k X approximation by (2.13) ) _
' - approximation by (2.11)

34r .
331 i
®
800000 o eC RREERERR:
32 \ \ \ | \ \ L \ \
-11 -10.5 -10 9.5 -9 -8.5 -8 -7.5 -7 -6.5
%107

Figure 2.2: Eigenvalue behavior for Example 2.1

First, in Figure 2.2 we illustrate the eigenvalue behavior when parameter v varies as it
is given by (2.23). The exact eigenvalues are denoted by red circles, on the other hand, the
approximations obtained by formulas (2.13) are denoted by black x-es, while the approximations
obtained by solving a small eigenvalue problem defined by matrix A;; from (2.11) are denoted
by blue dots. Here we should note that we plot the eigenvalue behavior only for small parts of
considered eigenvalues, since otherwise it would be hard to follow all eigenvalues in one figure.

In Figure 2.3, we illustrate the benefits of our approximation technique over the approach
derived specifically for a small viscosity v, which was studied in [75] and [112]. We plot
the eigenvalue behavior obtained by using modal approximation from [112]. The following
approximation can also be obtained by Algorithm 3 by setting large enough tolerance tol. We
can conclude that modal approximation does not capture the main behaviour of eigenvalues,
while our approach achieves eigenvalue tracking efficiently.

Figure 2.4 shows the relative errors for the eigenvalues and the upper bounds for the relative

errors for the viscosity v = 10, where the reduced dimension is r = 416. We plot relative errors
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3.5 | O exacteigenvalues
X approximation by (2.13)
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Figure 2.3: Eigenvalue behavior for Example 2.1 for the approximation obtained using only
formulas (2.13)

greater than 10~12 only for a half eigenvalues, because they are all symmetric with respect to
real axis, which implies the errors are also symmetric.

In order to illustrate the magnitude of the reduced dimension while we vary parameter v as
in (2.23), we show reduced dimension r in Figure 2.5, where r varies from r = 0 (meaning that

we use only formulas (2.13)) to r = 733, which is 73.3% of the full dimension.
Case b)

In this case the damping matrix contains only external damping C(v) = Cex(V), SO we can
compare our bounds given in (2.18) with the bounds given in (2.21).

We consider two blocks of dampers with different viscosities, i.e., v = [v, v2]; thus external
damping is defined by Cex((V) = vi(eje] + - +ejra9el, 1) +vz(ejejr +--- +ej+49eJT.+49), where
1 <i< j<n.Wecould consider different positions of blocks, but in order to illustrate benefits
of our approximation technique while we vary viscosities, we fix block positions to i = 600 and
J =900 with viscosities which vary over the feasible interval.

For the purpose of an easier illustration of the eigenvalue behavior, we consider the following
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F relative error bound
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Figure 2.4: Relative error for Example 2.1 for v =10, r = 416.

configurations of viscosities:

(v, v2) = (2,\/), v=1,2,...,100. (2.24)

For the tolerance needed in Algorithm 3 we use tol = 107>,

Figure 2.6 shows the relative errors for the approximations of eigenvalues given in (2.13) and
(2.15) and the corresponding upper bound given in (2.18) for the relative errors, furthermore, it
shows the relative errors for the approximations of eigenvalues given in (2.22) and corresponding
upper bound given in (2.21) for the relative error, for the viscosity v = 1000. For this viscosity,
the reduced dimension for the above given tolerance was r = 750. We plot all relative errors
greater than 10~ !2 for all real eigenvalues (from 901 to 1100 on Figure 2.6) and only the half of

the errors for complex eigenvalues (from 1 to 900 on Figure 2.6), due to the symmetry.

In the previous example, we have considered the eigenvalue behavior of all eigenvalues. In
the next example, we illustrate our approach on the case when one is interested in calculation of

a part of the spectrum.
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Figure 2.5: Reduction dimensions r for Example 2.1 forv=1,2,3,...,100
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Figure 2.6: Relative error for Case a) in Example 2.1 for v = 1000, r = 750.
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Example 2.2 We consider a mechanical system shown in Figure 2.7 with three rows of d masses,
which gives 3d + 1 masses and 3d + 4 springs. Here we consider three dampers of the same
viscosity. In each row damper acts only on one mass. Each row has springs of the same stiffness
equal to ki, ko, k3, respectively. The last mass ms3;1 is connected to the fixed base with the

spring with stiffness k4.

mM3dq+1 —\N—1%

N Mg ] —AN— M2 42 —— M3q —AN— %

Figure 2.7: 3d + 1 mass oscillator

A mathematical model for the considered vibrational system is given by (1.2), where the
mass matrix is

M = diag(my,my,...,my,).

The stiffness matrix is defined as

K —Ki
K —K
K- 22 2 ,
K33 —K3
—K‘IT —K2T —3T ki+ko+k3+ kg
where _ -
2 -1
0
-1 2 -1
Kl:kl 5 K = 5 l:172,3
0
-1 2 -1
ki
-1 2
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We consider the following configuration

d =400, n=3d+1=1201,
mi=i, i=1,....n,

ki =1, ky=20, k=40, ks=>50.

Similarly to the previous example, for the sake of easier illustration of the obtained results, we
fix damper positions. We set them to 840,960, 1200. Since the three dampers have the same

viscosity v, the damping matrix is equal to
. T T T
C(v) = Cing +Cexi(v), with, Cex(v) = vegaoegag + veosneogn 1 ve1200€1200

where internal damping is given by (1.20) with ¢ = 0.001. In this example, in Algorithm 2, we
use tolerance tol = 10~%.

100 I I T
relative error bound (2.10)
relative error bound (2.8)
O relative error
10 ) i
@
@ o ®
T o® @
F @
1010 o @ %
P o @
) @ @
@ o . ]
@ @ ® D @ o 2D D D)
o @ @ @y~ @ @ "o @p qﬁ? i
10'15 \ ! o -t i oo AL IY)
0 20 40 60 80 100 120

eigenvalue index

Figure 2.8: Relative error for Example 2.2 for v = 1.9, r = 60.

We illustrate the quality of eigenvalue approximation given by Algorithm 2, where we
are interested in the behavior (in damping) only of the part of the undamped eigenfrequencies
larger than 0.1 and smaller than 0.11. In this example this means that we need to consider the
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eigenvalue behavior of only 49 undamped eigenfrequencies which gives the parameter [ = 49
in Algorithm 2. Undamped eigenfrequencies w; for i = 335, ...,383, where @; from (1.4) are
sorted in increasing order and their indices define vector u required in Algorithm 2.

Figure 2.8 contains the relative errors and the bounds derived in Subsection 2.1.1.1. In partic-
ular, red circles denote true relative errors with respect to eigenvalues calculated by MATLAB’s
function eig. Blue dots show the relative errors for the bound given by (2.10) while the error
bound given by (2.8) is presented by green triangles. The figure shows the quality of the derived
upper bound for the fixed viscosity v = 1.9, where Algorithm 1 returned the reduced dimension
r = 60. Thus, instead of only 98 eigenvalues, that we would like to track, we have obtained
approximations for all together, 120 eigenvalues.

As one can see from Figure 2.8, there exist eigenvalues for which bound (2.10) is better,
but there also exist eigenvalues for which bound (2.8) gives a better estimation for the error.
In general, this can vary as we change the viscosity v, so the best option would be to take the
minimum of both derived upper bounds. Moreover, there are cases where the bound (2.10) is

less then the error, which is the result of the tolerance taken into account in Algorithm 2.

0.11 @@@@@‘@@@@@@@@é@@@@@@@@‘@@@@@@@@@@
0.109 - — -
0_ 108 | 00000°000000000000000000000000.) i

0.107 1 |

(O]
0.106 X

®
0.105 (000000000000000000000000000000C)

0.104

0.103 -
0.102 -
O exact eigenvalues
0.101 - approximation by Algorithm 2
0.1 ‘ ‘ ‘
-1.3 -1.25 -1.2 -1.15

Figure 2.9: Eigenvalue behavior for Example 2.2

The eigenvalue behavior is shown in Figure 2.9, where blue dots denote approximations
obtained by Algorithm 2, while red circles denote exact eigenvalues. We would like to note that
the reduced dimension was r = 60 while v =0.05+40.1-i,i = 0,...,30. Moreover, since we

consider the undamped eigenfrequencies larger than 0.1 and smaller than 0.11, in Figure 2.9 we
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plot eigenvalues whose imaginary parts belong between 0.1 and 0.11. From this figure, but also
from Figure 2.2, we can note that we have achieved satisfactory eigenvalue tracking even for

moderate viscosities v, while we ensure efficient error bounds for the obtained approximation.

In this section we presented how one can compute approximations of eigenvalues (all or just
a selected part of them) when the parameter is of the modest magnitude. This is an addition
to the work presented in papers [75], [94] where authors present approximations for the cases
when, respectively, parameter is very small and very large.

The quality of the error bounds as well as the accuracy of the achieved eigenvalues was
illustrated in several numerical experiments.

Furthermore, in the next section we present first order approximation of eigenvalues which

can be used to see how eigenvalue will change if we make a small change in the parameter.

2.2 First order approximations of eigenvalues

In this section we present the first order approximation of eigenvalues, based on Taylor’s
formula for multivariate functions, and the corresponding left and right eigenvectors. This result
leads to efficient approximation of parameter dependent eigenvalues and answers the second
question from the beginning of this chapter: "How one can efficiently calculate eigenvalues
Ai(p), for all i = 1,...,2n, if we already have eigenvalues 2;(p°) calculated, for all i = 1,...,2n,

and the change in parameter is small enough, i.e.,

p—pY| < €0, for given tolerance gy ?”

For details on Taylor’s formula see [83, 54]. In this section, for the sake of generality, we
again assume that all matrices M(p), C(p), and K(p) depend on parameter p.

Let x(p) and y(p) be the right and left eigenvector, respectively, that correspond to the
eigenvalue A (p) of the PQEP for a given parameter p = [p1, pa, ..., pm] € R™.

The PQEP has 2n eigenvalues, so we denote i-th eigenvalue with A;(p) foralli € {1,...,2n}.

For the i-th eigenvalue and corresponding eigenvector (1.1) can be written as:

(A7 (p)M(p) + 2(p)C(p) + K (p))xi(p) =0, x;(p) #0. (2.25)

We assume that eigenvalues given by (2.25) are all simple. Furthermore, since we are using
Taylor’s formula for eigenpair approximation, we need to assume or prove that the derivatives

exist.

Theorem 2.2 ([2]) If A(p®) is a simple eigenvalue of (2.25) for p = p° then there is a neigh-
borhood of p® on which there exists an eigenvalue function A;(p) and right and left eigenvector

function that are all analytic functions of p.

In [2], the authors state a general version of Theorem 2.2. However, the detailed proof is not

given.
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For easier notation in the following lemma and theorem we denote

P2(A(p) = A*(p)M(p)+A(p)C(p)+K(p). (2.26)

Lemma 2.3 ([2]) Let A (p°) be a semisimple eigenvalue of 22(A (p)) and x(p°) € Ker(2 (A (p?))),
x(p") # 0. Then (24.(p")M (p°) +C(p%))x(p) ¢ Im(2(2(p"))).

Proof. We need to use the “local Smith form” for &2(A(p)) [36]. In a neighbourhood of an

eigenvalue A (p”) we have

Z(A ) = EA(p))DA(P)F(A(p)); (2.27)

where

D(A(p)) = diag[(A(p) = A(P") ..., (A(p) — A (p"))™], (2.28)

E(A(p)) and F(A(p)) are matrix polynomial invertible at A (p°) and oy > &z > ... a1, > 0 are
the partial multiplicities” of A (p°)(see [36] for more details). Since properties of Z(A(p)) at
a fixed p are all that are required here, we omit p in further notations.

Let Eg = E(A(pY)),Fy = F(A(p®)) and A (p) be a semisimple eigenvalue. Thus, for some
Kooy = =04 =1and Ggj = =&, = 0. Thus, if D; = 224 _ giag[1, 0] and D, =
D(A(p°)) = diag[0,1,_;], then

PA(p°)) = EoD2Fy, (2.29)

and 22 (A (p°))x(p®) = 0 implies D, Fyx(p°®) = 0, since Ej is regular. Thus

%}L@O))x(po) =22(p")M(p") +C(p"))x(p")

_ (315(/1(1)0))

OF (A(p°
=55 D2F0+EOD1F0+EODZM> %) (2.30)

oA

0
aF(l(p ))>x(p0)

= (E()DlFo)X(pO) + <EOD2 I

Let us assume that (24 (p°)M (p°) +C(p®))x(p®) € Im(Z(A(p°))) then there exists u such that
7, 0
%x(po) = 2(A(p))u. Furthermore, from (2.30), (2.29) and the face that E is regular

we obtain

0
(D1F0+D2W) X(po) = Dy Fyu. (2.31)
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Now from

8F(7L(p0))) (2.32)

D Fox(p°) = D, (Fou -5

it follows that D Fox(p®) = 0, since D; annihilates (k -+ 1)st to nth element in a vector and D;
annihilates first k elements of a vector, which means that both sides od equality (2.32) have to
be 0. As we know D,Fyx(p’) = 0, we can conclude that Fyx(p®) = 0, i.e. since Fj is regular,
x(p®) = 0 which is contradiction.

Therefore, if 22(A(p°))x(p®) = 0, and x(p°) # O then

2A(P°)M(p°) +C(p°))x(p") ¢ Im(2(A(p°))). (2.33)
0

Theorem 2.4 ([2]) Z(A(p)) has a simple eigenvalue A(p°) if and only if Z(2(p°)) has rank
n—1, and y(p°)*(2A(p°)M(p°) + C(p®))x(p°) # 0 where x(p°) and y(p°) are right and left
eigenvector of Z2(A(p®)), respectively.

Proof. [ = | Let A(p°) be a simple eigenvalue, then it is also semisimple eigenvalue, so
in (2.28) we have o = 1, op = --- = o, = 0, and rankZ(A(p?)) = n — 1. If x(p°) is right
eigenvector that corresponds to A(p®), then, from Lemma 2.3 follows that (2A(p®)M(p°) +
C(p°)x(p®) ¢ Im(Z2(A(p?))). If y(p°) is left eigenvalue that corresponds to A(p®), i.e.,
y(p°)*2(A(p°)) = 0, y(p°) # 0, then y(p°) is orthogonal to the (n — 1) - dimensional sub-
space Im22 (A (p?)), but not to the vector (22 (p)M (p°) + C(p®))x(p°) since (2.33). Therefore,
¥(B%)* (22 (p)M(p) + C(p°)x(p?) 0.
[<=]Lety(p®)*(2A(p*)M(p®) +C(p°))x(p®) # 0 holds. If rank Z (A (p°)) = n— 1, then from
(2.28) follows that ap = --- = oy, = 0. If ¢¢; > 2, which means that eigenvalue is semisimple,

then from Lemma 2.3

0

97O () =22 (0 (0) + C(0") ()

_ <—3E<§ip ))D2F0+EO%§LP°>>FO+EODZ‘9F %}L"O))) (%) (234)

0 0
— (%Dﬁo) x(p") + (E0D2w> x(p"),
% = diag[oy (A(p) —l(PO))al_lva 0]
nd >21i.e.,
mes e aD((p"))
=" =0

Furthermore, Z(A(p°))x(p®) = 0 implies D2Fyx(p®) = 0 and y(p°)* Z(A(p")) = 0 implies
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EoD>x(p®) =0, since both Ej and Fy are regular, and thus y(p®)* (22 (p°)M (p®) 4+ C(p°))x(p°) =
0, which is contradiction. Hence y(p®)* (24 (p®)M (p°) + C(p®))x(p°) # 0 implies o = 1, and
A(p°) is simple eigenvalue. O

According to Theorem 2.2 and Theorem 2.4 we assume that all eigenvalues are simple,

which imply
rank(A7(p)M(v) +(p)C(p) + K (p)) =n—1.

Now, using the partial derivative of (2.25) with respect to py we get

(20015 OIM@) + 22 0) o )+
dA aC JdK
SR IC)+ A B) 5o ()5 (B) )5+ @.39)

(A2 @M(P) + % (R)C(P) + K (P) 5 () = 0.
From this we get the following lemmas.

Lemma 2.5 ([2]) Let A;(p) denotes function A;: R™ — C that corresponds to the i-th eigenvalue
which is simple. Furthermore, let x;(p),y;(p) denote functions x;: R” — C",y;: R" — C"
that correspond to the i-th right and left eigenvector, respectively and y!(p)(2A;(p)M(p) +
C(p))xi(p) # 0, foralli € {1,...,2n}, then for p € Qo = {p € R™: ||p —pY| < €p0 }» wWhere
€po is given tolerance, the partial derivative of 4;(p) with respect to p; is given by

o 7 () (A2 () 34 (p) + 24(p) 3 (p) + 35 (p) ) xi(p)
B yi(p)(24:(p)M(p) +C(p))xi(p) ’

Proof. By multiplying the equation (2.35) by y}(p) from the left side one obtains

i=1,...2n  (2.36)

31 0) (5 0) AP (B) + CO0) + A G () +
k oK N\ (37
A5 ()4 50 () lp) =0,

since y; (p) (A7 (p)M(p) + A:(p)C(p) + K(p)) = 0. Now, (2.35) follows directly from (2.37).
O

The similar formula for derivative of eigenvalue for p € R can be found in [112], and in [109]
Aa et al. derived formulas for eigenvalue and eigenvector derivatives for a general complex-
valued eigensystem. In [65] authors present a numerical way of computing partial derivative of

eigenvectors.
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Lemma 2.6 ([2]) Let the assumptions from Lemma 2.5 hold, then the partial derivative of x;(p)

over py is given by

ox; oA oA
. (p) = PIi(p) (%(p) (P)M(p) +5—(P)C(p) +
dp d P I Pk (2.38)
) aC IK '
A (P)a—m(P)Jrli(p)&—m(p)*'a—m( ))Xi(P), i=1,....2n,
where
PIi(p) = — (A7 (p)M(p) + Ai(p)C(p) + K (p))T- (2.39)
Proof. The proof follows directly from (2.35). [

Term PI;(p) includes Moore-Penrose pseudo-inverse of a matrix. For a matrix A, pseudo-
inverse is denoted by A*, more details on pseudo-inverse of a matrix can be found, e.g., in [29].
From Lemma 2.5 and Lemma 2.6 we can write gradient vectors of functions 4;(p) and xl(l) (p)

in the following way:

Tup) = | ) G2 - F0) . (2.40)
WO gl N
T (p) = [%(p) @) - %(p)}, (2.41)

where xl(l) (p) is Ith component of vector x;(p), [ = 1,...,n.
Since we assumed that eigenvalues of PQEP (2.25) are simple, and therefore analytical with
corresponding partial derivatives, we can obtain the first order approximation based on Taylor’s

theorem for multivariate functions. More precisely, the following theorem holds.

Theorem 2.7 ([2]) Let the assumptions from Lemma 2.5 hold. Moreover let 7 (A;(p)) be the
Hessian matrix of function A;(p). For parameters p € R” and p® € R™ there exist scalars
0 <t1,tp <1 such that

2i(p) =Ai(p°) + T (:(p") (p—p°) +
| (2.42)
5P p°) " H(A(@* +t(p—p°))(p—p°),

A (p) =" (%) + 7 (" () (p — %) +

1
E(P —PO)TH(X,(I)(PO +6(p—p°)(p—p°) fori=1,....n

(2.43)
Where J (A;(p?)) and J (xl(l) (p%)) are given by (2.40) and (2.41), respectively.
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Now, we are able to calculate approximations of the eigenvalues and provide error bounds

for obtained approximations.

Corollary 2.8 Let the assumptions from Lemma 2.5 hold, then the approximation of eigenvalue

I,-(p) can be calculated as

Zi(p) = Ai(p°) + T (Ai(p")) (P — p°), (2.44)
and the error bound is given by

= 1
%i(p) = Xi(p)| £ SMill(p— )|, (2.45)

where M; = m[(z)uli] (IHA:(p° +¢(p—p®))|)). Approximation of eigenvector X;(p) can be calcu-
te
lated using
VR
(2) (1,0
J (%7 (p"))
(p—p")- (2.46)

T (" (p%)

Moreover elements of 7 (4;(u)), where u = p® +¢(p — p°),# € [0, 1], are given by the fol-

lowing formula

(
y}"(ﬂ)(%( u)M(u )+C( ))xi(u) (2.47)
M —}—)L( ) 0%C (ll) 2’K ( )) X,‘(ll)

u) dpkdp;
w) (224 (w)M (u) + C(w))x;(u)
y?(ll)(—Nk(U)PIi(u)Nj(U)— j(w)PL; () Ny (u) )x;(u)
yi (w)(22;(w)M (u) 4 C(u))x;(u)

Y

where

Ziju) = %(u) (27Li(u)§—24iu L 9¢ )
dA; oM aC
S (A S + 5w

dA; dA;

S )+

Nj (ll) = 27Lk (u)
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and P[;(u) fori = 1,...,2n is given by (2.39). In general, computing M; is not easy, since we
maximize norm of the Hessian over parameter ¢ and for each computation of Hessian we need
eigenvalues and eigenvectors that correspond to PQEP (1.1) with parameter p® 4-¢(p — p°), for
given p,pY, i.e., computation of M; requires solutions of a sequence of related PQEPs, which is
time consuming. As a result instead of computing M;, we approximate M; by using I,-(p) instead
of Ai(p), i.e.,

M; = max (|[H(2(p"+(p—p"))])- (248)
t€[0,1]

In Chapter 3 we will need the bound for

14i(p) — Ai(p)| (2.49)

for the efficient estimation of the perturbation bounds related to quadratic eigenvalue problem.
For this estimation of the perturbation bounds, we could also use the Gershgorian type bounds
given by (2.18), where we computed all approximations of eigenvalues by dimension reduction.
The bounds given by (2.18) are not efficient for computation if we want high accuracy, i.e., the
higher accuracy we want, the higher reduced dimension r is (we need to solve bigger eigenvalue
problem in step 4 of Algorithm 3). Thus, we will use the bound (2.45) with the approximation
(2.48) instead M; since it can be efficiently computed. The accuracy of the approximation M,

will be shown in the next subsection.

2.2.1 Comparison with the first order approximations from perturba-
tion theory

In [14] authors consider the perturbation theory for the polynomial eigenvalue problem
(A"(Ap+AA,) 4+ A(A1 +AA) + (Ao +AAp))x =0, x#0 (2.50)

and provide different first order approximation for the perturbed eigenvalue A + AA. For the

case of quadratic eigenvalue problem, this approximation is given by

5 Y (APAM +AAC+AK)x
A=A y*(2MA +C)x ’ 2.51)
where
A +AL — 4| S O(]|[AM,AC, AK]||3). (2.52)

Since we assumed that the change in the parameter is small enough, we will consider the first

order approximation of an eigenvalue

A(p) =A(P")+T (A2 ("))(P—p°),
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given by (2.44) as the approximation of the perturbed eigenvalue A(p), i.e., we have the per-
turbation in parameter, p = p° + Ap, where p® = [V?,I;VO;VOK] is parameter of unperturbed sys-
tem and p = [vy;V; V| is parameter of perturbed system and Ap is the perturbation of the
parameter. Thus, mass, damping and stiffness matrices of the perturbed system are M(p) =
M(vy) = M(V),) + AM, C(p) = C(v) = C(v°) + AC, and K(p) = K(vk) = K(V}) + AK, re-
spectively, where AM,AC,AK are corresponding perturbation matrices and M (p°) = M(v},),
C(p®) = C(v°), K(p°) = K(v}) are matrices of unperturbed system.

To distinguish the approximations (2.44) and (2.51) we will denote one from (2.51) with 1,

and empathize the parameter dependence, i.e.,

y* (") (A%(p°)AM + 2 (p")AC + AK)x(p°)

y*(p0) (2M (p) A (p°) + C(p°))x(p°) (2.53)

p=2a0m’) -

In the following we show the similarities and differences of these two approximations. Since

first order approximation can be written as (2.44), i.e.,

_ y*(p%)Bx(p’)
HP) = AP ) (3 () )+ Cl) () 259

where B = kni‘,l (lz(po)g—%(PO) + l(Po)g_,i(Po) + 3—,5((1)0)) (Px—pY)-

Now we see that approximations from (2.54) and (2.53) are equal if and only if

B= (A*(p°)AM + A (p°)AC + AK)x(p?). (2.55)
If we write B as
oM 2 dC
B=2*(") Y. =—®")(px =) +2(0") Y, 5—(0°) (e — 1))
=19k =19k
n K, ) (2.56)
+1;1 a—pk(P )Pk — Py

then (2.55) holds if and only if

AM =Y =—@°)(pe—pR),
XL 5 )
AC=Y — ), 2.57
L o PP i) 2.57)
2 JdK
_ 0 _ 0V
AK ,;c?pk(p ) (P —pY)

In the following example we show the case when equality (2.55) holds and the case when it

doesn’t.
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Example 2.3 In the first case we consider affine parameter-dependance in system matrices, and

in the second case we consider quadratic parameter-dependance only in damping matrix.

Case 1: As we said first we have affine parameter-dependance, i.e.,

m m m
M(p)=Mo+ Y Mypr,  C(p)=Co+ Y G,  K(p) =Ko+ Y Kipx,
k=1 k=1 k=1 (2.58)
0 . 0 0 “ 0 0 . 0
M@P°)=Mo+ Y M,  C()=Co+ Y G, K1) =Ko+ Y Kipy-
=1 k=1 k=1
From (2.58) follows
o 0 - 0 o 0
AM =) Mi(px—pi), AC=) Ci(pi—pr), AK= ) Ki(pi—pi),
k=1 k=1 k=1
and since
M, aC 9K , 4
— P ZZAdk, — P ::C%, — (P ::K%, for k:=1,.“,ﬂu
apk( ) 8pk( ) apk( )

we conclude that (2.57) holds, i.e., approximations are equal.

Case 2: In this case for the sake of simplicity we consider arbitrary parameter-dependance only

in damping matrix, i.e.,

M(p) =M(p®), K(p) =K (p°),
m m 259
CO)=Cot Y. Cf(p)s €OV =Cot ¥ CF (P, 259
k=1 k=1

where f : R — R is any function. Then from (2.59) follows

AM =0, AC=Y G(f(pe)—f(p), AK=0,
k=1
and since
oM , ac /0 oK ,
- =0, — = Cr, —— =0, for k=1,...,m.
apk(p) apk(p) I (Pr)Cr apk(p) m
Since

m. g n
5 € 00— ) = 3 £ (PG~ )
i—1 9Pk k=1

we conclude that (2.57) holds if and only if f/(p?)(px — p%) = f(px) — f(p}), for k =
1,...,m, which is not always satisfied, but when Ap — 0 |A(p) — | — 0.

One can notice that only for affine parameter-dependance, approximations (I and I(p) will

be equal. Furthermore, a significant advantage of our approximation A (p) is that we provided
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the upper bound for
~ 1 ~
A(p) = A(p)l S 5Mill(— )],

where M; is given by (2.48), which can be efficiently computed.

2.2.2 Numerical experiments

In this subsection, we illustrate the accuracy of the first order approximation of the perturbed
eigenvalue problem. We consider the mechanical system, the so-called the n-mass oscillator

shown in Figure 2.10.

k
FN— m AN m AN m3 AN Mg ——f My AN
4 2k k k k k 2k

Figure 2.10: n-mass oscillator

Example 2.4 The dimension of the system is n = 100. In this example the mass matrix does not

depend on the vector of parameters and it is denoted by
M = diag(my,...,m,), where m;=2-i,i=1,... n.

The stiffness matrix is given by

Ko=K(p°) = K+p3-K(p°), (2.60)
where ~ _
bk —k —k
—k 4k —k —k
—k —k 4k —k —k 0O 0 O
K= , K=|0 K 0],
—k —k 4k —k —k 0O 0 O
—k —k 4k —k
—k —k 4k
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[2k 0 —k |
0 2k
K1 =K(30:55,30:55)= |k *-. . . —k |,
0
I —k 0 2k |

where k = 0.1 and parameter dependant block of the stiffness matrix in our mechanical system

is shown in Figure 2.11.

——1 M30 —W— M31 —W— M32 —W— M33 |—---— M55 |—--.—
k k k k

Figure 2.11: Block that contains parameter pg within n-mass oscillator represented by matrix
in (2.60), i.e., Ko(30: 55,30 : 55)

Finally, denote the damping matrix C(p°) = Cjys + Cex((V?), where p° = [v?,vg, pg]T, and
internal damping Cip = 0(.Ceir, With o = 0.002 and C¢ in given by (1.21). Matrix Cext(vo)
has only two nontrivial elements on positions (35,35) and (50,50). This means that we put two

grounded dampers on the 35th and the 50th mass with viscosities v(l), v(z), respectively, i.e.,

Cext(V0) = v(l)e35e3Ts + vge5065T0.
We consider the following (perturbed) QEP:

(A*(p)M +C(p)A(p) + K (p))x(p) =0, (2.61)

with a small change 6 in parameter p, i.e., p = p0 + 0. In this example, we consider the case
where p= (4 +8,v+8,8) and p° = (,7,0).

Figure 2.12 shows the relative true error between perturbed eigenvalue and its approximation
calculated in MATLAB with double precision. It also shows the relative approximation of the
error bounds for eigenvalues of the system given in (2.48). Figure 2.12 doesn’t show relative
errors for all the eigenvalues, but only for the eigenvalues that have relative true error greater
than 10713,

In the first subplot of Figure 2.12 the viscosity parameter is v = 10 and perturbation is
0 = 0.005. For example, for 193th eigenvalue we obtain the maximal approximated relative
error bound, i.e.,

11‘71193||P -pl

—=5.2836-1072,
2 |Aio3(p)]
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values for v = 10 and é = 0.005
T T T

T T T T T g T g
" H C‘g H H o4 g C“;‘;;* HTE i
+ o ++ H+ o s D, o
105 g* e w *&%g&@ gg‘;}:’)g gg@&gg@fg@*@*@g* %@&? GDQ%@@Q?
Tt R R s
+H
@ H
@
| ®
10-10 L - -
L ()]
+H
@
| | | | | | | | |
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eigenvalue index
values for v = 100 and ¢ = 0.005
T T T T T i T T T T |
o
+
s + g-# O]
5 - S - HH o
10~ [® My oy @ #+ @ B4 M+ ot H @ @ B
@Rt @D it ) @ + @
%mm %*Q%**aﬂmm @ @ Wﬁ?‘@ ® oot bt @ &)
® o ® oP ® ®
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+H
()] » H g
()
+
10-10 L @_H_ -
o relative true error @
+ relative approximated error bound pis
| | | | | | | | |
0 20 40 60 80 100 120 140 160 180 200

eigenvalue index

Figure 2.12: Comparison of relative true error % and relative approximated error

bound of eigenvalues, where v = 10 and 6 = 0.005, and v = 100 and 6 = 0.005
and relative true error for 193th eigenvalue is

A193(P) —A3(P)] _ | 50061073
[A193(p)]

In the second subplot of Figure 2.12 the viscosity parameter is v = 100 and perturbation is

0 = 0.005. In this case the maximal approximated relative error bound is obtained for the 111st
eigenvalue, i.e.,

11‘71111\\1’_1’0”2 =1.7910-1073.
2 | A(p)]
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and relative true error for the 111st eigenvalue is

111 (p) — A111(p)]
|A111(p)|

From Figure 2.12 we can conclude that approximated error bounds track the true error when we

—5.9159-107%.

change viscosity.

® > maximal error bound maxy,j,e
1073 | O approximation of error bound |
® [> true error
i 2 > " 5 |
i . % |
- ® X ® ® k R
>
O e e > © g
- > ® > > >
i B ® = ® ®Q ®
[ > > > > i
| ® ® o @ > |
> ® > > > > >
53 ® &® ® >
1077 F > ® = g
> i
® e 7.7 > |
I > ® > > > > >
I ® ® ® ® ® ®
I D D i
& g >
z A S I .
. D N
i > > |
i b |
| | | | | | \D \D \D ?
1 6 11 16 21 26 31 36 41 46 51

configurations (v,d) given by (2.62)

Figure 2.13: Comparison of maximal error bound and corresponding approximation of error
bound with corresponding true error for different perturbation and viscosity parameters, e.g.,
points with axis 1,...,5 correspond respectively to configurations (10,5),(10,4),...,(10,1).

In Figure 2.13 we consider configurations

(v,d), for ve{10,...,100}, de{5,...,1} (2.62)

where d determines magnitude of perturbation, i.e., perturbation is %, and c¢ corresponds to vis-

cosity parameter. For these configurations we calculated maximal error bound
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maxyawe = 5M;||p — p°|%, corresponding approximation of error bound %1\2,] Ip—p°||? and cor-
responding true error, |A;(p) — A;(p)| . Here i is chosen among all 200 eigenvalues, i.e.
maxiaie = o Millp B P = max Millp—p"| .69
value = 57 =l 2 ’ '

for all configurations (2.62). We should note that if we fix the viscosity parameter and we variate
perturbation, i for which we obtain maxy,,. in (2.63) doesn’t have to be the same. From Figure
2.13, we can see that the exact error bound can easily be replaced with its approximation.

In this section we have shown the approximation of the eigenvalues of the PQEP (1.1)
which can be used when we have a small change in the parameter, and also we have shown
approximation of the corresponding error bound which can be used in perturbation theory of
PQEP.

In contrast to approximations from this section and from Section 2.1 in the following section
we assume that the damping matrix has the structure that can be efficiently exploited, which is

shown in Subsection 2.3.1.

2.3 Approximations by modified Rayleigh quotient

In this subsection we show how one can use the structure of the damping matrix to accelerate
the computation of the eigenvalues of the PQEP (1.1). We assume that matrices C;, i =1,...,s

in the external damping (1.3) are matrices of rank one, i.e.,
T .
Ci:gig,-, lZl,...,S,

where g; € R" is a vector that determines the geometry of the ith damper. In this case we can
transform our PQEP (1.1) into multiple connected diagonal plus rank one (DPR1) eigenvalue
problems, which is described later in this subsection. Therefore, in this subsection we propose
an efficient way of eigenvalue computation based on eigenvalue computation of DPR1 matrices.

Since we have a special structure of the external damping (1.3), again as in Subsection 2.1
our parameter p =V, i.e., we have only viscosities of the dampers as parameters.

To understand our new method, we first describe the following method of [47] for com-
plex symmetric DPR1 (CSymDPR1) matrices, as an modified version of this will be a major
subroutine of our approach.

Before dealing with the transformation of PQEP (1.1) into multiple CSymDPR1 eigenvalue
problem, we present an algorithm for efficient eigenvalue computation of CSymDPR1 matrices.

Let A be an 2n x 2n complex symmetric matrix of the form

A=D+Cuu, (2.64)

where D = diag(dy,ds, . ..,ds,) is a diagonal matrix of order 2n, u = [uy,up, -+ ,uz,)" is a vector
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and § # 0 is a scalar. Without loss of generality, we make the following assumptions:
- { > 0 (otherwise we consider the matrix A = —D — Cuu”),
- Aisirreducible, ie., u; #0,i=1,...,2n,and d; #d;, foralli # j, i,j=1,...,2n.

Indeed, if u; = O for some i, then the diagonal element d; is an eigenvalue whose correspond-
ing eigenvector is the i-th canonical vector, and if d; = d, then d; is an eigenvalue of the matrix
A, see [46].

Let us assume that A is diagonalizable matrix, i.e.,

A =WAW’"
is the eigenvalue decomposition of A, where A = diag(A;,A;,...,A2,) is a diagonal matrix
whose diagonal elements are the eigenvalues of A, and W = [ Wil e Wop ] is a matrix whose

columns are the corresponding eigenvectors.

The eigenvalue problem for a CSymDPR1 matrix A can be solved by any of the standard
methods for the symmetric eigenvalue problems (see, e.g., [114]). However, because of the
special structure of diagonal-plus-rank-one matrices, we can use the following approach (see,

e.g., [24], [37]). The eigenvalues of A are the zeros of the secular function:

2n 2
Uu-
A)=1 L =1+&u" (D-AT)! 2.65
fA) =148 g7 =1+ 8w (D=2 (2.65)
and the corresponding eigenvectors are given by
wi:ﬁ, where xi= (D—AD) 'u, i=1,....2n. (2.66)

The secular function (2.65) can be solved by, for example, mpsolve from the package MPSolve
([16], [17]).

Eigenvector matrix of CSymDPR1 matrices has a Cauchy-like structure. More on Cauchy-
like matrices can be found in [76]. This structure can be useful in acceleration of matrix multi-
plication.

If A is a real matrix, the diagonal elements of the matrix D, are called poles of the function f
and for § > 0, f is strictly increasing between the poles, implying the strict interlacing property
AM>dy > A >dy > > Ay > dyy, and eigenvalues can be computed highly accurately by
bisection (for more details see [46]). Orthogonality of eigenvectors depends on accuracy of
eigenvalues.

In the complex symmetric case there is no interlacing. In this case for eigenvalues computa-
tion, we use Modified Rayleigh Quotient Iteration (MRQI) as follows:

T
p=n"——, where x:=(D—pI) ', (2.67)
X° X
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where 1) € R is a step size that enhances the convergency of p. Once p has converged, it can be
deflated (see formulas in [77]), thus obtaining CSymDPR1 of size 2n — 1. In the method from
[47] the parameter 1) doesn’t change, i.e., N = 1, first few steps use RQI (see [47, Section 3.2]),
then MRQI is used until convergence. The change in step size and the fact that we use MRQI in
each step are the differences between our method and the existing method.

The deflation formula comes from shifted inverse power method (see, e.g., [15]) where we
recompute components of u. For example if we computed the approximation of the eigenvalue
A1 by using the shift d; then the obtained CSymDPRI1 of size 2n — 1, i.e., the deflated A has the

following form:
Ag=Dg+ Cuqul, (2.68)

where

Dd = diag(dz, cue ,dZn) and (ud),- = U i= 2, cue ,21’1. (269)

By applying Sherman-Morrison-Woodbury formula to compute A~! one obtains

4

A*l :Dfl D*l TDfl - >
YD Y 1+Cu’D 1w’

which is again a CSymDPR1 matrix and can be computed in O(2n) operations, i.e., it is enough
to compute the new scalar and two vectors, one is the diagonal of the diagonal matrix and the
other one is the rank 1 update, to know the CSymDPR1 matrix.

We now show how to transform our PQEP (1.1) into multiple connected DPR1 eigenvalue
problems. Let ® be the matrix that simultaneously diagonalizes M and K, as in (1.4).

As already mentioned in Section 1.2 we obtain the following:

where
’ o .
A — . 2.70
) —Q —<I>TCimCI>—C(V)_ (270)
(0 O 0 g
_ _ T
=0 —aQ ®TG [O G q)}’
i ”
Y1(v) Qdx(v)
_ _ 271
y(v) _yz(v)] A(Y) cplx(v)]’ (2.71)
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Algorithm 4: Eigensolver for CSymDPR1 matrices
Require: D = diag(dy,...,ds,), u € C*, { € R, from(2.64),
Ensure: Eigenvalues A = diag(4,,...,As,) and eigenvectors W = [ Wi o Wy ] of A.
1: for [ = 1: 2n, (loop for each eigenvalue) do
2:  fori=1:2n, (loop for each diagonal element) do
3: 1 = max |d;| (shiftin a diagonal element)

=1,...

A

4 di=di—u

5:  end for

6:  setinitial values: z, unit vector, § =1,y=0,n1 =1
7. while not converged do

8 if progress is too slow then

9

_n
: n= >
10: reset initial values: z, unit vector, 6 =1, y=0,
11: end if R
12: S =Nzl (D4 Cuu)z/||zul?

13: Y=7+6

14: 2u=D-=80)"u

15:  end while

16: A = W+ 7Y (computing A)

17:  Compute eigenvector w; by formula (2.66)

18:  Deflate A; from D + {uu” via the procedure given in [77, Section 7.5]
19: end for

where G = [ g1 & ] is a matrix whose columns are vectors g; that determine the
geometry of the ith damper. Notice that we doubled the dimension of our eigenvalue problem.
Let P be the perfect shuffle permutation as given in (2.1). Now, instead of PQEP (1.1) we

consider the following eigenvalue problem
PTA(V)PP y(v) = A(V)PTy(v) = A(v)PTy(v). (2.72)

where the structure of K(V) is given by:

D1 Vi
A(v) = -G G', (2.73)
D, Vs
where
0 w;
D, = [ ’], i=1,...,n, (2.74)
—; 0w
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[0 ... 0 |
(®TG)11 ... (PTG
0 0
G = | (@ Gy ... (®'G)yy =[g1 gs], 2.75)
0 0
(TGt ... (PTG)us]

where g; is [-th column of matrix G.
Now the PQEP (1.1) has the following form

D S
=Y &gl [PTy(v) = AWPTH(v). (2.76)
=1
D,

Let ¥; € R?*2 be the matrix that diagonalizes matrix D;, then matrix

¥
¥ — (2.77)
Wy

diagonalizes block diagonal matrix from (2.76) and transforms that eigenvalue problem into

AWV)w(v) = A(v)w(v), (2.78)

where
AV)=D—v¥ 0T — - — v b BT W), (2.79)
w(v) =¥ 1PTy(v) and
D
D=y"! - ¥,
D,

Since matrices ®, P, ¥;, D;, i = 1,...,n are not dependant on parameter v, this previous part

can be done off-line in the process of damping optimization, which is shown in Chapter 4.

In the following part we show how one can iteratively apply Algorithm 4 on matrix (2.79) to
compute eigenvalues and eigenvectors and this is done on-line in optimization process for each
change in parameter v. For the sake of easier notation we won’t write dependence on parameter
v in the following description of iterative application of Algorithm 4.

Let & and L be eigenvectors and diagonal matrix containing eigenvalues of the DPR1 matrix
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Algorithm 5: Approximation of eigenvalues and eigenvectors of PQEP (1.1)

Require: M,K € R™", a € R for Gy , b; € R" and parameter v;,l = 1,...,s, ® € C""
such that (1.4) hold, perfect shuffle matrix P from (2.73), ¥ from (2.77) so we can

N
obtain matrix D — Y, v, ¥~ 1g,¢T¥
=1

Ensure: approximation of eigenvalues L and eigenvectors X

1: Lo=D

2: U:= [ul,...,un] = lP_l[gAl,...,gAs],Z = [Zl,...,zn] = \PT[gAl,...,gAs], V= [vl,...,vs]T

3: for/=1,...,sdo

4:  if u; # z; then

5 Z; = Su;, where S 1s given by (2.82)

6: endif

7:  compute L; and & by using Algorithm 4 on (L;_1,2;,v;)
8

. & =51¢§
o0 U=¢§'U,z=¢Ez
10: end for

11: L=D,X =®Q [PYEE .. E](L:n,:)!
NPPEE, ... E)(1 2 n,:) takes first n rows of matrix [PYE1&, ... &]

D — v 18,81, respectively, then

(Ll — & W08 WE — Zvléll‘l’lﬁlﬁfq’gl) Elw=2&w. (2.80)
i=3

Next we compute eigenvalues and eigenvectors of Lj —v,&; Iyl gzgg WE,. If we denote §y =1
and Lo = D then we can write this iterative application of Algorithm 4 as follows. Compute &;

and L;, which are respectively eigenvectors and diagonal matrix containing eigenvalues of the
—1 N n AT E

where &, | =& ...& 1, fori=1,...,s. Inthe last step we obtain L, which contains eigenvalues
and &; from which one can obtain eigenvectors of QEP (1.1) as shown in Algorithm 5.

This iterative application of Algorithm 4 on matrix with a structure (2.79) is summarised in
Algorithm 5.

Remark 2.2. One can notice that every DPR1 matrix can be rewritten as CSymDPR1 with the

same eigenvalues, i.e., if we have matrix D + puzT, then we set

S:diag<1/i—ll,...,1/%) (2.82)
n

and obtain CSymDPR1 D + pz2, where 2 = Su and also u” $? = 7' holds. Now if (4,x) is the
eigenpair of D+ puz’, then (1,Sx) is the eigenpair of D+ pZ2.
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2.3.1 Numerical experiments

In this subsection, we show how accurate and efficient Algorithm 5 is. In this examples we

consider the mechanical system, so-called n — mass oscillator as shown in Figure 2.14.

v e
77

k2 kn kn—|—1

Figure 2.14: n-mass oscillator

Matrices that correspond to this mechanical system are:

M = diag(my,my,...,m,),
ki +ky —ky
—ky kot+ks —k3

K = ,
—Rp—1 kn—l +kn _kn
i _kn kn+kn+l ]
Cext = vleke,{+vz(ej—ej+1)(ej—ej+1)T+V3elelT,

where eke,{ and elelT means that grounded dampers are on masses my and m; and (ej —ejy1)(e; —
ej+1)T means that one damper is between masses mj and m;; . Fork=1,j=1,l=n—1 we
have configuration as it is given by Figure 2.14.

All computations have been performed on the machine Intel Core 17-6500 CPU with 8GB of
RAM with MATLAB R2018a on Windows 10. We don’t show the difference between Algorithm
5 and algorithm from [47], since latter algorithm didn’t converge all the time.

Example 2.5 We consider the mechanical system shown in Figure 2.14 for dimensions n =
50-i,i=1,...,20, k, =001,i=1,....n+1 and m; = 10—|—%~(i— 1),i=1,...,n, and in
internal damping given by (1.20), o, = 0.002. To show robustness of our approach we tested it on
a random viscosity v, = [v,v5,v;]7, where v}, v5,4 € [0.1,1.1] for two different configurations

of damper’s positions.

3n5
ConfigurationA : (k, j,I) = <%, £, %) :

5n 7n 9n
10’10’10/’

(2.83)
ConfigurationB : (k, j,I) = <
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Figure 2.15: Average relative error in eigenvalues for different system dimension

In order to show how accurate Algorithm 5 is, Figure 2.15 shows average relative error in

eigenvalues for two different configurations (2.83). Relative errors are computed using

ORI
w0 T

72n7

where A;(v) are eigenvalues computed with Algorithm 5 and /IJ’-’ (v) are eigenvalues computed
with MATLAB’s function polyeig (for more see [97], [96], [28]). The average is taken over all
Jj=1,...,2n. One can notice a slight increase in relative error as dimension increases, but it is
still around 10~ 13 which gives good accuracy.

Figure 2.16 shows run times for computation of eigenvalues and eigenvectors with Algorithm
5 and MATLAB'’s function polyeig and quadeig (more details on quadeig in [41]), for 2
different positions of dampers, i.e., for fixed configuration of positions of dampers, we increased

system dimension and recorded run-times needed to run Algorithm 5, and run-times needed to
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Figure 2.16: Computation time depending on system dimension

run quadeig and polyeig.

From Figure 2.16 one can see that for lower dimension times are almost the same, but
with the increase of dimension the Algorithm 5 is much faster then polyeig and quadeig.
Overall, Figure 2.16 verifies our new eigenvalue computation is much faster than alternative
eigensolvers, since it shows a significant gain even when we just solve a single problem. This
is very important since we want to apply our approximation to damping optimization where we
repetitively compute eigenvalues and eigenvectors to determine which parameter is the optimal

one, and the speed up is more significant.

2.4 Conclusion

In this chapter, we have shown how one can efficiently approximate the whole or just one
important part of the spectrum of the parameter dependent quadratic eigenvalue problem, for a

variety of viscosity parameters v = [v1,...,v,]7, v; € R. Furthermore, we have shown how one
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can efficiently approximate eigenvalues when the change in parameter is small. Also we have
shown how one can exploit the structure of the damping matrix for efficient computation of the
approximations of the eigenvalues.

Our approach from Section 2.1 generalizes the results from [75] and [112], which are given
for v; < 1, on the v; of the modest magnitude. Moreover, even for the case when v; < 1, our
approximations are more accurate than those in [75] and [112]. At the same time, for all three
approximation approaches we have derived the corresponding error bounds. The quality of
the error bounds as well as the accuracy of the achieved eigenvalues was illustrated in several
numerical experiments.

Approximations from Section 2.2 are appropriate in case when we have a small change in
parameter p (perturbation in parameter p). These approximations and the corresponding error
bounds are applied in the next chapter, which is related to perturbation theory.

The approach for computation of eigenvalues from Section 2.3 exploits the structure of
damping matrix and it is shown in numerical experiment that this approach is very efficient and

applicable in damping optimization, which will be shown in Chapter 4.
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CHAPTER 3

Perturbation bounds of PQEP

In this chapter we present results related to perturbation theory of PQEP (1.1). Perturbation
theory arises when it comes to the sensitivity of a problem as well as the stability and robustness
of numerical methods. Sensitivity of a problem to perturbations in data is measured by the
conditioning number. A condition number of a problem quantifies the rate of change of the
solution with respect to the input data. On the other hand the stability of a method for solving
the problem is characterized by backward error. Backward error measures how far a problem
has to be perturbed for an approximate solution to be an exact solution of the perturbed problem.
The combination of backward error estimate and a condition number provides an approximate

upper bound on the error in a computed solution, i.e.,
error in solution é condition number x backward error.

For a numerical method we say that it is robust if it does not produce a large perturbation in
the solution for a very small perturbation in data.

Since we consider PQEP (1.1) where all matrices depend on parameters, we have the pertur-
bation in parameter, p = p° + Ap, where p® = [Vj%; v0; V%] is parameter of unperturbed system
and p = [va; v; vk] is parameter of perturbed system and Ap is the perturbation of the parameter.

Thus, mass, damping and stiffness matrices of the perturbed system are M(p) = M(vy) =
M(V),) +AM, C(p) = C(v) = C(v*) + AC, and K(p) = K(vk) = K(V%) + AK, respectively,
where AM,AC,AK are corresponding perturbation matrices and M(p°) = M(v,), C(p°) =
C(v), K(p®) = K(vY) are matrices of unperturbed system.

Thus, the PQEP of an unperturbed system is given by:

(A2")M (%) + 2 (%)) + K(p°))x(p°) =0, x(p°) #0, (3.1)

while

(A*(p)M(p) + A (p)C(P) + K (p))x(p) =0, x(p) #0 (3.2)

is the PQEP of the perturbed system. One can see that first order approximations of eigenval-
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ues, z(p) given in Section 2.2 can be taken as approximations of the eigenvalues A (p) of the
perturbed PQEP.
Usually in perturbation theory of the quadratic eigenvalue problem the following is consid-

ered:
(A +AL)* (M +AM) + (A +AL)(C+AC) + (K +AK)) (x +Ax) = 0, (3.3)

where (x+ Ax) # 0 and perturbation matrices are AM, AC, AK, see [97]. The following back-
ward error and eigenvalue condition number are given in their original form as in [97, 43].

Furthermore, let us consider an approximate eigenpair (1,35) of
(A*’M+AC+K)x=0, x#0. (3.4)

We can interpret (1,35) as an approximation of an exact eigenpair of perturbed quadratic eigen-
value problem (3.3), where choice of perturbations AM, AC, AK is not unique. Backward error

of eigenpair (1,5{) is defined as the size of the smallest perturbations given in a following way:

n(A,%) =min{e: (A2(AM +M)+A(AC+C) + (AK +K))¥ =0, X #0,
|AM]| < g[|M]], |AC] < e[| C]|, [|AK]| < e[|K ]|}

N _ (3.5)
|(A2M + AC + K)X||
(A PIMI -+ ALl + KD 1l
while eigenvalue condition number is given by:
. |AA|
kK(A) = limsup il (3.3) holds , ||AM|| < g||M||, |AC|| < g||C||, ||AK]|| < €||K]|
e—0 8| | 3 6)

_ (APIM[ +ACI -+ KD ]
A |ly*(2AM +C)x]

Furthermore, proofs of equalities in (3.5) and (3.6) can be found in [96]. An overview on
perturbation theory for the quadratic eigenvalue problem is presented in [97], [91] and for
hyperbolic quadratic eigenvalue problem is presented in [64]. The perturbation theory for the
quadratic eigenvalue problem has been considered in [64], [45], while the relative perturbation
theory has been studied in [9], [101], [102]. Moreover, the perturbation theory for the polynomial
and nonlinear eigenvalue problems have been considered in [71], [42], [14]. In [14] authors
provide a first order approximation of a perturbed eigenvalue A + AA when the eigenvalue is
simple which was compared with our first order approximation (2.44) in Subsection 2.2.1.
Further on, we continue with our setting, where perturbed quantities depend on p and un-

perturbed quantities depend on pO. In [9], [101], [102] authors measure the relative error in
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eigenvalue, which can be defined as

A() =A@ 1A(p) —A(@")
[2(p°)] A (p)l

and also the perturbation of invariant subspaces. For the perturbation of invariant subspaces
we need to define the distance between two subspaces (see [93], [37]). Let X'(p) and ) (p) be
subspaces of C" and that dim(&X'(p)) = dim()Y(p)) = . We define distance between these two

(3.7)

spaces by

dist(X'(p), V(p)) = |1Px(p) — Pyplls (3.8)

where Py p), Py (p) are orthogonal projection onto X'(p), V(p), respectively. If we denote ®(p) =
diag(6;(p),...,0;,(p)), where 6;(p),i=1,...,l, are canonical angles between X' (p) and Y (p),
then

1P (p) = Pyp)l| = sin 61 (p) = |[sin®(p)]| = sin<(X(p), ¥ (p))- (3.9)

The greatest canonical angle, 0y, is defined by:

*

y(p)*x(p)

RO G-10

cos 6 = min
1(p)= i

x(p)#0  y(p)#0

Very often the perturbation bound for eigenvalues (3.7), and also the perturbation bound
for invariant subspaces (3.9) depend on perturbed (depending on p) as well as unperturbed

(depending on p°) quantities, making them difficult to use even for
lap]| = llp -l < &, (3.11)

where g, is given tolerance, since the quantities of the perturbed system are suppose to be un-
known. This dependence on perturbed parameter p is usually in a gap function. The perturbation

bound for invariant eigensubspaces X (p), X (p°) is usually given in a following form

residual

in 0
sin<g(X(p),X(p”)) < p—

as in [72], [21], where authors consider residual of certain linearization of the PQEP (1.1) as
the residual and the measures of the separation between eigenvalues is denoted as gap. In
a similar way there are gap functions in the denominator of the bounds given in [101], [102]
which will be shown later in this chapter.

This chapter is organized as follows. Section 3.1 presents new type of perturbation bounds

between individual unperturbed and perturbed eigenvectors of PQEP (1.1).

57



Chapter 3. Perturbation bounds of PQEP

To overcome the problem of the dependence on perturbed parameter p in gap functions, in
Subsection 3.1.1 we present a set of bounds for different gap functions, where only unperturbed
quantities are incorporated in the bounds. Results from Subsection 3.1.1 are based on the
triangular inequality and the first order approximation of involved perturbed eigenvalues, from
Section 2.2 given by (2.44) and the corresponding error bound given by (2.45).

The same approach can be used for efficient computation of bounds for gap functions that

occur in perturbation bounds from [102] and [101], which is shown in Section 3.2.3.

3.1 New eigenvector perturbation bounds

In this section we present a new type of perturbation bounds between individual unperturbed
and perturbed eigenvector of PQEP (1.1) and also upper bounds for gap functions that occur in
this bound. We then apply our new approach regarding the gap functions to existing bounds
given in [102] and [101], in order to improve efficiency of their calculation.

First, we discuss a certain residual type of bound for the unperturbed and perturbed eigen-
vectors respectively from PQEPs (3.1) and (3.2).

For the purpose of simplifying notation, x(p°) is denoted by x and it represents an eigenvec-
tor from the unperturbed system given by (3.1) and x(p) is denoted by x and it represents an
eigenvector from the perturbed system given by (3.2), while the perturbed eigenvalues of A (p°)
are denoted by A(p).

Let (A:(p°),x;) and (1;(p°),y;,) be the i-th right and the j-th left eigenpair of the unperturbed
PQEP (3.1), respectively, for i, j =1,...,2n.

Since, the x; and y; are right and left eigenvectors, respectively, the following equalities hold

A2 (" )M (p°)xi + A:(p°)C(p°)xi + K (p%)x; = 0, (3.12)
27 (%)yiM(p°) + A4;(p°)yiC(p°) + 5K (p°) = 0. (3.13)

Now multiplying the first equality from the left with y;‘. and the second equality from the right

with x; and subtracting them, we obtain
(A7 (%) = A7 (0°)y;M (p")xi + (A(p°) — A;(p°))y;C(p")x; = 0.
If
Ai(p") # +24;(p°),

then the following equality holds

* 0 -
¥ (M(p )T )+ A,-<p°>) =0 G194
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for all i # j.

Remark 3.1. Note that in a similar way as we obtained (3.14) from (3.12) and (3.13), instead of
annihilating K (p°) we can annihilate M(p®) or C(p°) and obtain

* 0y K(po) R
Y] (M(") AL )" = O
0 K(p°) _
Y C(p )+ 2:(p°)+A;(p) xi = 0,
2i(p°)4,;(p°)

respectively, under additional assumption that all A;(p°) #0,i=1,...,2x.

Let us denote
) o___ €

oy Lij= o0 0
Ai(p) +4;(p°) 2i(p°) +24;(p°)

Theorem 3.1 For the PQEP given by (3.1) with simple eigenvalues 4;(p°) with corresponding

I;; =

right eigenvectors x; and left eigenvectors y;, let (3.2) correspond to the perturbed PQEP with
simple eigenvalues A;(p) with corresponding right eigenvectors X; such that ||x;|| = ||x;|| = 1 for
alli,j € {1,...,2n}, where A;(p) # +2;(p°) and A;(p°) # £ 1,(p°). Denote

T a")Ap+3(p—p°) H(E)(p—p°)
W= 24(0%) 2 (")

(3.15)

where Ap = p —p%, & = 4(p° +11Ap), #; € [0,1] and assume |y;;| < 1. Then, for perturbation
0 = max{||Ap||,||AM||, ||AC]|,||AK]| }, small enough the following inequality holds,

- Ji(p")Ap ) [y;AM x|

SMPOY+TH D] Sy (10 L
b5 (M) + ) % = y]< Y2 (p°) +24;(p°) g A2(p%) 24 (p)]

Miz(l’” (3.16)
[1y5ACxi]| 1y AK x| .
2(n0)_ 3.2 2 2 9 fOI'l;lé],
A EO-A7®) A7 (p%) — A7 (p))]
i (p)]

where 7 (4(p)ap = 3. 55 (b°)(pi — pf) and AM = M(p) ~ M(p"). AC = C(p) ~ C(p").
AK = K(p) — K(p").

Proof. The following equalities hold:

AZ(P)M(p)%; + Ai(p)C(p)Xi + K (p)%i = 0,
A7)y M (p°) + 4 (p°)y5C(p°) +yiK (p%) = 0.

Now, by multiplying the first equality from the left with y}f and the second from the right with
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X;, one gets

(A7 (p) — A7 (p°))ysM (p%)%i + (Ai(p) — A; (p°))y5C(p°)%i =
— A2 (p)yi(M(p) — M(p°))xi — 4i(p)y;(C(p) — C(p°))%i — yi (K (p) — K (p"))%:-

Therefore we obtain the following equality

. 0 e VAMX; YiACK; YiAKX;
Yy (M(p) + ) % = B ®) | BE)A®) | A2(p0) — A(p) A
22 (p) 2i(p) /

Now, if we use first order approximation for A;(p) given by (2.42) we obtain

T. — C(po)
T (0 + T (M(p%)Ap+ 5 (p—pO)TH(E) (P — %) +A,(p°)
0
- Jc(x(f °)>>A +3(p—p") " H(E)(P—p°) 19
(u(p0)-+ 257 ( 1+ 700K p S o)
_ oL
Since |y;;] < 1,
Ty = T3+T5 Y (—%)"
k=1
J (%(p°))Ap
70— 17 O(||Aap|?). 3.19
ij Ulj(po)-l-/lj(po) +O(/|Ap||7) ( )
Now, by applying (3.19) in (3.17), we obtain
- J (Ai(p®))Ap >A YjAMX;
MPH+T T =y [ TV : J
Y; (M(p") +T;7) % = ; ( 4 2:(9) + 4;(p%) 22(0%)—A2(p)
2

ACE ke W (3.20)

y;ALx; Vi ARX;

2’2(]0 —1'2 ) 2 0] 2 +O(||Ap”2) .
J ) -4®) - AH(pY) — A7 (p)
Ai(p)
Considering (2.43) let

Xi = x; + Ax; (3.21)
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where ||Ax;|| = O(||Ap||?). If we substitute (3.21) in (3.20) we obtain

* ~ T (A:(p")A yEAMX;
V(M) T0) 5 =y (To (Ai(p°))Ap ) -

Y 24(p°) + A;(p°) (p°)-A7(p)
YA
“AC “AK o -2
YiACx; VAKX
I+ 0(8%).
B00)420) | A2(p%)—A2(p)
Ai(p)
Now, for 0 small enough by taking the norm we obtain (3.16). [
Furthermore, let the matrix X = [x;,,...,x; ] (¥ = [y;,...,y;,]) contain linearly independent

right (left) eigenvectors of PQEP (3.2) which correspond to eigenvalues A;, P%),..., A : (P%), (
A, (°), ..., 4;,(p%)). We assume that rank X = p (rank ¥ = g), i.., matrix X has the full column
rank. Suppose iy # jifork=1,...,q, [ =1,...,p.

By bounding the denominators on the right-hand side of (3.16) we have the following corol-

lary.

Corollary 3.2 For chosen i € {iy,...,i,},j € {Jj1,--.,Jq}, let assumptions from Lemma 3.1 hold.
The following inequality holds

s (M) + ) 5| S ‘

s (18200 )

ij A:(p°) + A (p°
* (p )*+ i (p?) * (3.23)
IV AMxi||  [ly;ACx| |ly;AKX]|
+ + + ;
g1 & g3
where
22(p°) — 4 (p)|
g, = min , (3.24)
VeI ]
]1‘...,](1
i#]
22(p°) — 4% (p)|
g = min ) (3.25)
? Ziip 14i(p)]
J=J1sJq
ij
— . 20 2
gy = min |2;(p")—A"(p)l. (3.26)
‘]:jly,...’.j’;
ij
Proof. The proof follows directly from Theorem 3.1. 0

Note that in bounds (3.16) we apply a first order approximation on perturbed eigenvector,
while the right hand side still possesses perturbed and unperturbed eigenvalues. Also, the right
hand side in bound (3.23) possesses perturbed and unperturbed eigenvalues in the gap functions
(3.24), (3.25), (3.26). Our result in the next subsection demonstrates how one can avoid using
perturbed eigenvalues in bounds, i.e., we derive a new bound that depends only on unperturbed

eigenvalues for small enough perturbation.
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3.1.1 Application of first order approximation bounds

In this subsection we present a lower bound for gap functions, that contain unperturbed

eigenvalues and approximation of perturbed eigenvalues given in Corollary 2.8 by (2.44) and

corresponding error bound given by (2.45).

As we already mentioned A (p) represents an eigenvalue of the perturbed PQEP, then if we

denote the approximation of an eigenvalue A (p) with 2 (p), then the following corollary holds:

Corollary 3.3 Let all assumptions from Theorem 3.1 and Lemma 2.5 hold and let Ii(p) be first

order approximation of eigenvalue A;(p) given by (2.44) with corresponding error bound (2.45).
Furthermore, let the perturbation § be small enough such that \/'sz(po) — A2 (p)| —Ml-(z) > 0 for

alli=1iy,...,ip, j=Jj1,- s Jg i # J.
Then the following inequalities hold

A2(p%) — A2 (p)| — M

&1 % i=i] enip a2 (2)
=il A7 (p)|+M;
i
A - A2 ) - M
B2x AN > M
P 1Ai(p)| +M;
i#]

g2 min (|A2(p°) — A2 (p)| - M?).

where M) = 1p;||p — p°|1? and M = M;(M; + 2| 2:(p))).

Proof. By applying the triangle inequality we get the following inequalities:

22(p) — A%(p)] = |2(p) — X:(p)||A:(P) + Ai(p)|
<MY +2(p))) = M2,

47 (0)| £ M + |22 (p)],

A M+ |Ai(p)],

A2(p%) = A2(p)| S 1A2(p%) — A2 (p) |+ M.

(3.27)

(3.28)

(3.29)
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Here, by applying the above inequalities we get the following:

A20) =22 ()| _ 1A (0°) — AZ(p)| — M,
el T R+ m?

A200°%) ()] _ 142 (°) — A2 (p)| — M (3.30)
L@l T ) +mY

A200%) - 22 ()] 2 1A(") — A2 (p) | — M.

By taking the minimum of both sides we obtain inequalities (3.27)-(3.29). U

Now we can present two upper bounds for the expression
V5 (M(p°) +T5) %

such that we can efficiently calculate them for different parameters p. Moreover, in order to
have an upper bound that can be efficiently implemented, in derived upper bounds (3.27)-(3.29)
instead of using M; we can use approximation M; from (2.48). In the next corollaries we state
an estimation of the upper bound.

Corollary 3.4 For chosen i, j € {1,...,2n}, i # j, let assumptions from Corollary 3.3 hold. Then
the following inequality holds

_ J (4(p%))Ap ly;AMxi |
“MPO)+TH %] S *-(TQ Xi -/
‘yj( <p ) lj) l‘ ~ J 1y )’l(pO)_i_A’](pO) ‘liZ(p)_&%(pO)‘_lez)
220 +m
ViACx; *AKx;
_ I Qz OzH - Hyjz OzH - (331
A7 (p) 25 () —M; |A; (p)—/lj (P")| — M,
[2a(p) "
1 2 1 1 5
where M{") = 10| (p — p°) |2 and M*) = MY (m]") +2{24(p))).
Proof. Proof follows directly from application of inequalities (3.30) in Theorem 3.1. U

Corollary 3.5 For chosen i, j € {1,...,2n}, i # j, let assumptions from Corollary 3.3 hold. Then
the following inequality holds

7 (") + T % = \ i ( T >H

A0+ 4,0)
|y;AMxi|

Py 2
A2 (p)— A2 (p0)] M
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ly;ACx |

32 (0)—A2 (%)M
e — |/h(P)|+Mi(])

(3.32)

15 AK x|
min_ (|A2(p) — A2(p%)| — M)

=] ,nip

where M) = L (p—p?) |2 and M = M) (M) +2/2;(p))).

1

Proof. Proof follows directly from application of the lower bounds from Corollary 3.3 and
Corollary 3.2. O

The quality of these upper bounds will be illustrated with a the next section in numerical

example.

3.1.2 Numerical experiments

In this example we show how accurate the bounds from (3.23) and (3.16) are. Since in
bounds (3.32) and (3.31) we have M;,i = 1,...,2n, which is difficult to calculate because it
implies multiple computation of new (perturbed) eigenvalues, as we have already mentioned in
Section 2.2 we can use its approximation, M;. Moreover, we already shown in Example 2.4 that

we can use the approximation M; instead of M;, when the perturbation is small enough.

Example 3.1 Consider the mechanical system shown in Figure 3.1 as in Example 2.4.

2k k k k k 2k

Figure 3.1: n-mass oscillator

Once again the dimension of the system is n = 100. In this example the mass matrix does

not depend on the vector of parameters and it is given by

M = diag(my,...,m,), where m;=2-i,i=1,... n.
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The stiffness matrix is given by

Ko=K(p°) = K+p3-K(p°), (3.33)
where ~ _
4k —k —k
—k 4k —k —k
—k —k 4k —k —k 0 0 0
K= , E: 0 I’El 01,
—k —k 4k —k —k 0 0 0
—k —k 4k —k
—k —k 4k
2k 0 —k ]
0 2k . -
Ki=K(30:55,30:55)= | —k “-. . . —k |,
0
—k 0 2k

where k = 0.1 parameter dependant block of the stiffness matrix in our mechanical system is
shown in Figure 2.11.
Finally, denote the damping matrix C(p°) = Cin¢ + Cext(v°) where p® = 0,9, p9|7, v0 =

1
[v(]), vg]T, while internal damping Cin = Q.Ceyit, With &, = 0.002 and Cy;; is given by (1.21). We

put two grounded dampers on the 35th and the 50th mass with viscosities v(l), vg, respectively,
1.e.,

0 0 T 0 T
Cext(P”) = viessezs + vyespesg.

We will consider the following perturbed QEP:

(A*(p)M +C(p)A(p) + K (p))x(p) = 0. (3.34)

In this example, we consider the case where p = (; 4 6,v+8,6) and p’ = (7,v,0).

Figure 3.2 shows the left-hand side (LHS) of inequality (3.16) for different combinations
of y; and ¥;, together with corresponding right-hand sides (RHS) given in (3.23) and (3.16)
as well as corresponding approximation bound of RHS, given in (3.32) and (3.31), for v = 10
and 0 = %. Here we have used approximated My, instead of real My, from Corollary 2.8, for
calculation of RHS in (3.32) and (3.31).
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I ® ¢ RHS (3.32)
Fe 4. LHS

-+ + — 4+ RHS (3.16)| -

I 44 « RHS (3.31)

| | | | | | | |
5 10 15 20 25 30 35 40
k

Figure 3.2: Left-hand side (LHS) and right-hand sides (RHS) of inequalities (3.23) and (3.16)
and approximation bound of right-hand sides of inequalities (3.32) and (3.31) for different
combinations of (y;,x;), where j =4-k,i=k+160and k= 1,...,40

As one can see from Figure 3.2, for all but six combinations of eigenvectors y; and Xx;,

we obtained the satisfactory behaviour of the approximation bounds given by (3.32), (3.31)
since those bounds follow the theoretical bounds given by (3.23), (3.16). For the other six

combinations LHS is greater than RHS. The reasons are following:

1) we assumed that equalities (3.2) and (3.1) hold, but numerically the RHS of these equalities
is equal to (’)(10_14), instead of 0,

2) in our bounds we neglect everything i.e., O(52), where 8§ = ||Ap|.

Furthermore, in next section we apply the approach from Section 3.1.1 to bound gap func-

tions that occur in already existing perturbation bounds from [101] and [102].
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3.2 Estimation of existing bounds

In this section we show some applications of derived approximations. As we already men-
tioned, very often in perturbation analysis one can obtain perturbation bounds that depend on
gap functions.

Thus, with derived bounds for gap functions one can improve computation efficiency of
existing perturbation bounds by following our approach.

Typically, calculation of the perturbation bounds can be inefficient since the gap functions
contain both eigenvalues of the unperturbed and perturbed problem. Therefore, we propose an
approach for the calculation of the bounds for the gap functions using the unperturbed eigenval-
ues and the first order eigenvalue approximations of perturbed eigenvalues. This can significantly
improve the calculation efficiency of perturbation bounds.

For the illustration of our approach we have chosen the bounds from [101] and [102], which
have a more theoretical aspect (both unperturbed and perturbed eigenvalues exist in them).

In this section we present the perturbation bounds from [102, Theorem 2.1] and [101, The-
orem 7]. The perturbation bound from [102] measures the difference between norms of two
M-scalar products of unperturbed and perturbed eigenvectors (usually non M-orthogonal) of
the PQEP (1.1). This bound is related to sin® type theorems for the eigensubspaces for the
considered quadratic eigenvalue problem, for more on this relation see [102].

The bound from [101] corresponds to the sin® type theorems for the eigensubspaces for the

considered quadratic hyperbolic eigenvalue problem.

3.2.1 Efficient estimation of the bounds for Hermitian QEP

Let x1,x,...,x, be n linearly independent right eigenvectors with the corresponding n
eigenvalues 24;(p°),A2(p%),...,A,(p?) of PQEP (1.1). In what follows we use the similar no-

tation as in [102] Thus, let xq,...,x;, be eigenvectors, which correspond to the eigenvalues

7L] (po), e ,lk(po), ie.,

X = [X1,Xp], withX) = [xp,...,x), Xo = [Xeet,- -, %),
A(PY) = diag(A(p°),A2(p%)), with
A1 (p°) = diag(Ai(p°), ..., 4(p")),
Aa(p°) = diag(Aet1(p°), -, An(p°)).

Corresponding perturbed eigenvectors are columns of X= [)/(\1 ,)/(\2], and corresponding perturbed
eigenvalues are diagonal entries of A(p) = diag(A;(p),Az2(p))-
Under assumptions that I,-z(po) — ),jz(p) #0,24;(p°) #0and A;(p) #0, forall j=1,...,k,
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i=k+1,...,n, the following inequality holds:

XM @)X~ XM () F| <

IX5CE)XilF _ 1X5C@°)Xl7

=2
£o

2
gm

oy il <2|<X5c<p°>xl>u|

o~

125}

X;AMX))i|  |(X5ACK))ijl  |(X5 AKX ;)
(|<2 ! Vil | 165ACK),] |05 1>,,|> 339
1

g

§1 253

N N ~ 2
(AT, | |(GACK);] |(X2*5KX1)U|>
g 23

where AM = M(p) — M(p®), AC = C(p) — C(p°), AK = K(p) — K(p°) and

i=k+1,..n
-2
) - A)
=1,k A2 ’
Il |45 ()|

)

. )

‘min_ |4;(p°) — A7 (p),
Jj=1,....k
i=k+1,...,n

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

As one can notice, the gap functions (3.36), (3.38), (3.39), (3.40), contain unperturbed and

perturbed eigenvalues, which makes them hard to compute. Since we want to avoid perturbed

eigenvalues in bound (3.35) we can bound gap functions (3.36), (3.38), (3.39), (3.40) only by

using unperturbed eigenvalues A (p°) and approximations of perturbed eigenvalues A (p)-
These bounds for (3.38), (3.39), (3.40) are obtained directly from Corollary 3.3, and follow-

ing hold:

%

Y

4%

min
j=1,...,
i=k+1,...,

min
j=1,...,
i=k+1,...,

“min

j=1,..
i=k+1,...,n

_2 ~
2; (0°) — 23 (p)| — M
A2(p)| +M?

72 Py (2)
Mi(pi) —Ai(p)|-M;”
4 (p)| + MV

n

Furthermore, following corollary gives the bound for (3.36).

= Bnd/g\1 s

=: Bnd;

(3.41)
x (3.42)
—: Bndg . (3.43)
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Corollary 3.6 Let the assumptions from Theorem 3.1 hold and let the perturbation d be small
enough such that |1,(p®) +Ai(p)| —MJ(-I) >0, forall j=1,...,k,i=k~+1,...,n. Then the
following bound holds

% 2 min |Z(p")+4;(p)|—M" = Bnd; , (3.44)
~ =1k J 0
i=k+1,...,n

1
where Mi( )= 1mi|(p ")

Proof. By applying the triangle inequality

%) +240) £ %) +4p)|+ M (3.45)
we obtain

%) +40) 2 (%) +4p)| - M. (3.46)
Now, by taking the minimum of both sides we obtain inequality (3.44). [

Now, by applying bounds (3.44), (3.41),(3.42),(3.43) we obtain the following bound

IX;CEM)Xi 7 1X5CE°)XllZ

XM @)X~ XM ()% | <

2 ~2
Bndg0 gm
k * X s AMX FACK AKX
R <2\<x2c<p°>xl>,-j! (I(XZAMXM+‘(X2ACX1>”"+’<X2AKX””"> (347)
J=lizkt1 Bndg, Bndg, Bnce, o
~ R . 2
XEAMX) )il |(XFACX))ii|  |(XEAKX))i
|(X5 1)J|+\( 2 1)]\+’( 2 Vil := Bndgpys.

Remark 3.2. Since the calculation of M is not easy, as we already mentioned, we will denote
with ]§nd§v, fori =0,1,2,3, lower bounds from (3.44), (3.41), (3.42), (3.43) in which we use
M j from (2.48) instead of M;. Also, the corresponding Bndrys will be denoted as ﬁndRHs.

3.2.2 Numerical experiment

In the following example we illustrate the bound given by (3.47), which contains the bounds
for gap functions g;, i =0, 1,2,3, given by (3.44), (3.41), (3.42), (3.43), respectively.

Example 3.2 We again consider the mechanical system as in Example 2.4 and Example 3.1,
shown in Figure 2.10. Also again, we consider the case where p = (¥ +8,v+6,6) and p° =
(3:v:0).

As we already mentioned, in this case we examine bounds given by (3.44), (3.41), (3.42), (3.43).

Figure 3.3 shows magnitude of relative error in the bound of the RHS given in (3.47), if we
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Figure 3.3: Relative error given by (3.48) for perturbation § = 0.0001 and viscosities
v=10,15,20,...,100

replace My with My in (3.44), (3.41), (3.42), (3.43), i.e.,

|BndRHS — EndRHs |

(3.48)
|BndRHs |

From Figure 3.3 one can see that we can replace Bndrygs with ﬁndRHs in (3.35).

Figure 3.4 shows the LHS and RHS of inequality (3.35) denoted as red circles and blue xs,
respectively, for viscosity v =15-1i, i = 2,3,...,20. Furthermore, black triangle represents an
approximation of Bndrys as we mentioned in Remark 3.2. As one can see, our approximation of
the bound behaves the same way as the bound (RHS) from article [102] and it does not contain

both perturbed and unperturbed eigenvalues.

3.2.3 Efficient estimation of the bounds for hyperbolic QEP

For the problem in this subsection, we need additional assumptions. Namely, we assume

that for vector of parameters p, the PQEP given by (1.1) is determined with Hermitian positive
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X RHS of (3.35)
; l>]§ndRHs E
:C) O O O O O O O O ():
10 20 30 40 50 60 70 80 90 100

viscosity v

Figure 3.4: LHS and RHS of (3.35) with corresponding bound Bndgys for perturbation
0 = 0.01 and viscosities v = 10,20,...,100

definite matrices M (p), C(p), and K(p) such that

(FC(p)X)* —4(F*M(p)3) (XK (p)%) > 0,

(3.49)

holds for all eigenvectors x of PQEP. Now, [101, Theorem 7] gives the sin ® type upper bound

for the eigensubspaces for the considered PQEP as follows. Let matrices M(p), C(p), and K(p)
determine the perturbed PQEP.
Let M(p°) = LyL}, and K (p°) = Lx L}, be Cholesky (or any other) decompositions. In [101]
the authors consider the pair (A,J), where

A L' C(pO)Lg* Lg'Lu
Ly L 0 ’

(3.50)
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~ A~
Y

Where the pair (A,J) that corresponds to perturbed PQEP is given by

P Le'C(p)Ly’ L' L + L (M (1) —M<p°>>LM*] G351)
— * 7 —% -1 0 —* , '
Ly L + Ly (M(p) — M(p°))Lg 0
[ k)~ KO L 0 ]
_ 0 I+ Ly (M(p) — M (p°))Ly,/

Let X and X be nonsingular matrices which simultaneously diagonalize the pairs (A,J) and
(A\,JA), respectively. Then the following bound holds [101, Theorem 7] for j =1,...,2n:

) NS ~ [ bap+0 ob
ISIH®(X(:,J),X(:,J))\SKz(X)Kz(X)( T F>, (3.52)
£2,j 21,j
where
- 12;(p°) — Ai(p)| 12;(p°) — Ai(p)|
;= min , ;= min , 3.53
ST 2 TET A (353
and

Sar = \/ILiM(p0) 1 (M(D) — M(p) Ly 13 + 1Ly (M (D) — M(p) Ly’ |13
8br =/ Ly (M () ~ M(PO)Lay' |13+ 1Lie" (K (B) = K(°)) L[

Scp = \/ 1Ly (C(p) — C(p°) Ly + Ly, C(p°)M (p°) ' (M (p) — M (p°)) Ly (1.

In order to have an upper bound for |sin®(X (:, j),X(:, j))| that can be efficiently calculated
we will additionally estimate gaps given by (3.53).

Corollary 3.7 Let M(p°),C(p°), K(p°) € C"™" be matrices given as in (3.49). Let M(p),C(p)
and K (p) be corresponding perturbed matrices where (3.49) holds for all p such that ||p —p|| <
&p and |4,(p°) — /:L/,(p)| —Mi(l) >0fori,j=1,...,2n,i # j, and X and X nonsingular matrices
which simultaneously diagonalize the pairs (A,J) and (A,J), respectively. Then the following
bounds hold

2%~ (o) - M
B 2T e ey 354
0y _ 1. _M(l)
2 2 minMJ(pN) M) —M; Bnd; |, (3.55)
PTG .

1
where Mi( ) = aMill(p—p°)|>

Proof. By applying the triangle inequality on (2.42) and the fact that || (4;(p° +¢(p —p°))|| <
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M; we get:
Ap) S () +M. (3.56)

Furthermore, by adding and subtracting 4; (pO) from the left hand side of (2.45) and applying
the triangle inequality we obtain

Y 1
20 ~Ap) 2 14;(°) A - ;" (3.57)
By applying the above inequalities we get the following:

A;(p") = ()| > 4 (p°) — Xi(P)\ _Mi(l)

= = (3.58)
Z(p) 2a(p)] + "
2500 - 2@) - 200 2]~ M (3.59)
;(p°)] ~ 2;(p%)]
Now, by taking the minimum of both sides we obtain inequalities (3.54) - (3.55). ]

Now, we can apply our bounds (3.54) and (3.55) from Corollary 3.7 and obtain the upper
bound for |sin®(X(:, j),X(:, /)|, j=1,...,2n,

[sin@(X(, /), X (:, )| < 2(X)ka(X) (&’FMCF 2 ) (3.60)

Bndgz’j Bndglﬁ )

3.2.4 Numerical experiments

In this example we illustrate the bounds for g, ; and g, ; given in (3.53). We also illustrate

how accurate our bound is if we use approximation of M;, instead of M;.

Example 3.3 In this example we consider a hyperbolic mechanical system. The dimension of
the system is n = 100, where the mass and stiffness matrices and internal damping are defined
in the same way as in the Example 3.2. Furthermore, the external damping matrix is defined as
Cext(p?) = diag(v‘l)ll,vglz, v213), where I are identity matrices with dimensions 40,50, and 10,
respectively. This means that we have put a grounded damper on each mass, but each block of
dampers corresponds to viscosities v, v, and v3, respectively.

In this example, parameters p and p° are as follows p = (v,3+6,0,4v+0) and p’ =
(v,3,0,4v).

Let RHS, denote the right-hand side of inequality (3.52), and

= dar + OcF Obr
RHSgna, = 2 (X) k2 (X) ( Bndg, + Bndg, |
J J
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Since, Corollary 3.7 holds,
RHS, < RHSBndg.

We will illustrate how accurate RHSBndg bounds RHS, for both when we use M; and its approx-

imation 1\7,-. Relative error is as defined:

_ |RHS, —RHSgyq,|

Rele = RHS (3.61)
g
10°
@ O Relerr
5 X Relerr with approximated M
107
w 105
Z 1074
g
]
0]
2
ks
e
B
£ 10°
<
B
o)
1 O-l 1
&
10_14 | | | | | | | | | |
0 20 40 60 80 100 120 140 160 180 200

eigensubspaces index

Figure 3.5: Relative error defined by (3.61)

Figure 3.5 shows relative error defined in (3.61) and corresponding relative error when we
use approximation of M; (2.48) instead of M;, where v = 1000 and 6 = 0.00025.
From Figure 3.5 we can conclude that we can use error bounds (2.45) calculated with (2.48)

instead of the real error bounds, since in calculation of relative errors (3.61) it didn’t make many
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difference.

3.3 Conclusion

In this chapter we have presented a new perturbation bound between individual unperturbed
and perturbed eigenvector of quadratic eigenvalue problems. Usually, these kind of perturbation
bounds depend on unperturbed and perturbed eigenvalues and eigenvectors, which reduces their
possible applications. Therefore, in order to estimate certain gap functions, we have used the
first order approximations for eigenvalues and eigenvectors based on Taylor’s formula, and their
corresponding bounds from Section 2.2.

Using these approximations we have derived upper bounds for different gap functions that
occur in various perturbation bounds, such as the bounds from [101] and [102]. This approach
significantly improves calculation efficiency and possible application of corresponding perturba-

tion bounds. The quality of the obtained bounds have been illustrated with numerical examples.
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CHAPTER 4

Damping optimization in mechanical
systems

As previously mentioned we consider the mechanical system described by mass, stiffness
and damping matrices as in (1.2). In this chapter we are mainly devoted to damping optimization,
therefore, our parameter contains only dampers’ viscosity, i.e., p=v and M(p) =M, C(p) =
C(v) = Cext(V) + Cint, K(p) = K. This means that PQEP (1.1) has the following form:

AV)?’M+A(WV)C(V)+K)x(v) = 0,  x(v)#0, (4.1)

In this chapter we focus on two damping optimization criteria: the minimization of total
average energy of the system and the frequency isolation which are introduced in Section 1.2.
Also we show difference between eigenvalue based criteria (the minimization of spectral abscissa
and the frequency isolation) and minimization of total average energy. Main difference between
the minimization of the spectral abscissa and the frequency isolation is the face that we push all
eigenvalues further left in complex half plane, while the frequency isolation removes eigenvalues
from the specific areas that are dangerous. First one is more appropriate for the stationary case
given by (1.2), i.e. the case where there is no external excitation, while the second one is more

suitable for the non-stationary case

M(v;1) +C(v)q(vit) +Kq(vit) = f (1),
q(v;0) = qo(v) and ¢(v;0) = qo(v),

since the external force f(¢) can be approximated with a Fourier series and we assume that it is

4.2)

given as the finite sum of sine and cosine functions, i.e.,
N
Z cos(wjt) + f} sin(w;r), (4.3)

where @; are the frequencies of the external force, i.e. the dangerous frequencies. For the details
on Fourier series one can see [83].

Furthermore, in the following example we show the difference between the minimization of
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the total average energy and the minimization of the spectral abscissa and later in Section 4.3
we compare the minimization of total average energy and the frequency isolation criteria given
in Section 4.2. It is important to emphasize that the results from these examples are illustrative

and do not represent results in general for all mechanical systems.

Example 4.1 Consider the mechanical system shown in Figure 4.1 and it differs from mechanical
system shown in Figure 2.10 in Example 2.4 only in the structure of the damping. There is a

grounded damper on each mass.

2k k

Figure 4.1: n-mass oscillator

This time the dimension of the system is n = 20. In this example the mass matrix and the

stiffness matrix do not depend on the vector of parameters and they are given by

M = diag(my,...,my,), where

__{ 200—20(i—1) ,i=1,...,10 (4.4)

"7 2014206 —11) Li=11,...,20
and
4k —k —k ]
k 4k —k —k
k —k 4k —k —k
K= , where k=1. 4.5)

k —k 4k —k —k
k —k 4k —k
—k —k 4k

The damping matrix is given by C(v) = Cip + Cext(v) Where internal damping is given by
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Cint = 0Cerit, With o = 0.002 and Cj; is given by (1.21). The external damping is given by
Cext(V) = diag(vy,...,v,). (4.6)

We minimized spectral abscissa and total average energy for this system, and obtained the opti-
mal viscosities Vg, and v, for each criteria respectively. The obtained value for the minimized

spectral abscissa is

) = Re(A(vs,)) = —0.0244,
oMK (Vsa) X e(A(vsa))

while the spectral abscissa for the system with no external damping and for the viscosity v, are

respectively
omek (0) = —0.002,  onvick (Viae) = —0.0239.
The obtained value for minimized total average energy is
tr(ZX e (Vige)) = 356.4998,

where Xo (Ve ) is the solution of corresponding Lyapunov equation (1.33).

o 0 0 0O
0 0 0 O

7= 10 : 4.7)
0 0 Iy O
0 0 0 O0p

where 11 and 01 are respectively 10-dimensional identity and zero matrix. Initial condition in
considered system are
q(v;0)=e; and ¢(v;0)=0,

where e; is first canonical vector of dimension 7.

The Figures 4.2 and 4.3 show respectively the behaviour of the displacement and the velocity
of masses my and my7 over time for the stationary system. From these figures it is hard to con-
clude whether it is better to choose the minimization of the spectral abscissa or the minimization
of the total average energy as a criterion. In both figures the mass reaches the equilibrium point
faster with the viscosities obtained by minimization of the spectral abscissa, but we can also see
from Figure 4.3 that for the spectral abscissa criterion (blue line) mass mj7 has larger oscillation
at the beginning than for the total average energy criterion (red, dashed line), so the choice of
the criterion will depend on the application. We also illustrate the total energy of the system
over time which is given in (1.25).

The Figure 4.4 shows the energy of the stationary system (1.2) over time for two different
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The displacement of the mass m, over time
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Figure 4.2: The behaviour of the displacement and velocity of the mass m, over time for two
different sets of viscosities in stationary case

sets of viscosities. The blue line show the total energy for the case when the set of viscosities
correspond to the optimal viscosities for the minimization of the spectral abscissa, i.e., vg,, while
the red dashed line show the total energy for the case when the set of viscosities correspond to
the optimal viscosities for the minimization of the total average energy, i.e., Vie. One can see
that the spectral abscissa criterion resulted in faster decay of the total energy of the system.

On the other hand, Figure 4.5 shows the same, but for the non-stationary case (4.2), where

the external force is given by

5 .
f(6)="Y flcos(wjr) + fsin(w;t), (4.8)
j=2
where fj = fl{ =[5,5,...,5]" are n-dimensional vectors, and w; are eigenfrequencies that cor-

respond to the undamped system given by (1.5), more precisely

@ =0.0490, @;=0.0651, ;=0.0885, s=0.1071.
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The displacement of the mass m7 over time
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Figure 4.3: The behaviour of the displacement and velocity of the mass m;7 over time for two
different sets of viscosities in stationary case

As one can see in the non-stationary case the minimization of the total average energy criterion
produces less energy. The main reason is that the minimization of the spectral abscissa criterion
doesn’t take into account the dangerous frequencies, while the left side of the Lyapunov equation
that corresponds to the minimization of the total average energy criterion takes into account the
dangerous frequencies.

Since there are cases when the minimization of the total average energy is more appropriate
than the spectral abscissa criterion, in Section 4.1, we precisely define our damping optimization
approach while using minimization of total average energy as an optimization criterion. Section
4.1.1 provides an approximation of the solution of the structured Lyapunov equation, while
Subsection 4.1.2 gives the approximation of the trace of the solution of the Lyapunov equation
when mass and damping matrices have the same eigenvector structure, i.e., we assume that
vi,i=1,...,n, are eigenvectors of both M and C(v). In Subsubsections 4.1.2.1 we provide the
approximation of the trace of the solution of the Lyapunov equation, where the damping matrix

is structured, while in Subsubsection 4.1.2.2 we have a general damping matrix. The efficiency

80



Chapter 4. Damping optimization in mechanical systems

The energy of the system (1.2) over time
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Figure 4.4: The energy for the stationary system (1.2)

and performance of the proposed approach are illustrated in Subsection 4.1.3.

Furthermore in Section 4.2 we present an eigenvalue based approaches which take into
account the dangerous frequencies. These approaches are a frequency isolation in damping
optimization. First one is based on maximization of the major axis of the ellipses while there
are no eigenvalues in their interior, while the second one minimizes the spectral abscissa while
taking into account that there are no eigenvalues in the previously determined fixed ellipses.
Furthermore, in Subsection 4.2.2 we apply our efficient algorithm for eigenvalue computation
from Section 2.3 given by Algorithm 5. The efficiency of this approach is given in Subsection
4.2.3. In Section 4.3 we use both frequency isolation approaches from Section 4.2 in Example
4.1 to illustrate how the system behaves when we push its eigenvalues further away from the

dangerous frequencies.

4.1 Total average energy damping optimization

The purpose of this section is to present new results of approximation algorithms for estimat-
ing optimal damping, by using minimization of total average energy as a criterion. As we show
in some cases determination of optimal damping can be given by an explicit formula, while in
more general cases we present a numerical approach to determination of optimal damping which

can be efficiently implemented.
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The energy of the system (4.2) over time

— Vga
--- Viae

120 T T T T T I I

100

80 |

N
1y
1

energy
o)
S
[

40 | .

I
=

20 4 \\ 1

R ) B

1
1
I
I
I
I
I
\ I
d
d / l 1
d
d
1
d
d
1

0 | | | | | | | | | | | | | | |
0 50 100 150 200 250 300 350 400 450 500 550 600 650 700 750
t

800

Figure 4.5: The energy over time for the non-stationary system (4.2)

Our approach is based on the fact that for a modally damped mechanical system all three
matrices M, C(v) and K can be simultaneously diagonalized. Thus, the main assumption here
is that matrices M, C(v) and K are simultaneously diagonalizable or that they are close to the
case when all three matrices can be simultaneously diagonalized. Although this approach has
been widely used by different scientific communities, especially in engineering, in this section
we propose a slightly different perspective, which allows us to determine optimal damping very
efficiently for a certain structure of mechanical systems, as we demonstrate later.

Moreover, since only the damping matrix C(v) depends on parameters, usual approaches to
viscosity optimization assume preprocessing based on diagonalization of the mass and stiffness
matrices, M and K, as in (1.4). On the other hand, in this section we propose a new approach,
which is based on diagonalization of the damping matrix C(v), and then calculation of optimal
viscosities. As we show in this section, this approach can be very efficient for structured systems
which allow us to determine optimal viscosities, explicitly or numerically considerably faster.

First, in the next subsection we present a new algorithm which approximates the solution (as

well as its trace) of the corresponding Lyapunov equation, and after that in Subsection 4.1.2 we

present a new algorithm for finding optimal total average energy damping.
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4.1.1 Approximation of the solution of the structured Lyapunov equa-
tion

It is well known that linearization from (2.64) is not unique. Thus for our purpose we rewrite
(1.2) as

M2IM2G(vit) +C(vV)§(vit) + K2K2g(vit) =0, (4.9)

since both M and K are positive definite, and ¢ represents the time variable. Thus, since M2 is

positive definite, we obtain
1 1 1 1 1 1
Lig(vit) + M 2C(V)M 2¢(v;t)+ M 2K2K2 M 2¢g(v;t) =0. (4.10)

Now, simply by substituting y; (v;t) = K%M’%q(v;t) and y,(v;7) = ¢(v;t) we obtain the follow-

ing:

V(i) = KIM™24(vit)
1ol
=K2M 2y,(v;t),
y2(vit) = G(vst) (4.11)
1 1 R R |
=—-M 2C(V)M 24(v;t)—M 2K2K2M " 2¢(v;t),
1 1 1 1
=—M 2C(V)M 2y,(v;t) —M 2K2y(v;t).

From (4.11) obtain the following linearization:

y(vit) = A (V)y(v;e), (4.12)

where
0 K2M—2
, Ag(v) = ) (4.13)

y1(vs?
y<v;t)=[ i)
MK —M2C(V)M 2

y2(vit)

Since we are interested in minimization of total average energy as a criterion, as we have shown

in Section 1.2, it follows that we are interested in minimization of the trace
tw(ZY(v)),
where Y(Vv) is a solution of the Lyapunov equation
AT(VY(V) +Y(V)AL(v) = 1, (4.14)

and Z is defined in (1.35).

Next we present a new approach to approximation of the solution of Lyapunov equation
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(4.14), which is different from the standard ones, that are based on modal approximation of me-
chanical systems. Our approach combines two aspects, one is a modal approximation approach
and the other is an approach based on the improved error estimates, see e.g. [12], [13] and [8].

For that purpose let
M7ICVM™2 = Uy(MAWUL (v),  A(v) = diag(8;(V),...,8:(v)), (4.15)

be the eigenvalue decomposition of the “damping matrix” M -1C (V)M -3

Let
1 0

V=15 vy

(4.16)

be the orthogonal matrix, where Uy(V) is defined in (4.15). If one multiplies Lyapunov equation

(4.14) from the left and from right by T7 (v) and T(v), respectively, then one gets
AT(V)X(V) +X(V)A(v) = -1, (4.17)
where
AK) =TT (V)AL (V)T(V) = [ o N T(V)] : (4.18)
where N(v) = Ul (v)M~ 2Kz and

X11(v) Xpa(v)

Xv)= XH(v) Xn(v)

(4.19)

For the sake of easier notation in this section, from now on we omit writing of the parameter v,
if not necessary.

Now equation (4.17) can be written as

0 —NT| X X X1 X 0 NT I 0
e Y . E
N —A||X5 X X5 Xp| |-N -A 0 I
where
X X
Y=T ITI 20T, (4.21)
Xin X»
It obviously holds that tr(ZY) = tr(ZyX), where
Zy =TTZT. (4.22)
Now, from (4.20) one gets
NTXL +XoN =1 (4.23)
12 12 9 .
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~NTX0 + X NT —X1pA = 0, (4.24)
NXi| — XN — AX, = 0, (4.25)
NXi» —|—X1TZNT —AXpy — XppA = —1I. (4.26)

Since X12N € R”, we can write it as

X12N +NTX]
XN = % +5, (4.27)
TyT  nTyT
where w is symmetric part of the matrix X|,N and S = M is skew-symmetric
part of the matrix X»N, i.e., ST = —s.
Now, from (4.23) and (4.27) it follows
NTXL 4+ XoN =1 <= 2X|oN=1+2S (4.28)
Therefore, from (4.28) it follows
| —1 T
Xip==N""+SN"", where =-S5 (4.29)

2

Thus, if one knows the skew-symmetric matrix S from (4.29), then the solution X is known.
A new approach: as described at the beginning of the section, our approach is based on
some interesting properties of a modally damped system. As is well known (see e.g. [112,

Theorem 2.3]), the modally damped system satisfies the so-called commuting condition
CK~'M=MK~'C.
It can also be shown, provided that inverses exist, that the above equality is equivalent to
KC™'M =MC™'K and also to CM 'K = KM~ C. (4.30)

From (4.30) and (1.18) one can see that the mechanical system can be modally damped, i.e.,
that all three matrices M, C and K can be simultaneously diagonalized, even if some of them are
singular.

Next we show that this assumption is equivalent to the assumption on commuting NN’ and

A1 ie., we state the following lemma.

Lemma 4.1 Let N = UOTM*%K% and A = UOTM*%CM*%UO. Then
NNTA= = A7INNT (4.31)

if and only if the mechanical system from (1.2) is modally damped, i.e., the left equality from
(4.30) holds.
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Proof. Since N = UOTM’%K% and A = UOTM’%CM’%UO, it follows that
NNT =UIM KM~ 21Uy and A'=UlMzC'M1U,.
Now, simple multiplication gives

NNTA™! = I M 2KC ' M2U,
A~'NNT = U M2C KM 1y,

which together gives the following equivalence

Ta—1 _ A—LanT e WY W | -1

NNTA™' =A"INNT = M 2KC 'M2 =M:C'KM ™2
— M\  MTKC'MI=MICT'KMI  /.M?
— KC'M=MC K.

O

The assumption from Lemma 4.1 is equivalent to the assumption on commuting X, and N,

1.e., if and only if
XN =NXja, (4.32)

then (4.30) holds, and the mechanical system is modally damped.
If X1, and N commute, i.€., if (4.32) holds, then also X,NT = NT X[, and NX;, + XLNT =1.
Therefore, if we subtract (4.26) from (4.23) we obtain

AXo> + X0 A =21. (4.33)
Now from (4.25) we obtain
X1 =N"'XoN+N1AXE,. (4.34)

Furthermore, the assumption that (4.32) holds if and only if S from (4.29) is a zero matrix, i.e.,
if § = 0 then (4.32) trivially holds. On the other hand if (4.32) holds, then

1 1
(EN_1+SN_1)N = N(EN_1+SN_1>, (4.35)
1 1 ;
J+S = JI+NSNT, (4.36)
S = NSN°!, (4.37)

which means that S is similar to itself for every matrix N, but since N is not fixed (it depends
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on the choice of matrices M,C(v),K) the only two matrices for which (4.37) is satisfied are the
identity and zero matrix. S is skew-symmetric, thus S = 0.
As it is shown in [23], when the system is a modally damped Lyapunov equation (4.17) has

a unique solution and the explicit formula for the solution can be obtained.
Lemma 4.2 The mechanical system is modally damped if and only if the solution of Lyapunov

equation (4.17) is

X= (4.38)

NIATIN+AIN-IAN-T INT
%N_T Al ’

Proof. Uniqueness of the solution of the Lyapunov equation follows directly from the fact that
A given by (4.18) is a Hurwitz matrix and the right hand side of the Lyapunov equation is a
negative definite matrix, see [27]. Now remains to check whether X given by (4.38) is really the

solution of Lyapunov equation (4.17).

0 —NT 0 NT [ L 11 NTATT4NIATINNT
X+X - 17 1
N —A -N —A ATIN—-A"IN —sI—31
e
o —1|’
since A~' and NNT commute, N 'A~INNT = NTINNTA-T = NTA-L, L]

The main idea: Now we do not assume that (4.32) holds, i.e., our mechanical system is no
longer modally damped.

But if it is still “good in some sense”, or “close” to a modally damped system, we can use
the above conclusions to approximate the solution X of Lyapunov equation (4.17).

For that purpose, we approximate X, from (4.29) with
Xip = %Nl. (4.39)
Further, from (4.33) it follows that
X =A"l. (4.40)

Once we have derived fzz, it is easy to derive the last unknown approximation fl 1. Indeed, from
(4.34) it follows

- - 1 1
X :N*1X22N+§N*1AN*T :N*lA*1N+§N*1AN*T. (4.41)
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In the next theorem, we present the residual error

Rer = |[ATX 4+ XA +1 (4.42)
obtained by the approximation
< |[Xn X
= 2P (4.43)
Xiy X»

which is equivalent to inserting approximations )?1 1, szz and )?m into (4.24).
The following theoretical results are used for error estimation made by the above approxi-
mation of the solution of the Lyapunov equation. They are also used for the a priori estimation,

whether the considered mechanical system can be approximated with a modally damped one.

Theorem 4.3 Let X be the approximation of solution (4.19) of Lyapunov equation (4.20) ob-
tained by (4.39), (4.40) and (4.41). Then the residual error Re; is given by

Rer = [NTA™ = N"TA-I'NNT . (4.44)

Proof. The proof simply follows by inserting X into (4.20). Indeed, from (4.43) and (4.20) one
gets

0 —NT 5211 )?12 lel )?12 0 NT . I Err (445)
N —A||XL Xn| |XL Xn||-N -A] |0 1| '
where
~ ~ 1
—Err = —NTXp, + N1 X5,NNT + 3 (-N"'A+N"1A).
Now, since
Rer = |[ATX + XA +1||
1 0 Eirr ”
oo
= || Err]],
(4.44) holds, which completes the proof. [

As a consequence of the above theorem and Lemma 4.2, we have that Re; = 0, which implies
that X = X if and only if

NNTA™' = A-INNT,
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1.e., the system is modally damped.

4.1.2 Total average energy optimization

Using the approximation from (4.43), here we present a new approach to damping optimiza-
tion. Thus, we assume that the considered mechanical system is close to the perturbed modally
damped system, i.e., further on we assume that the residual error R, from (4.44) is small enough,
which means that KC~'M ~ MC~'K in some sense.

For that purpose, let
M:UMAMUAE, UM: [ul un}, AM: [/.11 ,un},

be the eigenvalue decomposition of the mass matrix M.
We distinguish two different cases. In the first case, we assume that the damping matrix C

has the same eigenvector structure as the mass matrix M, i.e., we assume that
_ T T T
Cr = viujuj +Vauguy + ...+ Vyuuu,, (4.46)

where vi=v;+ 0., i=1,...,n.

For the damping matrix close to Cy, and in the case when the number of dampers is equal to
the dimension, i.e., when s = n, we are able to derive the explicit formula for optimal damping
viscosities v;, i = 1,...,n. On the other hand, for the case when the number of dampers is less
than the dimension or some viscosities are the same, we present a formula that covers these
cases in a more general setting.

Thus, back to the first case, we assume that the damping matrix C is close to C; from (4.46),

1.e.,
C~ (vi+ Otc)ululT +(va+ Occ)uzuzT +.+ (vt ac)unu,{. (4.47)

Below we derive a simple formula for calculation of optimal viscosities v, for which the trace
of the approximation X from (4.43) is minimal.
If we are interested in damping the s undamped frequencies, then using the matrix Z from

(1.35) we obtain that for the matrix Zy; from (4.22) it can be written as

1z 0
ZU = )
0 2

where

Zl - diag(oll 7IZ23 0t3) 5 (448)
Z, = U] diag(0y,, 1,0, ) Up. (4.49)

89



Chapter 4. Damping optimization in mechanical systems

Since our penalty function is a trace of the solution of the corresponding Lyapunov equation,

note that for the approximation of the trace it holds that
tr(ZyX) ~ tr(ZyX) = tr(Z1 X11) + tr(Z2X20)
= tr(Z1 X)) + tr(ZX0) + %tr(N_IZIAN_T),
ie.,
tr(ZyX) ~ tr(ZyX) = tr(Z) A7) + (A7) + %tr(zlAN—TN—l ). (4.50)

Approximation (4.50) is our starting point, which allows us to derive an approximation for
optimal v* € R’
Note that from (4.47) and (4.15) it follows that

M ICM™? = UpAUL,  where A = diag(v+ ). 4.51)

Now from (4.50) and (4.51) one gets

1 n
T ota. 2 (vi+ o) (Z1)iiwi, (4.52)
=1 L i=1

where w; = |W(:,i)||>, W=N"!fori=1,...,n.

Using the fact that all quantities in (4.52) are nonnegative, simply by using partial derivatives

Itr(ZuX(v) (2t (Z)i | |

—— —(Z1);iw; =1,... 4.53
vi (vi + 0)? + 2( Diwi, i=1,m, (4.53)
and fori=1,...,n from

ZuX
InZuX() _ (4.54)

avi

(Z21)i+ ()i 1
NaE Bl Ly =0 4.55
(vi + . )? +2( Viwi =0, (4.55)
2
; 2

it o)™ _ (4.56)

(Z)i+ (2 (Z1)iwi

= 2(21)i+2(Z2)i 0.
(Z1)iiwi

one gets that

1
—
=
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are minimum for the trace (since H (tr(ZyX(v))) > 0), i.e.,
v* = argmintr(ZyX(v)).

The setting given by (4.46) was just a motivation for a more general case that is considered

in the next subsubsection.

4.1.2.1 Damping optimization for the structured case

Throughout this subsubsection we assume that the eigenvalue decomposition of the matrix
1 1L
M—2CM ™2 is given by

M 2CM™2 = UpAUL, A=v1Ci @@ ®v,Cs, (4.57)

where each matrix C;, i = 1,...,s is a diagonal matrix and it has a dimension d;, i = 1,...,s,

N
respectively, with Z di =n.
i=1
The above assumption means that the matrix A is a direct sum of smaller matrices that

correspond to the same viscosities and it arises from the fact that very often the damping matrix
C can have blocks of dampers which have the same viscosities. Moreover, in the assumed setting,
damping blocks with different viscosities do not interlace with each other.

Note that the setting included in (4.46) is also covered by (4.57) since we can also use this
approach in the case when d; = 1, i = 1,...,n, considering that all viscosities are different.
On the other hand, we would like to emphasize that damping of the form (4.57) generalizes
damping studied in the previous part, (4.46). Moreover, it also includes more general cases in
which the damping matrix C is permutation similar to the block diagonal matrix where each
block corresponds to damping parts with its own viscosity parameter.

If we are interested in damping the first s most important eigenfrequencies, then the matrix

Z1 O
Zy=|" :
0 2
where Z| and Z, are given by (4.48) - (4.49).

Also, for the approximation of the trace it holds

Zy from (4.22) can be written as

=~ ~ ~ 1
tI‘(ZUX) ~ tr(ZUX) = '[I‘(21X22) + tI‘(ZzXzz) + 5 tI‘(NilzlANiT),
i.e.,

- 1
tr(ZyX) ~ tr(ZyX) = tr(Z, A + tr(ZA7 1) + 5 tr(Z, AN TN, (4.58)
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Now using approximation (4.58) together with (4.57) we can derive approximate optimal
parameters v* € R, .

In particular, from (4.57) and (4.58) one gets

tr(ZuX(v) =Y N 205+ (2
=1 j=di++di_1+1 vi(ci)kjk.i T O
1 dy+--+d;
Y X (@i i(Cok, + ), (4.59)

i=1 j=d\++di_1+1

where k; determines the index that depends on j and it holds that k; = j — (di +---+dj_1) .

Moreover, w; is the square of the 2-norm of the column of the matrix W = N7!, ie.,
wi = [|W ()|

In general, for this function we are not able to derive an explicit formula for optimal vis-
cosities. But since in this case, where the matrix which diagonalizes the matrix M *%CM -3
is the same for all viscosities, we can determine optimal viscosities efficiently by a numerical
optimization procedure which is described later in Remark 4.1.

Additionally, we are also able to derive an explicit formula for a global minimum if

Z rank(C;) = n and o, = 0. In that case, our objective function has the following form:

i=1 Vi j=di+-+di_1+1 (Ci)kjkj
di+--+d;

1
+§Zvi . Z (Zl) jWJ(C)k ik (4.60)
i=1  j=di+--+di_1+1

tr(ZUfi(v))=i1 N (@it (2

Using the fact that all quantities in (4.59) are nonnegative, one easily obtains partial deriva-
tives

ar( ~( ) Zdl‘Z"""did I(Zlg.i_i;L(Zz)j.i i ptd
tr(ZyX(v j=di+tdio1+ Ci)k ik ; 1 &
3 =— 5 5 Y (Z)jwi(Cip;, (461
Vi Vi Jj=di++di_
fori=1,...,s. Now, from
o tr(ZyX
ou(ZuXM) _ o izl s (4.62)
8vi
one gets that
di+++d; (21)j+(Z2) j
. 2Y i rdy 11 (ch,-)k.k. “ .
vi= | s Mo =1, (4.63)
Z’j:d1+~--+di 1(21) JWJ(Ci)kjkj
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are optimal viscosities, i.e.,
v = argmintr(ZyX(v)).

Remark 4.1. The objective function given by (4.59) for the parameter o, # 0 can be efficiently
optimized using a numerical optimization procedure. In particular, in this case we deal with the

minimization of s functions where the ith function f; is given by

dy+--+d; 7 (Zo) 1 ditetd
filvi) = y (.%{ﬁ( 2)ji s y (Z1);jw (i Cagp; + ), (4.64)
jeditrdi i VilCikgk G 2 g

fori=1,...,s. Here the function f; is a strictly convex function with global minima v, for
i=1,...,s respectively, where minima v, for i = 1,...,s can be efficiently determined using
iterative solvers. By this approach we are able to determine optimal parameters v}, fori=1,...,s

that minimize tr(ZyX(v)).

4.1.2.2 Damping optimization for the more general structure

In this subsubsection, we consider a more general case, than the two cases already presented
in Subsection 4.1.2 , but still we assume that our system corresponds to the configuration where
(4.44) is small enough, or that approximation KC~'M ~ MC~'K holds in a certain sense.

Since M is a positive definite and C is a positive semidefinite matrix, there exists an orthogo-

nal matrix U such that

CM~ 1 =UAUT, A=diag(,...,5,). (4.65)

o] —

M-

Apart from previous cases where we are able to derive an explicit formula for global minima,
in this subsubsection we present a numerical approach to calculation of an approximation of
optimal viscosities. The main problem within this general case is that the matrix U, which
diagonalizes the matrix M “3CM~: , depends on viscosities that determine the damping matrix
C, contrary to the cases that are already presented in Subsection 4.1.2 .

Thus, let us assume that s dampers with corresponding viscosities v;, i = 1,...,s are given,
which determine our external damping matrix Cex¢(V), i.e., the damping matrix is given by
C(v) = Cint + Cex(Vv). Since in general the matrix U from (4.65) depends on viscosities, let Uy
be a unitary matrix which diagonalizes C(v") for initial viscosities v°.

Now, similar to the beginning of this subsection, we can calculate approximation of the trace
of the solution of the corresponding Lyapunov equation for the given viscosities (VO). As above,

we can show that

wr(ZuX(v)) =Y (Z)it(Z)i + % i 0i(Z1)iiwi, (4.60)
: =~

1
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where Z; and Z, are given by (4.48-4.49) and

M H(C(VO)M 2 = UpAUY A= diag(§i,...,5,), (4.67)
wi = |[Wo(:,1)|?, Wo=N"' i=1,...,n (4.68)

Now, we do not have an explicit formula for optimal viscosities, thus we propose the following
numerical approach to viscosity optimization.
During the optimization process, the next iteration (for viscosities) (v!) can be calculated

using corresponding matrix Uj, given as
M I(C(V')M 1 =U,AUT,  A=diag(8},...,8)),

which ensures the corresponding trace approximation. It is important to notice here that very
often, during the optimization process, the same subspace U is also good for several iteration
steps (i.e., for several viscosity updates). Thus, during the optimization process, we first check

if the same subspace is good enough, meaning that the residual error
erry = |[MY — diag(M{|,M%,,...,.MY)|| < toly, (4.69)

where MU = UOTM’% (Cint + C(Vl))M*%UO and toly is some given tolerance.

This means that in the optimization process, if erry defined in (4.69) for viscosities vlis
smaller than the tolerance toly, we use the unitary matrix Uy instead of computing U; for
approximation of the trace tr(ZyX(v!)).

The algorithm for the optimization of viscosities is summarized in Algorithm 6. We would
like to emphasize that the main cost in trace approximation (4.66) belongs to the calculation of
the matrix U; thus in Algorithm 6, by using the residual tolerance toly we can avoid calcula-
tion of the matrix U for some viscosities v/ (for some i’s), which significantly accelerates the
optimization process. Moreover, as one could expect, the matrix U does not need to be calcu-
lated (up to tolerance toly) in each step of iterations (for various viscosities v’) if a mechanical
system has some special structure or if the changes in viscosities are small (which often appears

during the optimization process).

Remark 4.2. Note that by using Algorithm 6, we can also minimize objective functions given
by (4.59). In that case, the erry is zero (up to machine tolerance) and we are able to calculate
approximation of the objective function without calculating the matrix U in each step. On the
other hand, since in this case the objective function consists of s independent functions, it is

even more efficient to use an approach described in Remark 4.1.
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Algorithm 6: Computation of optimal viscosities

Require: System matrices; tolerance toly for updating eigensubspace U; starting viscosities

V0.
Ensure: Approximation of optimal viscosities.

1: Calculate approximation of the trace given in (4.66) and Uy given in (4.67). Set U = U.

2: Find optimal viscosities by using an appropriate optimization procedure (e.g. the

Nelder-Mead algorithm). Evaluate the function value using trace approximation at the

given viscosities v’ as in Steps 3 to 8:
3: Calculate the error for the subspace U from

U . U U U
eI‘I‘U: HM —dlag(M]],Mzz,.,Mnn>”,

where MU = UTM 3 (Cint + Cext(v"))M_% U.
4: if erry < toly, then
5:  Compute the function value at viscosities (V') using

tr(ZyX(v')) = i (Z)i+ (2 + % ; 0i(Z1)iwi,

where Z; and Z, are given by (4.48) - (4.49) and

A=diag(i,...,8,), &= (UTM 2(Con+Coxte(V)) M 2U)ii, i = 1,...

6: else
7. Compute new U and A, such that

M3 (Cig + Coxt(V))M? =UAUT, A= diag(6),...,85,).

Compute the function value at viscosities v’ using formula

tr(ZyX(v')) = Z (Z)i+ (Z)i + 1 Z 0i(Z1)iwi,

i=1 5i 21:1
where  w; = |[Wo(:,i)||>, Wo=N"!, i=1,...,n andZ,Z, are given by (4.48)
and (4.49).
8: end if
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4.1.3 Numerical experiments

In this subsection, we illustrate the performance of the new approach on damping optimiza-
tion based on considering minimization of total average energy. In both illustrative examples
we consider the mechanical system, the so-called the n-mass oscillator which was already men-

tioned in examples in previous chapters. In all examples, we take Zy = 1.

Example 4.2 In this example, we consider the system from (1.2) with dimension n = 20, where

the mass and stiffness matrices are defined as:
M = diag(m;,my,...,m,),
200—20(i—1), i=1,...,10
= {201+20(i—11), i=11,....20

b

4 -1 -1
—1 4 -1 -1
~1 -1 4 -1 -1
K =
-1 -1 4 -1 -1
~1 -1 4 -1
1 -1 4

The structure of masses and stiffness is shown in Figure 4.6.

Figure 4.6: n-mass oscillator

Further, the damping matrix C(v) is given as C(v) = Ciy + Cext(V), Where the external
damping matrix has a block diagonal structure Cex (V) = diag(C;(v),Ca2(V),...,Cio(Vv)), where
each block has its own viscosity v; fori =1,...,10.

The blocks are defined as:

[vitvip  —vip 0
Ci(v) = —vip  vi+2vip —vip |,i=1,2,3, (4.70)
0 —Vvip  Vitvip
cv) = |7 TP s 4567, @.71)
| —ViP Vi+vip
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Figure 4.7: Block diagonal structure of matrix Cex(V)

Ci(v) [vi + vip} ,i=8,9,10, 4.72)
where p = 0.001.

The block diagonal structure of the matrix Cex(V) is shown in Figure 4.7, while the structure of
the damping for each block C;(v) in our mechanical system, is shown in Figures 4.8, 4.9 and

4.10. The internal damping is Cip = &:-Cerit, Where Cgi¢ 1s given by (1.21).

Vi

Vi

7 Vi
= He HH
—— mi I Myl i M2 - —
vip vip

Figure 4.8: Block within n-mass oscillator represented by matrix (4.70)

We calculate optimal viscosities for two different cases:

Case 1 In the first case, we assume that there is no internal damping, i.e., . = 0.

For the purpose of comparison, we present the optimal viscosity and the corresponding min-

imal trace, denoted by (v*,tr(X(v*))), obtained by direct calculations using formula (4.63) and
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Vit Vi

Figure 4.9: Block within n-mass Figure 4.10: Block within n-mass
oscillator represented by matrix (4.71) oscillator represented by matrix (4.72)

the optimal viscosity and the corresponding minimal trace denoted by (v, tr(X(v))), obtained by
the minimization of the trace of the "dual Lyapunov equation" of the Lyapunov equation (4.17)
directly with MATLAB’s function fminsearch, where we have used MATLAB’s function 1yap

for solving Lyapunov equations.

For (v*,tr(X(v*))) and (v,tr(X(v))), we have obtained the following:

37.9626] 38.1249]
23.3395 23.1773
14.7396 14.5789
19.4686 17.4601
oo |PBO0B  Rv)) = 4874226, v | BB x(v) = 484.8125.
32.6407 32.4962
38.6879 38.5573
45.7553 45.6625
54.7100 55.0314
164.6193 | 65.0329 |

Thus, relative errors for the obtained approximations are:

ey = YV _o0171, 4.73)
I
|[tr(X(v*)) — tr(X(v))]|
L= — 0.0054. 474
e e XW)] (&7

Here the residual error from (4.44) is Re; = 0.3534. This shows that even if the considered
mechanical system is not very close to the modally damped one (Re; is not significantly smaller
than 1), formula (4.63) still insures the satisfying result.

Case 2 Within the second case, we assume the existence of internal damping; thus let
o, = 0.005.

As emphasized in Remark 4.1 for the case o, # 0, one can not use formula (4.63) directly.

Thus we use Newton’s method for optimization of the trace approximation given by formula
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(4.64). Again by (v*,tr(X(v*))) we denote the obtained approximation for optimal viscosity and
the corresponding minimal trace. Similarly, by (v,tr(X(v))) we denote optimal viscosity and
the corresponding function value obtained by the minimization of the trace of the dual Lyapunov
equation of the equation (4.17) directly with MATLAB’s function fminsearch, where the
Lyapunov equation was solved by MATLAB’s function lyap.

Here are the obtained quantities:

36.1512] 36.3126
22.1206 21.9638
14.0986 13.9714
17.6473 15.8175
o |26:2969  w(R(v)) 4863990, v— 26.1052 C (X(v)) = 483.9260.
29.9301 29.7869
35.5781 35.4482
42.3487 42.2551
51.1036 51.4233
160.8131 | 61.2265 |

For relative errors defined in (4.73) and (4.74), here we have:
erry = 0.0169, erry = 0.0051.

In this example, the residual error from (4.44) has a similar magnitude, i.e., Re; = 0.3049.
In the second example, we consider a more general structure.

Example 4.3 In this example, we consider the system from (1.2) with a dimension n = 500 and
the matrices M and K defined as:

M= 103diag(m1,m2, ey My,
[ 5000-20(i—1), i=1,...,250
| 5001+20(i—1), i=1,...,250

Y

(10 —1
~1 10 —1
. ~1 10 —1
~1 10 -1
~1 10
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The damping matrix C has the block diagonal structure as follows

0

Ci
C= 0 ~+ Cint, 4.75)
G

0

where o, = 0.005 and O represents a zero matrix of the corresponding dimension. The matrices

C; are defined as:

Vi +Vi1P —ViiP

o | Tvap viat2vip VP i=1,2, (476
= 5 — e *
(v e
—Vi, D Vi, + Vi, P

where p = 0.01 and the structure of damping for each block C; in our mechanical system is
shown in Figure 4.11. Thus, each block has 2 different viscosities, which means that we have 4

different viscosity parameters to optimize.

— o M My i Mit2
ViP Vi P

Miy3 |—---—

Figure 4.11: Block within n-mass oscillator represented by matrix (4.76)

Again, we compare the approximation of optimal viscosities obtained by our new approach
proposed in Section 4.1.2.2 with optimal viscosity obtained by the minimization of the trace
of the "dual Lyapunov equation" of the equation (4.17) directly with MATLAB’s function
fminsearch, based on the MATLAB’s function 1lyap for solving Lyapunov equations.

This comparison has been performed for different positions of matrices C; and (5, i.e., in
each new configuration we change the position of matrices C| and C,. The following configura-

tions are taken into consideration:

(i,j)) € {(2,17),(2,67),(2,117),(2,267),(2,317),(52,67),(52,117), (52, 167), (52,267),
(52,317),(52,367),(52,417),(102,117), (102,217), (102,367), (152, 167), (152,267),
(152,317), (202,417), (252,267), (252,367), (252,417),(252,467), (302,367), (302, 417)
(352,417), (352,467)},
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where i represents the position of the matrix C; and j represents the position of the matrix C,.

Figure 4.12 shows the relative error

L (X)) — (X))
" [ECSCI.

for each configuration.

10°4

% relative error in traces

*

*
koK * " k ok ok ok ok ok

relative error

—

<
~J

T T T T 1171 \‘

a
¥

¥

¥

107?

k

10—10 I I I I I I I I I I L L |
10 12 14 16 18 20 22 24 26 28

configuration number

(e]
S}
N
(@)
o0

Figure 4.12: Relative errors erry for different positions of matrices C; and C;

During the optimization process, using Algorithm 6, we have calculated the percentage
of updates of the matrix U with the tolerance toly = 107>. The number of updates for each
configuration is shown in Figure 4.13.

Moreover, in order to illustrate the quality of the new approach using the surface plot in
prescribed viscosities, we set vi = v3, v = vy, while v; € [40,200] and v, € [200,340]. The
block with viscosities v and v, starts at position 242 and the block with v3 and v4 starts at 470.

For the first step in iterations we have used the matrix U defined by optimal viscosities
vi = 101.4445 and v, = 268.3622, while during the iteration process the matrix U has been
updated with the tolerance toly = 107>,
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25 T T T T T T
O percentage of updating matrix U

[\

(=)
T

I

number of updates
—_
o
T
@)
O
|

number of iterations

100x

@]
© O
oo o©o- 900 O = 00000000

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28
configuration number

Figure 4.13: Percentage of updating matrix U for different positions of matrices C; and C;

10—747

relative error

10776

20

0 0 Vi

Figure 4.14: Relative error of the function value
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In Figure 4.14, we can see the relative error

eIty = Hflyap—fapprOXH
* [ fiyapll

in which fjy,, represents the trace of the solution of the Lyapunov equation for certain viscosities
vy and v, by MATLAB’s function 1yap and fapprox represents the trace calculated by our

algorithm. The relative error is less than 107,

In the next section we present eigenvalue-based approach to damping optimization. This
approach is based on frequency isolation, i.e., we are focused on dangerous natural frequencies,

which we want to avoid.

4.2 Frequency-weighted damping optimization

We consider vibrational mechanical system described by (4.2), where damping matrix C(v)

depends on parameters encoded in vector v = [vy,...,vs]T € R%,. We assume that C(v) is given
by

C(V) = Ci + Gdiag(v)GT, (4.77)
where v; fori = 1,...,s represent damping viscosities and geometry of damping positions is

described by the matrix G. Usually, there are small numbers of damping parameters compared to
full order dimension which means that s < n. Since we are interested in damping optimization,
our main focus is on the damping matrix C(v) given by (1.2) that can be written in the following

form

s
C(v) = Cine + Zl Vigigi (4.78)
i=
where g; fori = 1...s, are columns of matrix G. When C(v) has the structure from (4.78) we
can easily apply our approach from Section 2.3 for fast eigenvalue computation.
In this section we would like to present a new criteria based on eigenvalues, that are motivated
by a frequency isolation problem and ensures that spectral abscissa is bounded or minimized.
The frequency isolation problem corresponds to the problem of parameter optimization in
such a way that the new system has no eigenvalues close to the dangerous frequencies (dangerous
areas). In damping optimization setting this can be achieved by optimizing damping positions
and damping viscosities. This problem has been previously studied in [49] and [32]. In [49], the
author proposed a Newton-type method for structures vibrating at low frequencies, while in [32],
the authors proposed a less costly inverse eigenvalue method: a target spectrum away from the
resonance band is fixed in advance. The frequency isolation problem in undamped vibrational

systems was considered in [69], but we would like to use it in a more general case which means
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that we vary parameters also in the external damping matrix.

The main interest of this section is to present a new approach for the frequency isolation
problem. First we will formulate a new optimization criteria that takes into account the eigen-
value behaviour with respect to dangerous areas as well as the magnitude of spectral abscissa.
Additionally we propose that dangerous frequencies are weighted in order to ensure importance
of certain frequency areas. Since that damping optimization process requires repeated solutions
of QEP for different damping parameters, we use the efficient approximation approach given
Section 2.3, which gives us the fast solution of the QEP.

We consider two different approaches to the frequency isolation problem, where the undesir-

able areas are ellipses with centers on the imaginary axis:

Approach 1:
We minimize spectral abscissa such that frequencies are isolated from a priori determined el-
lipses. Furthermore we need to emphasize that this case depends on choice of the value of the
major axis, i.e., if we choose too big major axis the optimization problem might be infeasible
or if we choose too small major axis this case comes down to basic minimization of the spectral

abscissa.

Approach 2:
The centers of the ellipses are fixed and we bound a spectral abscissa by tolg,, while we
maximize (scaled) major axis of the considered ellipses and make sure there are no eigenvalues

in them. One can notice that with one ellipse we can push away more then one eigenvalue.

First we will focus on the single ellipse case for both approaches, and in Subsection 4.2.2
we will extend this to the multiple ellipse case. The multiple case will be illustrated in Subsec-
tion 4.2.3, and single case will be illustrated in Section 4.3 where we will compare these two

approaches on Example 4.1

4.2.1 Single ellipse case

Let E = (c,a(v),b) be the ellipse in the complex plane, where ¢ € iR, b € R are respec-
tively constants for its center and minor axis and a(v): R — R is the major axis function,
which will be maximized. The center determines which frequency is undesirable. Since eigen-
values A (v) € C, and R? and C are isomorphic we define the ellipse on C by

X (y—Im(c))?

2T »

=1, where x+yieC. (4.79)

In both approaches described above we need to make sure that no eigenvalues are inside the

ellipse, so we need to define the distance function d(A(v), E) that measures the distance of eigen-
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value A (v) to the ellipse E. There is no explicit formula for distance from point to ellipse. One
can use Mahalanobis distance-like function from [86], but we will define distance as algebraic
distance, for more see [108]. Let d(A(v),E) be defined as:

Re(A(v))2  (Im(A(v)—c))?
_ 22((v))) +( <(b2) ) o,

d(A(V),E) (4.80)

which means that

<0, if A(v) is in the ellipse E,
d(A(v),E){ =0, if A(v)is on the ellipse E, (4.81)
>0, if A(v) is outside of the ellipse E.

In Approach 1 we minimize spectral abscissa such that there are no eigenvalues in a priori
determined ellipse. For the Approach 1 the major axis is fixed, i.e., a(v) = a and E = (c,a,b)

and the optimization problem is defined by

min A
veR?, MCK( )

such that (4.82)
dA(V),E) >0, VYA(v)€A(v).

In Approach 2 we want to maximize the major axis of the ellipse a(v), such that there are no

eigenvalues in the ellipse. We can see that a(v) needs to satisfy the following condition
dA(v),E) >0, VYA(v)€eA(v), (4.83)

1.e.,

b|Re(A(v))]
Vb2 = (Im(A(v) - c))?
Here we would like to note that in cases when there are no eigenvalues such that Im(A(v)) €

(Im(c) — b,Im(c) + D), i.e., when b < |Im(A(v) —c))| then a(v) = co. This means that we

obtained strip St(c,b) which is parallel to the real axis and there are no eigenvalues in it, i.e.,

a(v) . VA(V) € A(v),s.t.b > [Im(A(V) —c¢))|. (4.84)

A(v)NSt(c,b) =0, (4.85)
where

St(c,b) = {x+yi € C: Im(c) —b <y <Im(c)+b}. (4.86)
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Thus, we define a(v) as:

PREAO)
a(v)=_ min { /b*—(Im(A(v)—c))> > [ =0 (4.87)

A(V)EA(V) b < |[Im(A(v) —c)|.

Let dop;j(v) = a(v), where a(v) defined in (4.87), then in the Approach 2 with single ellipse

the optimization problem is defined by

max  dqpi(V
V€R+ ObJ( )

such that (4.88)

oMCK (V) < tolg,.

In following section we rewrite both approaches for the case of multiple ellipse.

4.2.2 Multiple ellipse case

Given k ellipses, k € N, let E; = (c¢j,a;(v),b;) be ith ellipse, where ¢; € iR, b; € Ry, are
respectively constants for its center, minor axis. Since some frequency bands are less desirable
than others, we can introduce scaling w; € R to help optimally balance how the different
resonant bands are damped. Product a;(v) = a(v)w; represents the scaled major axis. This

means that our ith ellipse is defined by

=1. (4.89)

For i =1,...,k the function ¢;(v) : RS — R calculates the maximal length of unscaled

major axis such that there are no eigenvalues in the ellipse E;, which major axis is scaled, i.e.,
d(A(v),E)) >0, VA(v)EA(v),i=1,...k, (4.90)
where d is defined in (4.80). Similarly, as in the single ellipse case

a(v) = min ) (4.91)

where

bi|Re(A(v))] . b > [Im(A(V) — )],
min { 4/b7 — (Im(A(v) ) (4.92)

ai(V) - A(v)eA(v)
bi < Im(A(V) — 7).

Now that we have described our undesirable areas, we can formulate the optimization prob-
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lem for both cases Approach 1 and Approach 2. Let dopi(v) = a(v) where a(v) is defined by
(4.91).

Approach 1 Approach 2

. o .

min MCK (V) max dob;(V)

such that such that (4.94)
493

dA(v),E)>0, (93 onick (V) < toly(v).
VA(v) € A(v),
i=1,... .k

For the optimization we will use gradient-based nonsmooth optimization solvers, such as
[25], and thus we will derive the gradients for all eigenvalues A (v) and for function a;(v), such
that a(v) = 4 40 e, j is the index for which we obtain minimum over all = ( @(¥) j—1,... k. Since
these functloné are smooth almost everywhere, we assume that these functlons are evaluated at a
point where the function is smooth. Thus, the partial derivatives for the functions are given by:

IA Y (v) (A(v)gig] ) x(v)

vV T WEAWM + CWR) (499)

= (Re(
avl( V) =oenlRelt \/bz v)—cj))?
(4.96)
bytm (32(v)) Re(A(v)) (Im(A(¥) — c;))
+ , for bj>|Im(A(v)—cj)l,
\/b2 (Im(A(v) — ;)
and
2Re(A(v))Re (2(v))  2Im(A(v)—c)Im (G2 (v)
ﬁ@(v)ﬂ): <81 ) n (‘9 )’ (4.97)
v a? b?
where [ = 1,...,s. When a(v) = oo, we reached the maximum, so we don’t need the derivative

of the function in that point.

One can notice that partial derivative of distance function is computed only for Approach 1,
since only in that case we need to compute the distance, and in Approach 2 positive distance is
ensured by the definition of the major axis.

Now we only need an efficient algorithm for eigenvalue computation so we can summarise
the optimization algorithm. Since the damping matrix (4.77) has the same structure as the

damping matrix from Section 2.3 we can use Algorithm 5 for eigenvalue computation.
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Algorithm 7: Frequency-weighted damping optimization algorithm

Require: M,K € R™", o € R, for Cipr, G = [g1,...,85] € RS, ¢ € iR, centers of
ellipses, b € Rﬁ minor axes, w; € Rl_i scaling of the ellipse, tolg, minimal spectral
abscissa, initial viscosity vq
Ensure: vector of parameters v such that goal function is minimized
Off-line stage:
1: Determine ® € C"*" such that (1.4) hold.
2: Do perfect shuffle and construct A from (2.73).
3: Calculate matrix ¥ from (2.77).

Online stage:

N
4: Compute D— Y v;8,2 as in (2.79)
I=1
5: Run GRANSO on (4.94) using Algorithm 5 for evaluations of eigenvalues.

Notice that the off-line stage of Algorithm 7 is done in O(n?) operations, but we only have
to incur this expense once. Since, in Step 5 we repeatedly compute eigenvalues and eigenvectors
for different viscosities v, which is the most time consuming part of our optimization, we use
Algorithm 5 for eigenvalue computation which is efficient for our structured low-rank updates,
1.e., one computation of eigenvalues and eigenvectors is done in O(nz).

For optimization, we use GRANSO! which is optimization software, intended to be efficient
for nonsmooth constrained optimization problems. For details on GRANSO see [25], also there
are other methods that could have been used here, such as SQP-GS [26], DIRECT method [48],
Nelder-Mead [59], etc.

The quality of these optimization approaches is illustrated in the following subsection.

4.2.3 Numerical experiment

In this subsection we present an example for each optimization criteria we formulated in
Subsection 4.2.2, i.e., Approach 1 and Approach 2. In both examples we consider mechanical

system shown in Figure 2.14 with dimensionn = 1000, k; =5,i=1,...,n+1and m; =m, ;=

n—i n

500,L = 1,...,5, while parameter in the critical damping (1.21) is o = 0.002.

Example 4.4 Let the positions of dampers be (100,200, 300). For initial viscosity in Algorithm
7 we took v* = [1,1,1]7.

The centers of ellipses are set at
c1 =0.11i, ¢, = 0.751, c3 = 0.95i,

while the minor axes of all ellipses are

~max_ Im(4;(0))

by = by = by = =12 10 = 1.6293-1072,

n

Isoftware is available at https:/gitlab.com/timmitchel/GRANSO/
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and tolerance on the spectral abscise is
tolg = Ock(0) = —4.8879-107°.

Furthermore, since in this case ellipses are fixed there is no need for the scaling of the major

axes, i.e.,

a; =0.0004, a, =0.0016, a3 = 0.00205 and w;=wy=w3=1.

Figure 4.15 shows the upper half of the complex plane, since everything is symmetric on the
lower half of the complex plane. In Figure 4.15 are shown three sets of eigenvalues, black dots
represent eigenvalues of the system with no external damping, red pluses represent eigenvalues
of the system with initial viscosity v’ = [1,1,1]” and blue circles represent eigenvalues of the
system with optimal viscosity, i.e., the viscosity for which the spectral abscissa is minimized
and no eigenvalues are in the interior of the ellipses. In this case the optimal viscosity is the

following:
8.1970

VE[] = 1.3131
26.2544

The spectral abscise of the system with no external damping is shown with black line, the
spectral abscise of the system with initial viscosity is shown with red dash-dotted line, while the
obtained optimal spectral abscise of the system is shown with blue dashed line in Figure 4.15.

The values of these spectral abscissae are following:

ok (0) = —4.8879-107,
oavck (V') = —5.8676-1077,
ovek (Ver) = —2.1991-107%

On three plots in the lower part of Figure 4.15 one can see enlarged ellipses and that blue
circles only touch ellipses, while some of red dots are in the interior of the ellipses, which
means that we pushed all those eigenvalues that were in the interior further left in the complex
plane. One can notice that eigenvalues denoted by blue circles became closer to the ellipse with
the center c3 = 0.95, but they are still outside of the ellipse. At the same time we pushed six
eigenvalues, denoted by red plus, from the ellipse with the center c; = 0.11 and one eigenvalue

from the ellipse with the center ¢; = 0.75.
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Objective: Minimize spectral abscissa

Constraint: Eigenvalues should not be inside fixed ellipse
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Figure 4.15: In the upper half of the complex plane are shown the eigenvalues of the system

with no external damping, eigenvalues of the damped system with v and eigenvalues of the

damped system with minimized spectral abscissa, respectively represented by black dots, red
pluses and blues circles. On the three plots in the lower part are enlarged ellipses.
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Example 4.5 In this example the positions of dampers are following (100,200,900). For initial
viscosity in Algorithm 7 we also took v* = [1,1,1]7.

The centers of ellipses are set at
Ccl1 = 0.1i, Cy) — 0.55i, C3 = 1.1i,

while the minor axes of all ellipses are

~max_ Im(4;(0))
j=1,....2n

by =by, =b3= 10 =1.6293-1072,

n

and the tolerance on spectral abscissa is also taken as a spectral abscissa of the system with no
external damping, i.e.,
tolg = Onck (0) = —4.8879-107°.

Furthermore, the scaling for this example is chosen as follows:

wi = |Re(A4(0))|, suchthat [minymye, k] = 1}11n2 [Im(A;(0) —c;)|,
j=1.....2n
which means that we took the real part of the eigenvalue A;(0) whose imaginary part is closest
to the center ¢;, for i = 1,...,3. This ensures that each ellipse moves at least few eigenvalues

further from imaginary axis. In this example the scaling was:
wi = 1.9932-10"%, wp = 1.0997 - 10>, w3 =2.1992- 10>

Figure 4.16 shows the upper half of the complex plane, since everything is symmetric on the
lower half of the complex plane. In Figure 4.16 are shown three sets of eigenvalues, black dots
represent eigenvalues of the system with no external damping, red pluses represent eigenvalues
of the system with initial viscosity v’ = [1,1,1]7 and blue circles represent eigenvalues of
the system with optimal viscosity, i.e., the viscosity for which the major axes of ellipse are
maximized and there are no eigenvalues inside ellipse. In this case optimal viscosity is the

following:
5.0865

VE2 = 1.2139 5
7.4170

while the obtained maximal unscaled major axis is 2.7671-1073.
The spectral abscise of the system with no external damping is shown with black line, the
spectral abscise of the system with initial viscosity is shown with red dash-dotted line, while the

obtained optimal spectral abscise of the system is shown with blue dashed line in Figure 4.15.
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Objective: Increase width of ellipse

Constraint: Spectral abscissa should not exceed fixed limit
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Figure 4.16: In the upper half of the complex plane are shown eigenvalues of the system with
no external damping, eigenvalues of the damped system with v and eigenvalues of the damped
system with maximized major ellipse axes, respectively represented by black dots, red pluses

and blues circles. On the three plots in the lower part are enlarged ellipses.
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The values of these spectral abscissae are following:

onek(0) = —4.8879-1079,
ok (V) = —2.9116-1077,
OCMCK(VFIZ) = —6.9199~1075.

On three plots in the lower part of Figure 4.16 one can see enlarged ellipses and that the blue
circles only touch ellipses, while some of the red dots are in the interior of the ellipses, which
means that we pushed all those eigenvalues that were in the interior further left in the complex

plane and in that way we got the maximal major axes of the ellipses.

4.3 The frequency isolation vs. the minimization of
the total average energy

In this section we compare the frequency isolation approaches to damping optimization,
Approach 1 and Approach 2 from Section 4.2, with two approaches illustrated in Example 4.1,
i.e., with minimization of spectral abscissa and minimization of total average energy. Difference
between Approach 1 and Approach 2 from Section 4.2 is that Approach 1 requires the value of
the major axis of the ellipse a priori. Since the dangerous frequencies of the external function

are
o =0.0490, @3 =0.0651, @4 =0.0885, w5=0.1071.

we consider the single ellipse case with ¢ = 0.1i and b = 0.0698, but since everything is sym-
metric with respect to the real axis we actually consider two ellipses with same major and minor
axis but with centers that are conjugate pair.

For Approach 1 we need to set the value of the major axis and since
OCMCK("sa) = —0.0244,

we set a = 0.05.
From Figure 4.17 we can see that we managed to isolate eigenvalues (blue circles) from the

given ellipses and obtained optimal viscosities vgy; with
(XMCK(VFII) = —0.0085,

black dots represent eigenvalues of the system with no external damping.

For the Approach 2 we obtained optimal viscosities vgrp and the corresponding major axis
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Objective: Minimize spectral abscissa
Constraint: Eigenvalues should not be inside fixed ellipse
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Figure 4.17: Frequency isolation: Approach 1

Objective: Increase width of ellipse
Constraint: Spectral abscissa should not exceed fixed limit
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Figure 4.18: Frequency isolation: Approach 2
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and spectral abscissa are:

a(vep) = oo, onvck (Vi) = —0.002.

The energy of the system (4.2) over time
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Figure 4.19: The energy of the non-stationary system (4.2)

In Figure 4.19 we compared the energies of the system (4.2) obtained for each viscosity
parameter Vg,, Viae, VEI1, VF2. Lhe blue line show the total energy for the case when the set of
viscosities correspond to the optimal viscosities for the minimization of the spectral abscissa, i.e.,
Vsa, the red dashed line show the total energy for the case when the set of viscosities correspond
to the optimal viscosities for the minimization of the total average energy, i.e., Viie. The purple
dotted line show the total energy for the case when the set of viscosities correspond to the optimal
viscosities for the frequency isolation Approach 1, i.e., vgry, while the black dashed dotted line
show the total energy for the case when the set of viscosities correspond to the optimal viscosities
for the frequency isolation Approach 2, i.e., vpro. One can see that the spectral abscissa criterion
resulted in faster decay of the total energy of the system. From Figure 4.19 we can see that the
viscosity Vgpp obtained in frequency isolation Approach 2 resulted in lower energy then other
considered optimization criteria. The energy of the system over time is very similar for the other

three optimization criteria.
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The displacement of the mass m7 over time
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Figure 4.20: The behaviour of the displacement and velocity of the mass m7 over time for two
different sets of viscosities in non-stationary case

The Figures 4.20 and 4.21 show respectively the behaviour of the displacement and the
velocity of the masses m7 and m 7 over time for the non-stationary system. The masses m7 and
my7 are chosen just for illustration and we see that the system with viscosity parameter Vgp

results in lowest amplitude in displacement of the mass and in its velocity, in both cases.

4.4 Conclusion

Throughout this chapter we have considered damping optimization for the stationary me-
chanical system M¢(v;t) + C(v)q(v;t) + Kq(v;t) = 0 and non-stationary mechanical system
Mg(vit) +C(v)q(vit) + Kq(v;t) = f(t). We used two different approaches to damping opti-
mization:

1. minimization of total average energy,

2. frequency isolation.
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The displacement of the mass m7 over time
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Figure 4.21: The behaviour of the displacement and velocity of the mass m 7 over time for two
different sets of viscosities in stationary case

Since only the damping matrix C(v) depends on parameters, the typical (or often used, standard)
approach for viscosity optimization (v), when dealing with minimization of total average energy,
assumes preprocessing based on the diagonalization of the mass and stiffness matrices, M and K.
Contrary to this approach, we proposed the new approach, which is based on the diagonalization
of the damping matrix C(v), and then calculation of optimal viscosities. This is the main
contribution of Chapter 4.1, i.e., we have shown that a slight change in the paradigm of damping
optimization, for a certain structure, can significantly improve the performance of optimization
methods. Although, in general, the new approach can not be more efficient than the standard
one, we have shown that in the case when M, C(v) and K are close to the case when all three
can be simultaneously diagonalized (or when the mechanical system is close to modally damped
one) we can derive optimal viscosities, explicitly or numerically, very efficiently.

We have also provided the bounds which can be easily used to determine whether the consid-

ered mechanical system is suitable for applying the new approach, i.e., if the mechanical system
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under consideration is close to a modally damped one or not.

Our numerical examples from Subsection 4.1.3 show that with the proposed approach we
can obtain satisfactory approximation for optimal parameters. Moreover, we illustrate that with
our approach we can significantly accelerate the optimization process for the structured systems.

On the other hand, when dealing with frequency isolation in damping optimization, our
approach was based on frequency-weighted damping optimization, i.e., the main problem was
to achieve that eigenvalues of damped system are not close to dangerous weighted areas. We
defined the areas as the ellipses with the centers on the imaginary axis and in the first optimization
process we maximize the major axis of the ellipse such that there are no eigenvalues in the
ellipse. Major axes were weighted since some of the areas are more significant then others. The
other optimization process is based on minimization of spectral abscissa while making sure no
eigenvalues are in the fixed ellipses. In these cases we used eigenvalue approximations from
Section 2.3 since we needed both eigenvalues and eigenvectors for this approach and we needed
them to be computed efficiently. The quality and efficiency of this method was illustrated in the
examples. Last we compared all four approaches to damping optimization in Section 4.3 and
we can conclude that the system behaves in the best way if we use frequency isolation Approach
2, i.e., if we maximize the major axis of the ellipse which center is close to the dangerous

frequencies.

118



Bibliography

[1] S. Adhikari. Damping modelling using generalized proportional damping. Journal of
Sound and Vibration, 293:156-170, 2006.

[2] A.L. Andrew, K. E. Chu, and P. Lancaster. Derivatives of eigenvalues and eigenvectors
of matrix functions. SIAM Journal on Matrix Analysis and Applications, 14(4):903-926,
1993.

[3] A.C. Antoulas. Approximation of Large-Scale Dynamical Systems. SIAM, Advances in
Design anf Control, 2005.

[4] W. E. Arnoldi. The principle of minimized iterations in the solution of the matrix

eigenvalue problem. Quarterly of Applied Mathematics, 9:17-29, 1951.

[S] Z. Bai and Y. Su. SOAR: A Second-order Arnoldi Method for the Solution of the
Quadratic Eigenvalue Problem. SIAM Journal on Matrix Analysis and Applications,
26(3):640-659, 2003.

[6] L. Barkwell and P. Lancaster. Overdamped and gyroscopic vibrating systems. J Appl
Mech, 59(1):176-181, 1992.

[7] R. Bartels and G. Stewart. A solution of the matrix equation AX + XB = C. Comm. ACM,
15(9):820-826, 1972.

[8] P. Benner, P. Kiirschner, Z. Tomljanovié, and N. Truhar. Semi-active damping optimiza-
tion of vibrational systems using the parametric dominant pole algorithm. Journal of
Applied Mathematics and Mechanics, pages 1-16, 2015. DOI:10.1002/zamm201400158.

[9] P. Benner, X. Liang, S. Miodragovi¢, and N. Truhar. Relative perturbation theory for
quadratic eigenvalue problems. 2016. arXiv:1602.03420.

[10] P. Benner and E. S. Quintana-Orti. Solving stable generalized Lyapunov equations with
the matrix sign function. Numerical Algorithms, 20:75-100, 1999.

[11] P. Benner, Z. Tomljanovi¢, and N. Truhar. Damping optimization for linear vibrating
systems using dimension reduction. In The 10th International Conference on Vibration
Problems ICOVP 2011, Prague, pages 297-305, 2011.

119



Bibliography

[12] P. Benner, Z. Tomljanovi¢, and N. Truhar. Dimension reduction for damping optimization
in linear vibrating systems. Z. Angew. Math. Mech., 91(3):179-191, 2011. DOI:
10.1002/zamm.201000077.

[13] P.Benner, Z. Tomljanovi¢, and N. Truhar. Optimal Damping of Selected Eigenfrequencies
Using Dimension Reduction. Numerical Linear Algebra with Applications, 20(1):1-17,
2013. DOI: 10.1002/nla.833.

[14] T. Betcke and D. Kressner. Perturbation, extraction and refinement of invariant pairs for

matrix polynomials. Linear Algebra and its Applications, 435:514-536, 2011.

[15] D. Bini, L. Gemignani, and V. Y. Pan. Inverse power and durand/kerner iteration for
univariate polynomial rootfinding. Comput Math Appl., 47:447—-459, 2002.

[16] D. A. Bini and G. Fiorentino. Design, analysis, and implementation of a multiprecision
polynomial rootfinder. Numerical Algorithms, 23:127-173, 2000.

[17] D. A. Bini and L. Robol. Solving secular and polynomial equations: A multiprecision
algorithm. Journal of Computational and Applied Mathematics, 272:276-292, 2014.

[18] F. Blanchini, D. Casagrande, P. Gardonio, and S. Miani. Constant and switching gains in
semi-active damping of vibrating structures. Int. J. Control, 85(12):1886—1897, 2012.

[19] K. Brabender. Optimale Ddmpfung von linearen Schwingungssystemen. PhD thesis,

Fernuniversitit, Hagen, 1998.

[20] M. Braun. Differential equations and their applications: An introduction to applied
mathematics. Springer, New York, 1975.

[21] Y. Cai, G. Cheng, and D. Shi. Solving general joint block diagonalization problem via
linearly independent eigenvectors of a matrix polynomial. Numerical Linear Algebra
with Applications, 26(4):1-17, 2019.

[22] S. Cox, I. Nakié, A. Rittmann, and K. Veseli¢. Lyapunov optimization of a damped
system. Systems & Control Letters, 53:187-194, 2004.

[23] S.J. Cox. Designing for optimal energy absortion I: Lumped parameter systems. ASME
J. Vibration and Acoustics, 120(2), 1998.

[24] J.J. M. Cuppen. A divide and conquer method for the symmetric tridiagonal eigenprob-
lem. Numer. Math., 36:177-195, 1981.

[25] F. Curtis, T. Mitchell, and M. Overton. A BFGS-SQP method for nonsmooth, non-
convex, constrained optimization and its evaluation using relative minimization profiles.
Optimization Methods and Software, 32(1):148-181, 2017.

120



Bibliography

[26] F. Curtis and M. Overton. A sequential quadratic programming algorithm for nonconvex,
nonsmooth constrained optimization. SIAM J. Optim., 22:474—-500, 2012.

[27] B. Datta. Numerical Methods for Linear Control Systems. Academic Press, New York,
2003.

[28] J. P. Dedieu and F. Tisseur. Perturbation theory for homogeneous polynomial eigenvalue
problems. Linear Algebra and its Applications, 1:71-94, 2003.

[29] J. Demmel. Applied Numerical Linear Algebra. SIAM, 1996.

[30] J. Denilen. On vibration analysis and reduction for damped linear systems. PhD thesis,
Der Fakultit fiir Mathematik der Otto-von-Guericke-Universitidt, Magdeburg, 2018.

[31] Y.S. Ding Lu and Z. Bai. Stability analysis of the two-level orthogonal arnoldi procedure.
SIAM Journal on Matrix Analysis and Applications, 37(1):195-214, 2016.

[32] J. C. Egafia, N. M. Kuhl, and L. C. Santos. An inverse eigenvalue method for frequency
isolation in spring-mass systems. Numer. Linear Algebra Appl., 9:65-79, 2002.

[33] R. Frazer, W. Duncan, and A. Collar. Elementary Matrices & Some Applications to
Dynamics and Differential Equations. Cambridge University Press, Cambridge, UK,
1963.

[34] P. Freitas and P. Lancaster. The optimal value of the spectral abscissa for a system of
linear oscillators. SIAM. J. Matrix Anal. & Appl., 21(1):195-208, 1999.

[35] W. Gawronski. Advanced Structural Dynamics and Active Control of Structures. Springer,
New York, USA, 2004.

[36] 1. Gohberg, P. Lancaster, and L. Rodman. Matrix Polynomials. Academic Press, New
York, 1982.

[37] G. H. Golub and C. F. Van Loan. Matrix Computations. The Johns Hopkins University
Press, 4rd edition, 2013.

[38] N. Gribner, V. Mehrmann, S. Quraishi, and U. v. W. C. Schroder. Numerical methods
for parametric model reduction in the simulation of disk brake squeal. ZAMM, 2016.
DOI:10.1002/zamm.201500217.

[39] N. Grébner, V. Mehrmann, S. Quraishi, C. Schréder, and U. von Wagner. Numerical
methods for parametric model reduction in the simulation of disk brake squeal. ZAMM—
Journal of Applied Mathematics and Mechanics, 96(12):1388-1405, 2016.

[40] S. Hammerling. Numerical solution of the stable, nonnegative definite lyapunov equation.
IMA J. Numer. Anal., pages 303-323.

121



Bibliography

[41] S. Hammerling, C. J. Munro, and F. Tisseur. An algorithm for the complete solution of
quadratic eigenvalue problems. ACM Trans. Math. Softw., 39.

[42] N. Higham, D. S. Mackey, and F. Tisseur. Definite matrix polynomials and their lin-
earization by definite pencils. SIAM J. Matrix Anal. Appl., 31(2):478-502, 20009.

[43] N. Higham, D. S. Mackey, F. Tisseur, and S. D. Garvey. Scaling, sensitivity and stability
in the numerical solution of quadratic eigenvalue problems. School of Mathematics, The
University of Manchester, 2009.

[44] N.J. Higham. An interview with Peter Lancaster. SIAM News, 38:5-6, 2005.

[45] T. M. Hwang, W. W. Lin, and V. Mehrmann. Numerical solution of quadratic eigenvalue
problems with structure-preserving methods. J. Sci. Comput., 24(4):1283-1302, 2006.

[46] N. Jakovcevi¢ Stor, I. Slapnicar, and J. L.Barlow. Forward stable eigenvalue decomposi-
tion of rank-one modifications of diagonal matrices. Linear Algebra Appl., 487:301-315,
2015.

[47] N. Jakovcevié Stor, I. Slapnicar, and Z. Tomljanovi¢. Fast computation of optimal

damping parameters for linear vibrational systems. arXiv e-prints, 2020.

[48] D. Jones, C. D. Perttunen, and B. E. Stuckman. Lipschitzian optimization without the
lipschitz constant. J. Opt.Theory Applic., 79:157-181, 1993.

[49] K. T. Joseph. Invers eigenvalue problem. AIAA Journal, 30(12):2890—2896.

[50] Y. Kanno. Damper placement optimization in a shear building model with discrete
design variables: a mixed-integer second-order cone programming approach. Earthquake
Engineering and Structural Dynamics, 42:1657-1676, 2013.

[51] Y. Kanno, M. Puvaca, Z. Tomljanovi¢, and N. Truhar. Optimization of damping positions
in a mechanical system. Rad HAZU, Matematicke znanosti, 23:141-157, 2019.

[52] P. Kasturi and P. Dupont. Constrained optimal control of vibration dampers. Journal of
Sound and Vibration, 215(3):499-509, 1998.

[53] C. S. Kenney and A. J. Laub. The matrix sign function. [IEEE Trans. Automat.,
40(8):1330 — 1348, 1995.

[54] T. W. Korner. A Companion to Analysis: A Second First and First Second Course in
Analysis. American Mathematical Society, Providence, Rhode Island, 2004.

[55] D. Kressner. Block variants of hammarling’s method for solving lyapunov equations.
ACM Trans. Math. Softw., 34(1):1-15.

122



Bibliography

[56] V. N. Kublanovskaya. On an application of newton’s method to the determination of
eigenvalues of A-matrices. SIAM J. Numer. Anal., 7:532-537, 1970.

[57] 1. Kuzmanovi¢, Z. Tomljanovi¢, and N. Truhar. Optimization of material with modal
damping. Applied Mathematics and Computation, 218:7326-7338, 2012.

[58] I. Kuzmanovi¢, Z. Tomljanovi¢, and N. Truhar. Damping optimization over the arbi-
trary time of the excited mechanical system. Journal of Computational and Applied
Mathematics, 304:120-129, 2016. DOI: 10.1016/j.cam.2016.03.005.

[59] J. C. Lagarias, J. A. Reeds, M. H. Wright, and P. E. Wright. Convergence properties
of the nelder-mead simplex method in low dimensions. SIAM Journal of Optimization,
9(1):112—-147, 1998.

[60] C. Lanczos. An iteration method for the solution of the eigenvalue problem of linear
differential and integral operators. J. Res. Nat. Bur. Stand, 45(4):255-282, 1950.

[61] R. B. Lehoucq, D. C. Sorensen, and C. Yang. ARPACK Users’ Guide: Solution of
Large-Scale Eigenvalue Problems with Implicitly Restarted Arnoldi Methods. SIAM
Publications, Philadelphia, 1998.

[62] J. R. Li and J. White. Low rank solution of Lyapunov equations. SIAM J. Matrix Anal.
Appl., 24(1):260—-280, 2002.

[63] R. C. Li, Y. Nakatsukasa, N. Truhar, and S. Xu. Perturbation of partitioned hermitian
generalized eigenvalue problem. SIAM Journal on Matrix Analysis and Applications,
32(2):642-663, 2011.

[64] X. Liang and R. C. Li. The hyperbolic quadratic eigenvalue problem. Forum of
Mathematics, Sigma, 3(el13), 2015.

[65] X. Lu, S. Xu, and Y. Cai. Partial derivatives of the eigen-triplet of the quadratic eigen-
value problem depending on several parameters. Applied Mathematics and Computation,
219(24):11348-11357, 1993.

[66] V. Mehrmann and H. Voss. Nonlinear eigenvalue problems: A challenge for modern
eigenvalue methods. GAMM-Mitteilungen, 27:121-152, 2004.

[67] M. H. Milman and C.-C. Chu. Optimization methods for passive damper placement and
tuning. Journal of Guidance, Control, and Dynamics, 17(4):848-856, 1994.

[68] C.B. Moler and G. W. Stewart. An algorithm for generalized matrix eigenvalue problems.
SIAM J. Numer. Anal., 10:241-256, 1973.

123



Bibliography

[69] J. Moro and J. Egana. Directional algorithams for frequency isolation problem in un-
damped vibrational systems. Mechanical Systems and Signal Processing, 75:11-26,
2016.

[70] P. C. Miiller and M. Giirgoze. Optimale Dimpfungsstirke eines viskosen Dampfers bei
einem mehrldufigen Schwingungssystem. Z. Angew. Math. Mech., 71(12), 1991.

[71] Y. Nakatsukasa and F. Tisseur. Eigenvector error bound and perturbation for polyno-
mial and rational eigenvalue problems. Technical Report METR 2016-04, Department
of Mathematical Informatics, Graduate School of Information Science and Technology,
University of Tokyo, April 2016.

[72] Y. Nakatsukasa and F. Tisseur. Eigenvector error bound and perturbation forpolyno-
mial and rational eigenvalue problems. Technical report, Department of mathematical

informatics, The Uuniversity of Tokyo, 2016.

[73] 1. Naki¢. Optimal damping of vibrational systems. PhD thesis, Fernuniversitit, Hagen,
2002.

[74] 1. Naki¢, Z. Tomljanovi¢, and N. Truhar. Mixed control of vibrational systems. ZAMM
Journal of applied mathematics and mechanics, 99:1-19, 2019.

[75] 1. Naki¢, Z. Tomljanovié, and N. Truhar. Optimal direct velocity feedback. Applied
Mathematics and Computation, 225:590-600, 2013.

[76] V. Y. Pan and A. Zheng. Superfast algorithms for cauchy-like matrix computations and
extensions. Linear Alg. Appl., 310:83-108, 2000.

[77] V. Y. Pan and A. Zheng. New progress in real and complex polynomial root finding.
Comput. Math. Appl., 61:1305-1334, 2011.

[78] W. Paulsen and M. Manning. Finding vibrations of inclined cable structures by ap-
proximately solving governing equations for exterior matrix. Applied Mathematics and
Mechanics November, 36(11):1383-1402, 2015.

[79] T. Penzl. A cyclic low-rank smith method for large sparse Lyapunov equations. SIAM J.
Sci. Comput., 21(4):1401-1418, 1999.

[80] G. Peters and J. H. Wilkinson. Inverse iteration,ill-conditioned equations,and newton’s
method. SIAM Rev., 21:339-360, 1979.

[81] M. Puvaca, N. JakovcCevi¢ Stor, T. Mitchell, and Z. Tomljanovi¢. Frequency-weighted
damping via non smooth optimization and fast computation of geps with low rank updates.
2020.

124



Bibliography

[82] M. Puvaca, N. Truhar, and Z. Tomljanovi¢. Efficient approximation of novel residual
bounds for parameter dependent quadratic eigenvalue problem. subbmited for publication

in Linear Algebra and its Applications, 2019.
[83] W. Rudin. Principles of Mathematical Analysis. McGraw-Hill, New York, 1976.

[84] A. Ruhe. Algorithms for the nonlinear eigenvalue problem. SIAM J. Numer. Anal.,
10:674-689, 1973.

[85] A. Ruhe. Rational Krylov, a practical algorithm for large sparse nonsymmetric matrix
pencils. SIAM J. Sci. Comp., 19(5):1535-1551, 1998.

[86] K. Sabo and R. Scitovski. Multiple ellipse detection by using RANSAC and DBSCAN
method. In 9" International Conference on Pattern Recognition Applications and Meth-
ods, Valletta, Malta, 2020.

[87] 1. Sain Glibié. Robust numerical methods for nonlinear eigenvalue problems. PhD thesis,

Faculty of Science, Department of Mathematics, University of Zagreb, 2018.

[88] K. Schreiber. Nonlinear Eigenvalue Problems: Newton-type Methods and Nonlinear
Rayleigh Functionals. PhD thesis, Technischen Universitit Berlin, 2008.

[89] V. Simoncini. A new iterative method for solving large-scale Lyapunov matrix equations.
SIAM J. Sci. Comput., 29(3):1268—-1288, 2007.

[90] G. L. G. Sleijpen, G. L. Booten, D. R. Fokkema, and H. A. van der Vorst. Jacobi
davidson type methods for generalized eigenproblems and polynomial eigenproblems.
BIT, 36:595-633, 1996.

[91] V.O. Sokolov. Quadratic inverse eigenvalue problems: theory, methods, and applications.
PhD thesis, Department of Mathematical Sciences Northern Illinois University, 2008.

[92] G. W. Stewart. Matrix Algorithms. Volume II: Eigensystems. SIAM, Philadelphia, 2001.

[93] G. W. Stewart and J. Sun. Matrix Perturbation Theory. Academic Press, New York,
1990.

[94] L. Taslaman. Algorithms and theory for polynomial eigenproblems. PhD thesis, Manch-

ester Institute for Mathematical Sciences School of Mathematics, 2004.

[95] O. Taussky. How I became a torchbearer for matrix theory. Amer.Math.Monthly, 95:801—
812, 1988.

[96] F. Tisseur. Backward error and condition of polynomial eigenvalue problems. Linear
Algebra and its Applications, 309:339-361, 2000.

125



Bibliography

[97] F. Tisseur and K. Meerbergen. The quadratic eigenvalue problem. SIAM Review, 43:211-
286, 2001.

[98] Z. Tomljanovié. Optimal damping for vibrating systems using dimension reduction. PhD
thesis, PMF University of Zagreb, Zagreb, 2011.

[99] Z. Tomljanovi¢, C. Beattie, and S. Gugercin. Damping optimization of parameter depen-
dent mechanical systems by rational interpolation. Advances in Computational Mathe-
matics, 44(6):1797-1820, 2018.

[100] N. Truhar. An efficient algorithm for damper optimization for linear vibrating systems
using Lyapunov equation. J. Comput. Appl. Math., 172(1):169-182, 2004.

[101] N. Truhar and S. Miodragovi¢. Relative perturbation theory for definite matrix pairs and
hyperbolic eigenvalue problem. Appl. Numer. Math., 98:106—121, 2015.

[102] N. Truhar, Z. Tomljanovi¢, and R. C. Li. Perturbation theory for hermitian quadratic
eigenvalue problem — damped and simultaneously diagonalizable systems. Applied

Mathematics and Computation.

[103] N. Truhar, Z. Tomljanovi¢, and M. Puvaca. An efficient approximation for optimal damp-

ing in mechanical systems. International journal of numerical analysis and modeling,
14(2):201-217, 2017.

[104] N. Truhar, Z. Tomljanovi¢, and M. Puvaca. Approximation of damped quadratic eigen-
value problem by dimension reduction. Applied mathematics and computation, 347:40—
53, 20109.

[105] N. Truhar, Z. Tomljanovié, and K. Veseli¢. Damping optimization in mechanical systems
with external force. Applied Mathematics and Computation, 250:270-279, 2015.

[106] N. Truhar and K. Veseli¢. On some properties of the Lyapunov equation for damped
systems. Mathematical Communications, 9:189-197, 2004.

[107] N. Truhar and K. Veseli¢c. An efficient method for estimating the optimal dampers’
viscosity for linear vibrating systems using Lyapunov equation. SIAM J. Matrix Anal.
Appl., 31(1):18-39, 20009.

[108] A. Uteshev and M. V. Goncharova. Point-to-ellipse and point-to-ellipsoid distance
equation analysis. Journal of Computational and Applied Mathematics, 328:232-251,
2018.

[109] N. van der Aa, H. ter Morsche, and R. Mattheij. Computation of eigenvalue and eigenvec-
tor derivatives for a general complex-valued eigensystem. Electronic Journal of Linear
Algebra, 16:300-314, 2007.

126



Bibliography

[110] K. Veseli¢. On linear vibrational systems with one dimensional damping. Journal of
Applied Analysis, 29:1-18, 1988.

[111] K. Veseli¢. On linear vibrational systems with one dimensional damping ii. Integral
Equations and Operator Theory, 13:883-897, 1990.

[112] K. Veseli¢. Damped Oscillations of Linear Systems. Springer Lecture Notes in Mathe-
matics, Springer-Verlag, Berlin, 2011.

[113] K. Veseli¢, K. Brabender, and K. Delini¢. Passive control of linear systems. Applied
Mathematics and Computation, M. Rogina et al. Eds. Dept. of Math. Univ. Zagreb,
pages 39-68, 2001.

[114] J. H. Wilkinson. The Algebraic Eigenvalue Problem. Clarendon Press, Oxford, 1965.

127



Curriculum vitae

Matea Ugrica, was born on July 2, 1991 in Osijek, Croatia. After finishing high school in Osi-
jek, she enroled in the undergraduate program in Mathematics at the Department of Mathematics,
J. J. Strossmayer University of Osijek. In September 2015, she obtained her master’s degree
Mathematics and Computing Science at the Department of Mathematics, University of Osijek.
In November 2015, she enroled Croatian doctoral program in Mathematics at the Department of
Mathematics, Faculty of Science at the University of Zagreb.

From October 2015 she has been employed as a teaching assistant at the Department of
Mathematics, University of Osijek. During her career she visited the TU Berlin and Max-Plank
Institute as a visiting researcher at several occasions and also participated in other programmes
of professional development. She gave talk at five international conferences or workshops so
far.

She was one of the collaborators in three scientific projects, "Isolation of the unwanted part
of the spectrum in the quadratic eigenvalue problem" at University of Osijek under the leadership
of Suzana Miodragovi¢, "Robustness optimization of damped mechanical systems" supported
by the DAAD, under leadership of Zoran Tomljanovié¢ and Matthias Voigt and "Optimization
of parameter dependent mechanical systems " fully supported by Croatian Science Foundation

under leadership of Prof. Ninoslav Truhar.

List of publications

Journal Publications:

1. Kanno, Y., Puvaca, M., Tomljanovi¢, Z., Truhar, N. (2019), Optimization Of Damp-
ing Positions In A Mechanical System, Rad Hrvatske akademije znanosti i umjetnosti.
Matematicke znanosti, 4, 651-664.

2. Truhar, N., Tomljanovi¢, Z., Puvaca, M. (2018), Approximation of damped quadratic
eigenvalue problem by dimension reduction, Applied mathematics and computation, 374,
40-53.

3. Truhar, N., Tomljanovi¢, Z., Puvaca, M. (2017), An Efficient Approximation for Opti-

mal Damping in Mechanical Systems, International journal of numerical analysis and
modeling, 14(2), 201-217.

128



Chapter 4. Curriculum vitae

4. Puvaca, M., Truhar, N., Tomljanovié, Z. (2019), Efficient Approximation of Novel Resid-
ual Bounds for Parameter Dependent Quadratic Eigenvalue Problem, Submitted in Journal
of Computational and Applied Mathematics

Others:

1. Tomljanovié, Z., Ugrica, M. (2015), QR dekompozicija koriste¢i Givensove rotacije i

primjene, Osjecki matematicki list 14, 117-141.

129



Izjava o 1zvornosti rada

Ja, Matea Ugrica studentica Prirodoslovno-matematickog fakulteta SveuciliSta u Zagrebu, s
prebivaliStem na adresi Vijenac Kraljeve Sutjeske 13, Osijek, IMBAG 1311022547, ovim putem

izjavljujem pod materijalnom i kaznenom odgovorno$éu da je moj doktorski rad pod naslovom

Approximation of quadratic eigenvalue problem and application to damping optimization

(Aproksimacije kvadratnih svojstvenih problema i primjene na optimizaciju prigusenja)

isklju¢ivo moje autorsko djelo, koje je u potpunosti samostalno napisano uz naznaku izvora

drugih autora i dokumenata koristenih u radu.

U Osijeku, 10. 6. 2020.

Potpis

130



	Acknowledgements
	Summary
	Prošireni sažetak
	Nomenclature
	Introduction
	Motivation
	Problem formulation
	Organization of the thesis

	Efficient approximations of PQEP
	Approximations by dimension reduction
	The approximation of the selected part of the eigenvalues
	Error bound for approximation of selected eigenfrequencies

	The approximation of all eigenvalues
	Error bound for approximation of all eigenvalues

	Numerical experiments

	First order approximations of eigenvalues 
	Comparison with the first order approximations from perturbation theory
	Numerical experiments

	Approximations by modified Rayleigh quotient
	Numerical experiments

	Conclusion

	Perturbation bounds of PQEP
	New eigenvector perturbation bounds
	Application of first order approximation bounds
	Numerical experiments

	Estimation of existing bounds
	Efficient estimation of the bounds for Hermitian QEP
	Numerical experiment
	Efficient estimation of the bounds for hyperbolic QEP
	Numerical experiments

	Conclusion

	Damping optimization in mechanical systems
	Total average energy damping optimization
	Approximation of the solution of the structured Lyapunov equation
	Total average energy optimization 
	Damping optimization for the structured case 
	Damping optimization for the more general structure

	Numerical experiments

	Frequency-weighted damping optimization
	Single ellipse case
	Multiple ellipse case
	Numerical experiment

	The frequency isolation vs. the minimization of the total average energy
	Conclusion

	Bibliography
	Curriculum vitae

