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Chapter 1
Introduction

Lévy processes constitute a rich class of space-time homogeneous Markov processes
and have become increasingly important both in theory and applications. Lévy processes
have independent stationary increments and can therefore be thought of as random walks
in continuous time. Some of the best known examples of Lévy processes are Brownian
motion, Poisson process and stable Lévy process. Their applications range from math-
ematical finance to biology, biomedicine, geology, hydrology, etc. Recently, a new class
of discontinuous Markov processes derived from stable Lévy processes has been intro-
duced in [BBCO03]. This process is called the censored or resurrected stable process and
is obtained by suppressing jumps of a stable Lévy process outside of some open set. The
main goal of this thesis is to introduce censored processes corresponding to a wider class
of discontinuous Lévy processes, as well as consider their boundary behavior and some

results from potential theory.

1.1 Overview

In Chapter 2 we give some preliminary results and definitions regarding Markov and
Lévy processes. We refer to the classical textbooks [Ber98], [Sat99], [App09] for general
theory of Lévy processes, [BG68|, [CWO05], [CZ95], [Jac02] for potential theory of Markov
processes, [FOT10], [CF12] for theory of Dirichlet forms and [Far02], [JW84], [Tri78],
[Tri10], [Jac01] for theory of Besov spaces and their generalizations.

In Chapter 3 we define the censored process on an open set D corresponding to
a rotationally symmetric Lévy process and analyze its behavior near the boundary 9D.
In Section 3.1 we consider three equivalent constructions of a censored process - via the
corresponding Dirichlet form (i.e. restricting the jumping measure of the Lévy process
to set D), through the Feynman-Kac transform of the Lévy process killed outside of set
D and from the same killed process by the Ikeda-Nagasawa-Watanabe piecing together
procedure. From this point on we restrict ourselves to censored process corresponding to

a subordinate Brownian motion with the Laplace exponent of the subordinator ¢ € CBF



1.1 Overview

satisfying one or both of the following scaling conditions:
(H1): There exist constants aq,as > 0 and 0 < §; < dy < 1 such that

p(Ar)
¢(r)

(H2): There exist constants ag,as > 0 and 0 < d3 < d4 < 1 such that

al)\61 S S CLQ)\52, A 2 1,T 2 ]-7

p(Ar)

as\? < L <\, A>1,r<1.
(r)
In Section 3.2 and Section 3.3 we give basic definitions and results regarding Besov spaces
of generalized smoothness and prove the trace theorem for a special subclass of these
spaces on a n-set D. This result gives us necessary tools to address the problem of
boundary behavior of the censored subordinate Brownian motion in Section 3.4.

In Chapter 4 we prove the so called 3G inequality for transient subordinate Brownian
motion X on bounded k-fat open sets. We show that for » > 0 and every bounded
r-fat open set B with characteristics (R, k) and diam(B) < r there exists a constant
¢ =c(r,n, R, k,¢) > 0 such that

Gp(r,y)Gsy,2) _ Pz —yh®(y—2) |z—2

<c

Gp(z,2) Oz —z) |z —yl"ly—=2*
where ®(|z|) = W A similar result was proved in [KSV16], as well as in [KLO07]

under stronger conditions on the Lévy exponent ¢, but with the constant ¢ depending on
diam(B). Using this result in Section 4.2 for open balls of small radius we prove the scale
invariant Harnack inequality for nonnegative harmonic functions for the censored process
Y. More precisely, we say that the nonnegative Borel function h is harmonic in F for Y
if for any bounded open subset B C B C E

We show that for any L > 0 there exists a constant ¢ = ¢(n, ¢, L) > 1 such that the
following is true: If z1,29 € D and r € (0, 1) are such that B(zy,7) U B(xg,7) C D and
|z1 — z2| < Lr, then for every nonnegative function h which is harmonic with respect to
Y on B(zy,7)U B(x2,1), we have

CI;h(Q?l) S h(.112> S Clgh(xl).

Note that due to jumps of the censored process Y the open set B(xy,r) U B(xg,r) may
be disconnected.
Finally, in Chapter 5 we consider a one-dimensional subordinate Brownian motion

X with 0 being regular for itself and two related processes - the censored process Y on
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(0,00) and process Z which is equal to the absolute value of X killed at 0. In Section
5.1 we prove several properties of the first exit time of process Z from a finite interval in

terms of the harmonic function A,

1 [ 1~ cos(Ax)
h(xz) = ;/0 Wd)\.

In the following section we introduce several Kato classes of functions for the killed pro-
cesses X (% and Y@ where 0 < a < b < oco. Using the conditional gauge theorems
from [Che02] for continuous and discontinuous Feynman-Kac transforms we prove that

the Green functions of processes X (@* Y@ and Z(®b) are comparable, i.e.
Z _ Y X
Glap = Glap) = Glap)

Applying these results in the last section we obtain the Harnack inequality and the bound-
ary Harnack principle for the killed process Z(®).

1.2 Notation

For n € N denote by B(R") the Borel g-algebra, i.e. the smallest o-algebra containing
all open sets in R”. The inner product on R™ is denoted by z-y = > | z;y;. The diameter
of a set D C R™ and distance of a point to set D are defined by

diam(D) = sup{|z — y| : =,y € D},
d(z,D) =inf{|lzr —y|: y € D}, z € R"

respectively. Denote by z A y = min{z,y} and = V y = max{z, y}.
For a measure space (F, &, u) and p € [1, 00| let

LP(E,p) ={f:E—=R: fis (£, B(R)) — measurable and || f||rr(z,) < 0o}

where

1 e = ( / \f<x>|pu<dx>)”, 1<p<oo

| fllzoo(m) = ess supf = inf{z € R : p(fHx,00)) = 0}.

Here we use the convention that two functions in LP(E, u) are equal if they are equal
p-almost everywhere. Spaces (LP(E, p), || - ||tr(p,)) are Banach spaces. For Lebesgue
measure A on R and (F, &, u) = (R", B(R™), A) we use a shorter notation LP(R").

We say that functions f : R® — R and g : R® — R are comparable and denote
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f =< g if there exists a constant ¢ > 1 such that for all

f(z)

—1
c <——=—<c
g(x)
Denote by C'(R"), Cy(R™) and C.(R™) the spaces of continuous functions, continuous
functions vanishing at infinity and continuous functions with compact support, respec-

tively. The space (Co(R"), || - ||eo) with uniform norm

[ f[loe = sup [f(2)]

zeR"
is a Banach space. For a multi-index a = (aq, ..., ;) € Ny let

Do) = 2 L )

dx " Oxon

and |a| = a; + ... + a,,. For k € NU {oo} denote by C¥(R") the space of k times

differentiable functions and
CHR™) = {f € CHR") : D*f € C(R"), |a] € {0,1,..., k}}.
Also for k € Ny, a multi-index o = (o, ..., ) € N and f € C®(R") set

1 fllka = sup (1 + |2[2)3[D*f(2)].

zeR™

The Schwartz space or the space of rapidly decreasing functions on R”
S(R") ={f € C[R") : || fllx.a < oo for all k € Ny and all multi-indices o € Ny }.

is a Fréchet space space whose topology is defined by the countable family of semi-norms
|| - |lk.a- The family of tempered distributions S’(R") is a collection of all complex-valued
linear continuous functionals 7" over S(R™).

For a function f € L'(R™) the Fourier transform Ff of f is defined as

f6) = 71O = o

We use the same notation to denote the continuous extension of the Fourier transform
F:S — S to a unitary map from L*(R") to itself.

/ e f(x)dr, &€ R™



Chapter 2

Preliminaries

2.1 Markov processes

Let (2, F,P) be a probability space. A stochastic process with values in R" is a
family X = (Xy)i>0 of (F, B(R"))-measurable functions X; : & — R, ¢t > 0. The family
F = (Fi)i>0 of o-algebras is a filtration on (§2, F) if for every 0 < s <t < 00

Fs CFHCF.

A stochastic process X is F-adapted if the random variables X; are (F;, B(R"))-
measurable, for all ¢ > 0. For a stochastic process X we define the natural filtration
F={Fi}izo as

Fi=0{X;:s<t}, t>0.

It is easy to see that every process is adapted with respect to the corresponding natural
filtration.

Definition 2.1 A family p = (ps; : 0 < s < t) of functions p,,; : R" x B(R") — [0,1] is

called a Markov kernel (or a Markov transition function) on (R™, B(R")) if

(i) = = pst(x, B) is (F, B(R"™))-measurable for all B € B(R"™) and all s, ¢ such that
0<s<t,

(ii) B — pst¢(x, B) is a probability measure on (R™, B(R")) for all x € R" and all s, ¢
such that 0 < s < t,

(iii) the Chapman-Kolmogorov identity holds, i.e. for all x € R", B € B(R") and all s, t,
u such that 0 <s <t <u

ps,u(xa B) = / pt7u(ya B)ps7t<$7 dy)a

(iv) pi(z,R™) = 1.
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Additionally, for t > 0 and = € R™ we set pi4(z, ) := J.(-). The Markov kernel p is
temporally homogeneous if for all x € R", B € B(R") and all s, ¢ such that 0 < s <t

ps,t<x7 B) = pO,t—s(x7 B) = pt—s(xa B)

Remark 2.2 In general, if instead of (iv) pi(z,R™) < 1 holds for some z € R" and ¢t > 0
we call the kernel sub-Markovian. By introducing the cemetery 0 ¢ R™ and redefining p,
to a function on (R*U{0}) x o (B(R™) U {0}) every sub-Markov kernel can be considered
as a Markov kernel on the extended domain. From now on we will always implicitly

consider Markov kernels on the extended domain.

Definition 2.3 Let F = (F;)i>0 be a filtration, X = (X;);>0 a F-adapted stochastic
process and p = (pst : 0 < s < t) a Markov kernel. The structure (2, F,P,F,p, X) is
called a Markov process if the the Markov property holds, i.e. for every B € B(R"™) and
0<s<t

P(X: € B|Fs) = psu(Xs, B), P-as. (2.1)

From now on we only look at temporally homogeneous Markov processes X, i.e. Markov
processes with temporally homogeneous Markov kernels.

Given a Markov kernel p and using the Kolmogorov extension theorem we can
construct the canonical Markov process starting from x with Markov kernel p in the
following way. Let Q = (R™)[®*) and F = (B(R"))**). For t > 0 define the function
X;:Q— R” as

Xi(w) =w(t), we N

and let IF be the natural filtration of the process X. For x € R", k € Nand 0 < t; <ty <
... < t, we define a probability measure on (B(R"))* by

Px,tl ..... tk(Bh"'ka‘) :/ ph(xudxl)/ ptg—tl(l’17d'r2)"'/ ptk—tk_l(xk—lydmk‘)
B B> By,

for By,..., By € B(R™). The Kolmogorov extension theorem implies that there exists a

unique probability measure P, on (2, F) such that
Px(th E Bl,...,th EBk) :Pz,tl 7777 tk(Bla--'>Bk)>

for every k € N, 0 < t; < ty < ... < t}, and By, ..., By € B(R™). Therefore every Markov
process starting from x with Markov kernel p has the same finite-dimensional distribution

as the corresponding canonical Markov process X starting from x. Since

P.(X; € B) = pi(x, B)
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for all t > 0, x € R" and B € B(R") and = — P, is a Borel function we can rewrite the
Markov property (2.1) as

P.(X,.s € B|F.,) =Px.(X, € B), P,-as. (2.2)

for all s,£ >0, x € R” and B € B(R"). For a Markov process X define the shift operators
(01)1>0 as (F, F)-measurable functions 6; : Q — €, ¢ > 0 such that

X0 ‘93 = XtJrs

for all s,t > 0. Using the shift operator for a Markov process X the identity (2.2) is

equivalent to
E, [f(X:) 00| F] = Ex, [f(Xy)], Ps-as.

for all s,t > 0, z € R™ and every bounded (B(R"), B(R))-measurable function f. From
now on we can denote the Markov process as X = ((X¢)t>0, F, (Py)zern ). If the filtration
[F is omitted in the notation, we consider the natural filtration for X.

If the Markov process X satisfies the condition (iv) from Definition 2.1 we say that

the Markov process X is conservative. Note that this is equivalent to
P.(¢( <o0)=0, VzeR"

where ¢ = inf{t > 0: X; = 0} is the lifetime of the process X.
A function T : Q2 — [0, 00] is called a stopping time with respect to the filtration F
if {T <t} € F, for all t > 0. For a stopping time T" define the family Fr as

Fr={FeF: Fn{T <t} e F foralt>0}

and let Gr = {F € F : F C {T < oo}}. Note that both Fr and Gr are o-algebras.
We can think of F7 as information up to random time 7" and Gr as that information

conditioned on {T" < oo}.

Definition 2.4 A Markov process X is a strong Markov process if for every stopping
time T'

(i) Xr is (Gr, B(R™))-measurable

(ii) the strong Markov property holds, i.e. for all t > 0, z € R” and B € B(R")

P.(X7r4t € B|Gr) =Px,.(X: € B), Pg-as. on {T < oo}.
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Again, using the shift operator, we can rewrite the strong Markov property as
E, [f(Xy) 0 07| Fr] = Ex, [f(Xi)], Peas. on {T < oo}

for every stopping time 7', ¢t > 0, x € R™ and every bounded (B(R"), B(R))-measurable
function f.

For t > 0 and x € R" we define the augmentation of the o-algebra JF; with respect
to P, as the smallest o-algebra containing F; and the family N, of all P,-null sets,

.F? ::U(]%LJJV;)

Definition 2.5 A Markov process X is a Hunt process if
(i) it is right-continuous P,-a.s. for all x € R",
(ii) it is a strong Markov process,

coey e . i . o . . . .
iii) it is quasi left-continuous, i.e. for every x € R™ and every sequence of increasin

stopping times (7,) such that im7,, = T P,-a.s.

lim X7, = Xr, Pgas. on{T < oo},

n—oo

(iv) the filtration F is right-continuous, i.e.

Fo=()Fe V=0

s>t

and

Fo=()F. vt=o

zeR™

For a Hunt process X and B € B(R™) we define the first exit time from B as

T =inf{t >0: X, & B}, (2.3)
and first hitting time of B as

op =inf{t > 0: X; € B}. (2.4)

By [BG68, Theorem 1.10.7] it follows that 75 and op are stopping times with respect to
the augmented filtration F.

Definition 2.6 Let B be a Banach space with norm || - ||. A family of operators (7})¢>0

on B is called a normal contraction semigroup if
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(i) Tou = u, for all u € B,
(ii) it satisfies the semigroup property, i.e. T,T, = Ty, for all t,s > 0,
(iii) it satisfies the contraction property, i.e. ||Tiu|| < ||u|| for all ¢ > 0 and u € B.

The contraction semigroup is strongly continuous if ||Tyu — u|| — 0 when ¢ | 0, for every
u € B.

The infinitesimal generator A with domain D(A) of a strongly continuous normal

contraction semigroup (73):>o is a linear operator A : D(A) — B defined by

Tiu—u

Ay = lim
t—0 t

D(A) = {u € B : Au exists as a strong limit in B}.

For a Markov process X we define a family of operators (P;)¢>o on L*(R™) as

Fif(x) = B [f(X4)] = . Fpe(x, dy), t >0, z € R™.

The family of linear operators (P;);>¢ is a normal contraction semigroup and additionally
preserves positivity, i.e. P.f > 0 for all ¢ > 0 and all positive functions f € L>*(R™). Note
that the Markov process X is conservative if and only if ;1 = 1. We say that the process

X is symmetric if the corresponding transition semigroup satisfies the condition

/n Pu(x)v(z)de = /n u(z)P(x)de,

for all £ > 0 and all non-negative (B(R"™), B(R))-measurable functions u and v.

In general, every semigroup (7)o satisfying the condition
uwe LR, 0<u<l = 0<Tu<l,Vt>0

is called a Markovian semigroup.

Definition 2.7 A Markovian semigroup (7}) is said to have the Feller property if
(i) the Cy-Feller property holds, i.e. T, f € Cy(R™) for every t > 0 and f € Cy(R"),
(ii) it is strongly continuous on Cp(R"), i.e. tlgg |T:f — flloo = 0 for all f e Cy(R™).

Markov process whose corresponding semigroup has the Feller property is called the Feller

process. By [CWO05, Chapter 2] every Feller process is a Hunt process.
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Definition 2.8 A Markov process is said to be irreducible if

E. [/OOO 1B(Xt)dt] >0

for every x € R™ and B € B(R"™) with positive Lebesgue measure. An irreducible Markov
process is recurrent if for all B € B(R"), A(B) > 0 and x € R"

E, [/000 1B(Xt)dt} = 00,

otherwise it is transient.

2.2 Dirichlet forms

A Dirichlet form (£,D(€)) is an analytic object that can be used to construct and
study certain Markov processes. Dirichlet forms use a quasi-sure analysis, meaning that
we are permitted to ignore certain exceptional sets which are not visited by the process,

which can sometimes have certain advantages.

Definition 2.9 A symmetric form on L*(R™) is a function £ : D(E) x D(E) — R such
that

(i) D(€) is dense in L*(R"),

(ii) E(u,v) = E(v,u) for all u,v € D(E),
(iii) E(au +v,w) = a&(u,w) + E(v,w) for all u,v,w € D(£) and a € R,
(iv) E(u,u) > 0 for all u € D(E).

For a > 0 denote by &, a new symmetric form on L?(R") with domain D(£)
Ea(u,v) = E(u,v) + a(u,v)2@ny, u,v € D(E)

and note that forms &, and £z are comparable for different «, 5 > 0. Then the space
(D(E),&1) is a pre-Hilbert space with inner product £. A symmetric form £ is said to
be closed if D(E) is complete with respect to the norm induced by &;. The space D(E) is

then a Hilbert space with inner product &, for every a > 0.

Definition 2.10 A closed symmetric form (£, D(€)) on L*(R") is a Dirichlet form if it

is a unit contraction, i.e.

ueDE), v=(uVO)ALl = veDE),Ewv,v) <E(u,u).

10
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A Dirichlet form is regular if it possesses a core, i.e. if there exists a subset C of D(€) N
C.(R™) such that

(i) C is dense in D(E) with respect to the & -norm,

(ii) C is dense in C.(R™) with respect to the uniform norm.
A core C of &€ is said to be standard if it is a dense linear subspace of C.(R").

A general representation theorem of regular Dirichlet forms is due to Beurling and

Deny, [FOT10, Section 3.2]. Any regular Dirichlet form £ on L?*(R") can be expressed as

0,0 = €00+ [ ) —u) o) o) dy) + [ uGaots(an),
(2.5)

for u,v € D(E). Here

(i) £ is the local part of £, i.e. a symmetric form with domain D(£®) = D(£)NC,(R")

which satisfies the strong local property:

£ (u,v) = 0 for all u,v € D(£©)) such that v is constant on U C R", supp[u] C U,

(ii) J is a symmetric positive Radon measure on R™ x R™ off the diagonal d, called the
jumping measure,

(iii)  is a positive Radon measure on R" called the killing measure.

Such £©, J and & are uniquely determined by &.
By [FOT10, Theorem 1.3.1] there is a one-to-one correspondence between the family

of closed symmetric forms (€, D(€)) on L*(R™) and the family of non-positive definite self-
adjoint operators (A, D(A)) on L?*(R™). The correspondence is determined by:

D(E) = D(vV—-A) 2.6
E(u,v) = (V=Au, V—Av), u,v € D(E). '

This correspondence can be also characterized by

E(u,v) = (—Au,v), ue D(A), v € D(E), D(A) C D(E).

Given (2.6), the closed symmetric form (€, D(E)) can be directly described in terms of the
strongly continuous semigroup 7; corresponding to A. Define the approximation forms

E® determined by T} as
() 1 2 (mon
EWu,v) = ;(u—Ttu,v), u,v € L*(R"™).
11
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By [FOT10, Lemma 1.3.4] it follows that the closed symmetric form £ corresponding to
A can be defined as

D(E) = {u € L*R") : lim EV (u,u) < oo}
o (2.7)
E(u,v) = lgfglg(t)(u,v), u,v € D(E).
Furthermore, by [FOT10, Theorem 1.4.1.] the strongly continuous semigroup 7; is Marko-
vian if and only if the closed symmetric form (£, D(E)) is Markovian, that is (£, D(E)) is

a Dirichlet form.

Therefore, given a symmetric Hunt process X there exists a unique Dirichlet form £
in L?(R") associated with X. By [FOT10, Theorem 4.2.8] two symmetric Hunt processes
X® and X possessing a common regular Dirichlet form are equivalent in the sense that
their transition functions p and p® coincide outside of a common properly exceptional

set N, i.e. a set N of Lebesgue measure zero such that
PP (ulye) = 1P
t Ne) = Inyeby U a.ce.

for any u € L*(R") and 7« = 1,2. In general, given a Dirichlet form on L*(R") it is not
possible to construct a Feller transition kernel such that (2.7) holds. But with regularity
we are able to ignore sets of £-capacity zero and construct a Hunt process outside of some

set of zero £-capacity.

Theorem 2.11 [FOT10, Theorem 7.2.1] Given a regular Dirichlet form &£ there exists a

symmetric Hunt process X with Dirichlet form &.

2.3 Killed Hunt processes

Let X = (X¢):>0 be a symmetric Hunt process and D an open set in R™. The process
XP obtained by killing X upon exiting D is defined by

Xi(w), t<1plw)

, we,
0, t > 1p(w)

XP(w) - {

where 7p is the first exit time of X from D defined by (2.3). The corresponding transition

semigroup PP is given by
PPu(z) = B, [u(XP)] = B [u(Xy) : t < 7p]

fort >0,z € D and u € L>*(R"). Let (£,D(E)) be the Dirichlet form corresponding to
X. By [FOT10, Theorem 4.4.3] the Dirichlet form (£p,D(Ep)) corresponding to X is

12



2.4 Capacity and polar sets

actually the part of the Dirichlet form € on D, i.e.

D(Ep)={ueDE):u=0 ge. on D}

(2.8)
Ep(u,v) =E(u,v), u,veD(Ep).

By [FOT10, Theorem 4.4.3] the Dirichlet form (£p, D(Ep)) is regular and if C is a special
standard core for (£, D(£)) then

Cp={ueC:u=0 qge. on D}

is a special standard core for (€p, D(Ep)).
Suppose that the transition kernel of X is absolutely continuous with respect to the

Lebesgue measure. Then the corresponding transition density py(x,y) is symmetric, i.e.

pe(z,y) = p(y,x) forae x,yecR"

By a version of [CZ95, Theorem 2.4] the killed process X also has an absolutely contin-

uous transition kernel with a symmetric density

pP(z,y) = pilx,y) — B [prry(Xsp,y) 70 < t], m,y € D, t > 0. (2.9)

2.4 Capacity and polar sets
In this section we will recall several definitions of capacity and discuss their relations.

Definition 2.12 Let (£, D(€)) be a regular Dirichlet form on L?(R™).

(i) E-capacity (1-capacity) of a set is defined in the following way; for an open set
UcCR"”
Cape(U) = inf{& (u,u) :u € D(E), u>1a.e. on U},

and for A C R™ arbitrary set
Capg(A) = inf{Capg(U) : A C U open }.

If X is the symmetric Hunt process associated with (£, D(£)), we will sometimes

use the notation Capy instead of Capg.

(ii) We say that a statement depending on = € A holds &-quasi-everywhere (q.e.) on A
if there exists a set N C A of zero £-capacity such that the statement is true for
every v € A\ N.

13



2.5 Lévy processes

By [FOT10, (2.1.6)] capacity of any Borel set A can be calculated as
Capg(A) = sup{Capg(K) : K C A, K is compact}. (2.10)

Also for Ep from (2.8), by [FOT10, Theorem 4.4.3] a set B C D is of Ep-capacity zero if

and only if it is £-capacity zero.

Definition 2.13 We say that u € D(E) is quasi continuous if for every € > 0 there exists

an open set U such that Capg(U) < ¢ and uj,. is continuous.

By [FOT10, Theorem 2.1.3] every function v € D(E) admits a quasi-continuous

modification 1, i.e. there exists a quasi-continuous function @ € D(E) such that u = u a.e.

Definition 2.14 Let (£,D(€)) be a regular Dirichlet form on L*(R") corresponding to
the Hunt process X.

(i) A set A is called E-polar if there is a Borel measurable set B D A such that
/ P,(05 < oco)dr = 0.

(ii) A set A is called polar for the process X if there is a Borel measurable set B D A
such that
P.(0p <o) =0, VoecR"™

Remark 2.15 If the symmetric Hunt process X has a continuous transition density then
by [FOT10, Theorem 4.1.2] two definitions of polarity coincide.

2.5 Lévy processes

Definition 2.16 A stochastic process X = (X;);>0 on a probability space (2, F,P) is a

Lévy process if

(i) it has independent increments, i.e. for any n € Nand 0 < t; <ty < ... <t,,

Xt17Xt2 — th, Ce ,th — th—l are independent,

(iii) it has stationary increments, i.e. for any 0 < s < t,

X, - X, £ X,_,,

(iv) the function ¢t — X is P-a.s. cadlag, i.e. right continuous with left limits.

14



2.5 Lévy processes

Conditions (i), (iii) and (iv) together imply that the Lévy process X is also stochastically
continuous, i.e.

X, x, st

The primary tool in the analysis of distributions of Lévy processes are the characteristic
functions, that is Fourier transforms of the distributions. The characteristic function of
X; is equal to

R[] = e W©® ¢ e R,

where the function 1 is called the characteristic exponent of the process X. By the

Lévy-Khintchine formula the characteristic exponent is of the form

V(E) =iy + %Aé &+ / (1— €% + i€ - xlyp<y)v(da), (2.11)
R\ {0}

where v € R", A € M,(R) is a symmetric and nonnegative-definite matrix and v is a

measure on B(R™), called the Lévy measure, such that
v({0}) =0 and / (1A |z[*)v(dz) < oc.
R™\{0}

This means that the distribution of the process X is characterized by the generating triplet
(v, A, v) and formula (2.11).

By [Ber98, Proposition 1.6 and Proposition 1.7] Lévy processes are Hunt processes
with respect to the augmented natural filtration F and family of probability measures

(P,)zern, where
]P)x(th c Bl, ...,th < Bk) = ]P)(.ZIZ' + th € Bl, ey L —+ th € Bk)

for every k € N, t,...,t, > 0, x € R™ and By, ..., By € B(R"). By [Ber98, Proposition
16] a Lévy process is either transient or recurrent. From [Sat99, Section 35] we get the

following characterization of recurrence and transience of Lévy processes.

Proposition 2.17 A Lévy process is

(a) recurrent if and only if

liminf | X;| =0 as.,
t—00

(b) transient if and only if

lim | X;| =00 a.s.
t—o00
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2.5 Lévy processes

For a symmetric Lévy process X we also have a recurrence criterion of Chung-Fuchs type,

i.e. the process X is recurrent if and only if for some r > 0

1
B(0,r)

Note that if a Lévy processes possesses a strictly positive transition density function with
respect to the Lebesgue measure, it is also irreducible.

Let (P;);>0 be the transition semigroup of the Lévy process X, i.e.
P f(z) = E[f(X)] = E[f(z + Xy)], feL™(R")

and (L,D(L)) the corresponding infinitesimal generator. From [App09, Theorem 3.3.3]
(also [Sat99, Theorem 21.5]) it follows that S(R™) C D(L) and that for ¢ > 0 and
u e S(R"™)

Ptu(x):/ e e WO (&) de and

Lu() = - [ e S(©)a(e)de,
so the generator L is a pseudo-differential operator and

Lu(z) =iy - Vu(x) + AVu(x) - Vu(z) + / (u(z +y) —u(z) + iVu(z) - yly<)v(dy).
R\ {0}

If the Lévy process is additionally symmetric with generating triplet (0, A, v) there exists
a unique regular Dirichlet form &£ corresponding to X. Using the approximation method
from (2.7) and the Parseval formula it follows that for u € L?*(R") and ¢ > 0

0 1 Lo Poa=+[ @ ~O5(6))5

£ u) =+~ Puw) = - B = [ (e) - e On(e)ie) ae
N 1 — e—t¥(&)
= [ Pt .
RTL

For given u € L(R") the function ¢ ++ £® (u, u) is increasing so by the Lebesgue monotone

convergence theorem,

Euu) = lim W (uu) = | [a€)P () dg
e (2.13)

D@)z{ueL%Rw: rmoﬁw@d§<a}.

Rn

Example 2.18 (i) When A = I and v = 0 the corresponding Lévy process is called

the Brownian motion and has the characteristic exponent 1(£) = |£]? and transition
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2.5 Lévy processes

density

_ 1 [z —yP?

Then the Dirichlet form (2.13) reduces to the form (D, H'(R™)) where D is the
Dirichlet integral,

n

D(u,v) = Z Oiu(z)0v(x)dy

i=1 YR"

and H'(D) is the Sobolev space of order 1,

HY(D) = {u € L*(R") : Qu € L*(R™), i =1,...,n}.

(ii) When X is a purely discontinuous symmetric Lévy process with generating triplet
(0,0,v) the Dirichlet form (2.13) can be rewritten as

e =3 [ [ o) —u@) et ) @)l i
D) = {u € L*(R") : /n /Rn\{o}(u(x + 1) — u(x))?v(dy) dz < oo} .

To show this, note that for u € L*(R"), y € R™ and v,(z) := u(z + y) — u(z) the
Fourier transform of function v, is equal to 9,(§) = u(&)(e~®¥ — 1). Since the Lévy

measure v is symmetric, by Parseval formula (2.13) reduces to

£ = [ WOR [ (et i e

:1 ~ 2 —i&y 112 d d
LR [ e i)

2
1 2
=5 [ L ) )Pt de

In the following chapters we will concentrate on purely discontinuous rotationally
symmetric Lévy processes in R™ with generating triplet (0,0, v), where the measure v has

a radial density j. The characteristic exponent v of such a processes is equal to
o= [ (g1 v
Rm\{0}

- / (1 - cos (2€)) j(ja))dr, € € R™.
R7\{0}

A special example of such a process is the subordinate Brownian motion which we will

address in the following section.
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2.6 Subordinate Brownian motion

2.6 Subordinate Brownian motion

Definition 2.19 A subordinator is a Lévy process S taking values in [0, c0), which implies

that its sample paths are P-a.s. nondecreasing.

Since the subordinator is almost surely nonnegative, we can consider the Laplace trans-

form of the transition probability of S, which is of the form
E[e ] = e @™ X >0.

Here ¢ is called the Laplace exponent and is given by

d(N) = b\ + / (1 —e)v(dr),

(0,00)

where b > 0 is called the drift coefficient and v is the Lévy measure satisfying

Y((=00,0]) = 0 and / (1 A 2)0(dz) < . (2.14)

(0,00)
Definition 2.20 A function f: (0,00) — R is

(i) a completely monotone function if f is of class C* and for all A > 0 and n € Ny
(=1)"f™(\) > 0.

We will denote the family of completely monotone functions by CM.

(ii) a Bernstein function if f > 0 and f* € CM. Denote by BF the collection of

Bernstein functions.

By [SSV09, Theorem 3.2] f € BF if and only if it admits a representation of the form

fA) =a+bX+ / (1 —eM)v(dy), (2.15)

(0,00)

where a,b > 0 and the measure v satisfies (2.14). Therefore, a function ¢ : (0,00) —

(0, 00) is the Laplace exponent of the subordinator if and only if ¢ € BF and a = 0.

Definition 2.21 A Bernstein function is complete if its Lévy measure v in (2.15) has
a completely monotone density v(t). We will use CBF to denote the collection of all

complete Bernstein functions.

Let S = (S;)i>0 be the subordinator with Laplace exponent ¢ € CBF defined on
the probability space (2,G,P). Let B = (B;):>o be the standard Brownian motion in R™

18



2.7 Green function and harmonic functions

defined on the same probability space, independent of S. A process X = (X;);>o defined
by
Xt(w> = Bgt(w)(W), 13 Z Oa w € Q

is called a subordinate Brownian motion. It is easy to see that X is again a Markov

process with the associated transition semigroup

PPu(z) = E, [u(Bs,)] = / E.[u(B,)]P(S; € ds) = / PBu(z)P(S; € ds).
(0,50) (0,00)

The semigroup ]P’f is said to be subordinate in the sense of Bochner to the semigroup PP

with respect to the complete Bernstein function ¢. It follows that

E, [e47%] = / E, [¢¢P]P(S, € ds) = / eI P(S, € ds) = e~tEP)

(0,00) (0,00)

so X is a Lévy process with the generating triplet (0, A, j(|x|)dz), where A = bl and

o0 7'2
jlr) = / (4ms)™2e a2 v(s)ds, > 0.
0

Note that the density j is a decreasing function.

2.7 Green function and harmonic functions
Let X be a symmetric Hunt process in R".

Definition 2.22 For every z € R we define a potential measure G(x,-) for X by
G(I, B) = Ea: |:/ ]-{XteB}dt:| y B e B(Rn)
0

If the potential measure G(z,-) is absolutely continuous for all z € R™ then we call the

corresponding density G(z,y) the Green function for X.

Suppose that the Green measure is finite and that X has a transition density p;(x, y).
By Fubini’s theorem

G = [ PXieBia = [ [ naids. BeBE)

so the potential measure is absolutely continuous for all x € R™ and the Green function

is equal to
G(fE,y) = / pt(xay)dta T,y € R™.
0
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2.7 Green function and harmonic functions

Let D be an open set in R” and X P the corresponding killed process. The potential

measure of X? is defined in the same way:

oo ™ oo
0 0 0

Since the killed process X has a transition density pP(z,y) given by (2.9), Gp(z,-) is

absolutely continuous and the corresponding Green function Gp(x,y) is given by

Gp(z,y) =/ pP(t, z,y) dt:/ p(t,z,y) dt—/ Eo[pt—rp (Xrp,y) 1 Tp < t] dt
0 0 0

= G($7y) - Ex[G<XTD7y) :Tp < OO]? z,y eD. (216)

We call Gp(z,y) the Green function of the set D.

Recall the representation of Beurling-Deny and LeJan from (2.5). If the Green func-
tion for X on B exists then the jumping measure J for X has the following representation.
By [FOT10, Theorem 4.5.2, Lemma 4.5.5] the jumping measure is a unique symmetric

positive Radon measure such that

Eolf(Xoy)g(Xp) : 75 < 00] = 2 / / F(9)9(2)Cs (. 9)J (dy, d) (2.17)

for every x € B, f and g bounded nonnegative Borel measurable functions such that
supp f C B and suppg C B°. Also by [FOT10, Lemma 4.5.2] the killing measure x of

XB is a unique positive Radon measure such that

E,[f(Xoy_) 7 < 0] = / £ (4G y)r(dy). (2.18)

for every positive Borel function f.

By Definition 2.8 the potential measure of a Lévy process X is finite for all x € R"
if and only if X is transient. Let X be a rotationally symmetric pure jump Lévy process
with the generating triplet (0,0, j(|z|)dz) and D an open set in R™. For an open set
B C B C D by Remark 2.18(ii) and (2.17) the joint distribution of (X,,_, X,,) restricted

to the event {X,,_ # X,., T < oo} is given by the [keda- Watanabe formula

E, [f(Xey)9(Xsy) / C / F(9)9(:)G(. )iy — =|)dyd= (2.19)

for all nonnegative Borel measurable functions f and g on R™. If B is a Lipschitz domain
(for example a ball) then by [Szt00, Theorem 1]

P,(X,, € 9B) =0, V€ B.
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2.7 Green function and harmonic functions

Then the density function of the IP,-distribution of X, is determined by the Poisson
kernel Kp,

Ka(r.2) = [ Galw)illy sy, 2 € B,z B (2.20)
B

Furthermore, let X be a transient subordinate Brownian motion and let ¢ € CBF be the

Laplace exponent of the subordinator S. By the Chung-Fuchs-type criteria (2.12) X is

a %—1
/0 (b()\)d/\<oo

for all @ > 0. This is always true for n > 3 and depending on the subordinator, may be

transient if and only if

true for n = 1 or n = 2. The potential measure of the subordinator .S is given by

U(A)=E [/OOO 1{SteA}dt} = /Ooopf(A)dt, A € B([0,00))

with Laplace transform

LUN) = /0 h e NU(dt) =E { /O s dt} = /0 et gy ﬁ

By [KSV12, Corollary 2.3] if ¢ € CBF has a generating triplet (0,b, ) such that
b>0 or v(0,00)=00

then the potential measure U has a completely monotone density u. Since X is transient

the Green measure is finite on all bounded sets and

G(z,A) =E, {/OOO 1{XtEA}] = /A/Ooopt(x,y)U(dt)dy,

for € R", A € B(R") and p the transition density of the Brownian motion. Then the

Green function of X is given by

G(r,y) = G(lz —yl),

where

n > n T2
G(r) = (4#)_2/ t72e” wU(dt).
0
Note that the function G is a positive nonincreasing function.

Definition 2.23 Let D be an open subset of R™. A Borel function h : R* — [0, 00) is
said to be harmonic in D for X if for any bounded open subset B C B C D

h(x) = Eqy [n(X7,)] (2.21)
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2.8 Feynman-Kac transforms

for all € B. If the previous equality additionally holds for B = D then we say that h is

reqular harmonic for X in D.

Here we use the convention that X, = 0. We will always make a tacit assumption about
all functions that they take value 0 at the cemetery point 0 and that the expectation in

(2.21) is absolutely convergent and so finite.

Remark 2.24 Suppose that the Green function G(z,y) is continuous on R" x R" \ d,
where d is the diagonal in R™. This is true, for example, when the subordinator has a
potential density u. From the strong Markov property and formula (2.16) it follows that
the function u(z) = Gp(z,y) is harmonic in D \ {y}.

Definition 2.25 A nonnegative function h is said to be excessive if
(i) Ex[h(X})] < h(z) for all x € R™ and ¢ > 0,

(1) lim E,[1(X,)] = h(z) for all & € R

2.8 Feynman-Kac transforms

Let X be a symmetric Hunt process with respect to the filtration F and lifetime
(. Let p be the corresponding transition density and suppose that the corresponding
Dirichlet form (€, D(E)) is regular.

Definition 2.26 A = (A;):>¢ is a positive continuous additive functional (PCAF) for X
if
(i) A; is Fi-measurable,
(i) A is [0, 4o0]-valued,
(iii) ¢t +— A is continuous on [0, (),
(iv) Apps = Ay o ls+ A, where 0, is the time shift operator for X.

By [FOT10, Theorem 5.1.4] for every PCAF A there exists a measure p, called the Revuz

measure corresponding to A such that

it [ e[ t P Wa)ds = [ bt

t—0 t

for all excessive functions h and positive Borel functions f.
Let k : R® — R be a nonnegative and continuous function. Define a functional
A = (Ay)i>0 of X by

t
Ay :/ k(Xs)ds, t>0. (2.22)
0
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2.8 Feynman-Kac transforms

It is easy to see that A is a positive continuous additive functional (PCAF) for X with
Revuz measure x(x)dz. The function s is sometimes called the potential of the PCAF A.

Furthermore, (e, (t))i>0
eq(t) = et

is a multiplicative functional for Y, i.e. e,(t) is F;-measurable and
et + s,w) = e,(t,0s ow)es(s,w)

for all w € 2, and t,s > 0. Next we state a well-known result, known as Khasminskii’s

lemma, which will play an important role in the following sections.

Lemma 2.27 [CZ95, Lemma 3.7] Let 7 be a stopping time for X, x > 0 and suppose
that E,[A,;] < oo for all z. Then for every n € Ny

sup E,[A7] < n!sup (E,[A.])".

xT

Furthermore if
supE,[A;] =a <1

then )
E, [e*] < :
e
Proposition 2.28 [CZ95, Proposition 3.8] If
limsupE,[4;] =0 (2.23)

t—=0 4
then
limsup E,[e.(t)] =1

t—0 4

and there exist positive constants Cy and C such that for all £ > 0

sup Ey[ex(t)] < Coe. (2.24)

If (2.23) holds we can define the Feynman-Kac semigroup (T});>o on L*(R™) as
Tiu(x) = Egfen(t)u(Xe)],

for t > 0, x € R" and u € L*(R"). By [CZ95, Theorem 3.10 and Proposition 3.12] T} is
a strongly continuous symmetric Markov semigroup and if X is a Feller process then the
semigroup 7; also has the Feller property. Furthermore, if the transition probability of

the process X has a density then so does the Feynman-Kac semigroup 7;.
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2.8 Feynman-Kac transforms

We use the approximation principle (2.7) to calculate the Dirichlet form correspond-

ing to the Feynman-Kac semigroup. Note that
t
/ e k(X )ds = et — 1, as. (2.25)
0

For u,v € L*(R")

— A
PO (u,v) = %(u — Thu, v)p2(rny = / E, [u(m) i U(Xt)] v(z)dx

_ /R E, [“(x) - eAt“(”} v(x)dx—k/nEl, [e“tw] o(@)de

t t
@25 _ /n E, E /Ot eASm(Xs)ds} u(z)v(z)dr + /n E, {e"‘tw} v(z)dz.

From (2.24) by the dominated convergence theorem it follows that

a,u(x) — u(Xy)

E(u,v) = —lim [ E, [1 /0 t eASm(Xs)ds} u(z)v(z)dr +lim [ E, [e -

0 Jrn t t0 Jrn

] v(x)dz
= — /n k(z)u(z)v(z)dr + E(u,v) (2.26)

and
D(ER) = D(E) N L*(R", k(z)dx).

By [FOT10, Theorem 6.1.2] the Dirichlet form (€%, D(E")) is regular and every special
standard core for (£, D(€)) is also a special standard core for (€%, D(E")). We say that
the corresponding symmetric Hunt process X" is obtained by resurrecting X at a rate k.
Analogously, if we consider the semigroup generated through the bounded multiplicative

functional e~4* the corresponding symmetric Hunt process X* is a subprocess of X, i.e.
E,[f(XF)] < E,[f(X)], >0, 2 €R", ue L=R"),

and we say that X" is obtained by killing X at a rate .

Let p be the transition measure of the rotationally invariant purely discontinuous
Lévy process X with the generating triplet (0,0, j(|z|)dz) and D an open set in R™. Let
h be a harmonic function for X? and E;, = {x € D : 0 < h(z) < oo}. Define

h(y
p "M@, y) = %p?(aﬁ)y)’ t>0,z,y€ B

Clearly p™" is Borel measurable and satisfies the Chapman-Kolmogorov identity. Fur-

thermore, for an increasing sequence D, C D, C D of bounded open sets such that
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2.8 Feynman-Kac transforms

D =D, it follows that

E.[h(X) it <71p| = lim E,[h(X}) : t < 7p,] = lim E,[Ex, [h(XTDn) 1t <7p,]]
n—oo

n—o0

< lim E,[h(X;, ) 1t < 7p,] = h(z).

T n—oo
Therefore, pP" is a sub-Markovian kernel, i.e.

1

Agfﬂmwwzﬁégamxyt<nﬂgagumzy

The corresponding process X" on Ej, is called the Doob’s h-transformed process of X
or the h-conditioned process. For z € D we denote by P" and E" the probability and
expectation for the h-conditioned process starting from x respectively. By the monotone

class argument, as in [CZ95, Proposition 5.2] it follows that

m@w<w_m%&@mmw<m] (2.27)

for every F;-measurable function ® : 2 — [0,00). Suppose X is transient and the Green

function Gp is continuous for some open set B C B C D. Let

h(-) = Gs(y)

for some y € B and denote the corresponding probability and expectation as PY and EY.
For the PCAF A from (2.22) with Revuz potential

@) = [ 3o 2z

we define the conditional gauge function u : R" x R" — [—o00, 00| as
u(z,y) = B lex(78)]. (2.28)

Proposition 2.29 For ¢ > 0 measurable with respect to F,,_ and any nonnegative

Borel function f

Xrp—

Eo[f(X,))® : Xopo # X0 = Eo[f(X,,))Ea 7 [®]: X,y # X)), z€D.  (2.29)

Proof. Using the monotone class argument it is enough to prove (2.29) for ® of the form
¢ = ®y1fcrp), for some Fi-measurable nonnegative function ®;. By (2.27) the function

y — EY[®] is Borel measurable. Let k be the killing measure for the killed symmetric
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2.8 Feynman-Kac transforms

Hunt process XP. For A € B(D) it follows that

Ex[q) : XTD_ S A] = Em[q)tl{t<7D} : XTD_ S A] = Em[q)tEXt[l{XTD_GA}] < TD]
2.18
218 E. {Cbt/ Gp(X,y)r(y)dy - t < TD:|
A
— [ Ba@Go(Xi)kly) it < Toldy
A

@27) /A EY[®)Gp(z, y)k(y)dy

(2.18) Xrp—

g, [Ez @] X,,_€A

an therefore

E,[®|X,, ]| = Ea ™ [®], P,as.

Finally, we have

Eo[f(Xep)® - Xop o # Xop| = Bl f (Xrp )Ba[ @[ Xr, ] - Xoy o # X

Xrpy

= Ex[f(X‘rD)Ex [(I)] : X‘I’D* 7& X‘I’D]'

From Proposition 2.29 and (2.17) (also by [Che02, Lemma 3.5.]) it follows that the

Green function for X* on B is equal to

Gy, y) = Gp(z, y)u(z,y). (2.30)

So the function u can be interpreted as the conditional expectation of the Feynman-Kac
transform of X by x and it is also the ratio of the Green functions of X* and X. The
conditional gauge theorem which we will introduce in the following sections says that
under suitable conditions on X and k, either u is identically infinite or w is bounded

between two positive numbers.
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Chapter 3

Construction and boundary behavior

of the censored process

In the first part of this chapter we will define the censored rotationally symmetric
Lévy process Y on an open set D and discuss three equivalent construction procedures
for such a process.

In the following sections we will present results regarding boundary behavior of the
censored subordinate Brownian motion Y. In order to do so, we introduce a new process
called the reflected process through its Dirichlet form (£7°f, F2°f). Section 2.2 is devoted to
the theory of Besov spaces of generalized smoothness which are closely related to Dirichlet
spaces corresponding to Lévy processes and their censored counterparts. The main result
of Section 2.3 is the trace theorem for a certain type of Besov spaces of generalized
smoothness. Using this result in Section 2.4 we prove that, under certain conditions on
the subordinator, the Dirichlet form (£, Fr°f) is actually the active reflected Dirichlet
form corresponding to the censored process Y. When D is an open n-set in R", using this
connection between Y and the reflected process, we can determine under which conditions

the process Y approaches the boundary 9D in finite time.

3.1 Construction

Let (©2,G,P) be a probability space and X = (X;);>o be a rotationally symmetric
Lévy process in R™ with the generating triplet (0,0,v), where v(dz) = j(|z|)dx. The
Fourier transform of the transition probability of X is characterized by the characteristic

exponent 1);
E [¢6%] = / ¢ p,(di) = O,

b(E) = / (1= €™ 4 iz - €1c1) v(de)
R7\{0}
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3.1 Construction

[ 0-cost@e@)illehds, R
R™\{0}
The regular Dirichlet form (C, F*") associated with X (see Example 2.18) is given by

1 )
5 [ ]ty ~ ule)ete + ) - ole)illydy do
n Rn\{o}
F¥ ={ue L*(R"): C(u,u) < oo} .
Note that j(z,y) = 2j(]z — y|) is the density of the jumping measure from the Beurling-

Deny representation (2.5) of C. Let D C R™ be an open set and X? the process X killed
upon exiting D. Recall from Section 2.3 that

Xi(w), t<7p(w)

Xi(w) =
8, tZ TD(U))

for Tp(w) = inf{t > 0: X;(w) & D} the first exit time of X from D. The Dirichlet form

for X is (C, FP), where
D—fue F* :u=0qe on D}

Since C°(R") is a special standard core for (C, FX") it follows that C>°(D) is a special
standard core for (C, FP). So FP is the closure of C%°(D) under the norm generated by

Ci =C+ (-,-)r2(p). For u,v € FP we can write

[ (w) = uw)ola) = o) - ydody
[ (@) = u)ote) o)l — sl)dody

1
T2
1
T3
1

/,
/
+3 ), c/

3 / c / (ulz) = u()(v(z) = v(y))j(|x — yl)dzdy
L),

D) —v(y))i(le = yl)dedy

)(w(x) = v(y)i(le — yl)dedy + / u(z)v(z)rp(z)de,

D

where kp(z) = [,. ] pe J(|z —y|)dy is called the killing density of X DTt is also the density
of the kllhng measure from the Beurling-Deny representation (2.5) of a Dirichlet form

By removing the killing part from the Dirichlet form (C,F”) we obtain a new

Dirichlet form: for every u,v € C2°(D) let

-2 /D /D (u(x) = u(y))(v(2) = v(y))j(|lx — yl)da dy.
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3.1 Construction

By Fatou’s lemma the symmetric form (£,C°(D)) is closable in L*(D), i.e. for every
sequence u, € C°(D) such that u, 2o

,1M— 00 n—o0

E(Uy — Upp, Upy — Upy) 0 = E(uy,u,) — 0,

so we take F to be the closure of C2°(D) under the inner product & = & + (-, )2(p)-
From [FOT10, Section 1.4] it follows that the closed symmetric form (£, F) is Markovian

since it operates on a normal contraction, i.e. for u € F and v € L*(R"),
() —v(y)] < lu(z) —u(y)l, |v(@)] < |u(@)], Yo,y e R" = E(v,v) < E(u,u).

Therefore, the form (€, F) is a Dirichlet form. By Theorem 2.11 there exists a symmetric
Hunt process Y associated with the regular Dirichlet form (€, F), taking values in D
with lifetime (. We call Y the censored (resurrected) process associated with X. So the
censored process Y can be interpreted as the process obtained from the Lévy process X
by restricting its jumping measure to D.

The following theorem gives us two alternative constructions for the process Y; by
using the lkeda-Nagasawa- Watanabe piecing together procedure and the Feynman-Kac

transform.

Theorem 3.1 The following processes have the same distribution

(i) The symmetric Hunt process Y associated with the regular Dirichlet form (€, F) on
L*(D).

(ii) The strong Markov process obtained from the symmetric Levy process X” in D
through the Ikeda-Nagasawa-Watanabe piecing together procedure.

(iii) The process obtained from X? through the Feynman-Kac transform efo xp(X2)ds

Proof. First we prove that (i) is equivalent to (ii). Define a functional A = (A;);>0 of Y
by

¢
At:/ kp(Ys)ds.
0

From Section 2.8 it follows that A is a positive continuous additive functional for Y with
Revuz measure #p(z)dr. So e~ is a decreasing multiplicative functional for Y and it

uniquely determines a probability measure @x on € for £-q.e. x € D, such that
B [f(Y))] = E, [ f(¥3)] (3.1)

for every function f € L¥(D). Let Y* be the process with distribution P, and lifetime

¢*. Then Y* is a symmetric Hunt process obtained from Y by killing with rate xp. Recall
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3.1 Construction

from (2.26) that the associated Dirichlet form on L?(D) is given by

E(u,v) = E(u,v) —|—/ uw(z)v(z)kp(z)de

D
F*=FNL*D,rp(x)ds).

The Dirichlet form (€%, F*) is regular on L?(D) with special standard core C°(D). Since
E"=Con F*NFP and C=(D) c F*nFP

it follows that
(EF, F) = (C, FP). (3.2)

This implies that the processes Y* and X are equivalent, i.e. they have the same distri-
bution q.e. Since Y* is a subprocess of Y, by [BG68, Section I11.3.] we can alternatively
obtain the process Y* by killing Y at the random time (*. Actually, (" is the lifetime of
Y* and

" < ( as.,
P,(C">0)=1,Vz €D
t+ ("o, =" on {¢" >t}, forallt>0.

Let (Y*7);en be a sequence of independent copies of the process Y* and let ("7 be the

lifetime of Y*J. Define the sequence of random times (7;) ey as

= Cn,17

+1
_ Tj + CK’J+ o 977’ T < C
Tj+1 =

, J€eN
¢, otherwise J

We will show that this increasing sequence converges almost surely to (. Denote by

n = lim 7; and note that 7 < ¢ a.s. Define a subprocess Z of Y by

Jj—0o0

Zy(w) = Yi(w), t<n(w) t>0,weN
! 0, tzn(w)’ - '

Process Z is again a symmetric Hunt process so by its quasi-left continuity
Jj—00

P(n<§):IP’(Zn_6D,n<oo):IP’(limZTjED,n<oo) =P(Z,€ D,n<o0)=0.

Therefore n = ¢ a.s. Next Using the Ikeda-Nagasawa-Watanabe piecing together proce-
dure from [INW66] we define a new process Y M) in the following way. Let x € D be

30



3.1 Construction

an arbitrary starting point for Y. For a given w €  we start the processes Y7 at the

following points:

Yy (w) =2
Yoﬁ’jﬂ (W) = }/C’Z:j]i(w)f(w)'

Define
Y w),  0<t<mw)
VW) = {0 W), 7(w) << maw), () < (W) -
9, t> ((w)

Note that the piecing together procedure is repeated countably many times. By [INW66,
Proposition 4.2] process Y™ is a symmetric Hunt process on D with lifetime ¢. From the

construction of Y* it follows that for j € Ny
Y, 2YE on {n <t <+ (tor, Y, = Yo,

so by the strong Markov property it follows that Y1) is a version of the process Y corre-
sponding to the Dirichlet form (&, F)

Next we show the equivalence of (i) and (iii). Let Y® be the Feynman-Kac trans-
form of XP through the positive continuous additive functional B; = fot kp(XP)ds. Then
for any function f € L*>(D)

E,[f(V,)] = B, [l =0 p(xP)| 2R, |elom 0 p(ye)|

(?;1) Ex |:€f0t HD(Ys)de(}/;)] —F, [6_ I HD(Ys)dsefOt HD(}/;')dsf(}/;):|

= E.[f(YD)],

that is Y® 2 Y. Therefore Y can also be obtained from X by creation at the rate kp

through the Feynman-Kac transform with PCAF B,. O

From the construction of the censored process Y through the Ikeda-Nagasawa-
Watanabe piecing together procedure it follows that the censored process Y can be
obtained from the symmetric Lévy process X by suppressing its jumps from D to the
complement D¢ Several useful properties of the censored process follow directly from
Theorem 3.1.

Remark 3.2 If the Levy process X has a transition density then by Section 2.3 so does
the process XP. By [CZ95, Theorem 3.10.] and Theorem 3.1(iii) it follows that the
corresponding censored process Y also has an absolutely continuous transition measure.

The censored process Y is also irreducible.
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3.2 Besov spaces of generalized smoothness

Let X be the subordinate Brownian motion. In order to investigate the boundary

behavior of the corresponding censored process we introduce a new type of process through
its Dirichlet form. Let (f, Ft°f) be a Dirichlet form on L?(D) defined by

F = {“€L2 // (Ix—yl)dxdy<oo}

£ (u, v) = / / ) (w() —v()ille — yDdedy, wo e F.

The Dirichlet form (£, Fr°f) is not necessarily regular for every open set D. By an
analogue of [BBC03, Theorem 2.2], [CF12, Theorem 6.2.13] we will show that, under
certain conditions, (€™, Fr¢f) is the active reflected Dirichlet form for (£, F) in the sense
of Silverstein and [CF12]. This implies that there exists a compactification D* of D
such that (€™ Fref) is regular on L?(D*) and we refer to the corresponding process Y*
as the reflected process related to Y. When D is an open n-set, the process Y can be
represented as the process Y* killed upon hitting the boundary 0D. To show this we relate
the domains F®", Fr¢f and F with the corresponding - Bessel potential spaces HY' of

order 1 studied in [Jac01] and prove the trace theorem for these spaces.

3.2 Besov spaces of generalized smoothness

The domain F®" of the Dirichlet form C is a type of a much more general class of
function spaces called Besov spaces of generalized smoothness. These spaces were intro-
duced in the seventies by M.L. Goldman and G.A. Kalyabin as a generalization of the
classical Sobolev and Besov spaces. Since then they have been studied by many authors
from various points of view. Here we adopt the standpoint of a Fourier analytic charac-
terization considered by Farkas and Leopold in [Far02] and [FLO6]. First we introduce

these spaces in their generalized form.

Definition 3.3 A sequence (7;);en, of positive real numbers is called

(i) almost increasing if there exists dy > 0 such that

dov; < Ve, Vi< k;

(i) strongly increasing if it is almost increasing and in addition there exists a kg € N
such that
29 <y Tt Ko <K

(iii) of bounded growth if there are positive constants d; and Jy € Ny such that
Vit < dvvy, VI = Jo;
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3.2 Besov spaces of generalized smoothness

(iv) an admissible sequence if both (v;)jen, and (7;')jen, are of bounded growth and

Jo = 0, i.e. there exist positive constants dy and d; such that

doy; < vjp1 < dvy, Vi€ No.

Definition 3.4 Let N = (V;),en, be a strongly increasing sequence. Define

QY ={z € R":|z| < No}
OV ={z eR": N;_.; < |z| < Nju}, jeN

Let @Y be a collection of all partitions of unity of C'>°(R") functions associated with this

decomposition.

Definition 3.5 Let N = (N;), en, and 0 = (0;);en, be a strongly increasing and admissi-
ble sequence respectively and (gpﬁv )ijen, € ®V. The Besov space of generalized smoothness

associated with N and o is
By ={g € S'(R") : ||gllpon = (0,0 (D)g) jen, lla(L2(R™))|| < 00},

where o(D)g(x) = ((-)9)" (x) and

N

[1(f5)gemo 112 (L*(R™)) || = (Z IIijIiz<Rn>)

By [Far02, Remark 10.1.2.] the space B3™ is independent of the choice of system () jeny
in the sense of equivalent norms. This is why we omit in our notation the subscript
(gpév )jen,- We will restrict ourselves to a special subclass of spaces By N associated to an

admassible symbol.

Definition 3.6 A non-negative function a € C*(R™) is an admissible symbol if the

following hold

() lim a(z) = oc.

(ii) a is almost increasing in |z|, i.e. there exist constants 0y > 1 and R > 0 such that

a(r) < doaly) if R < x| <yl

(iii) there exists an m > 0 such that x — r”m(—znz is almost decreasing in ||,

(iv) for every multi-index oo € Ny there exist constants ¢, > 0 and R > 0 such that

o a(z)
’D CL((I‘J)‘ < CQW, v,&:‘ > R.
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3.2 Besov spaces of generalized smoothness

The family of all admissible functions will be denoted by A.

Lemma 3.7 [FLO06, Lemma 3.1.17, Remark 3.1.18]

For a function a € A and 7 > 0 the sequence (N}"");en,,
N = sup{|z] : a(z) < 27"} j € Ny,

is strongly increasing.

Therefore, for a € A we can define the Besov space of generalized smoothness asso-
ciated with a as
HO'(RY) := BY™ (R"),

where o = {27} ,cy, is an admissible sequence. These spaces have two useful representa-
tions in the sense of equivalent norms; one given by the Littlewood-Paley-type theorem

and the other by means of differences.

Proposition 3.8 [FL06, Theorem 3.1.20, Corollary 3.1.21]
Let a € A, N = N%2 the strongly increasing sequence associated with a, o > 0 and

o® = {2%},cn, an admissible sequence. Then the norm || - [|4.a,

lullo = 11id + (D)) Pl = ( [ @+ a@la@Pas) s 33

is equivalent to || - || gy ne2 on H**(R") = B;a’Nm2 (R™).

Definition 3.9 For a function f on R", h € R" and k € N we define the k-th difference

of the function f as

(AL )@ =Z() D f(e 4 jh) = ALAE (@), =€ R™

J=

The k-th modulus of continuity of a function f € L*(R") is defined as

wi(f,t) = sup ||Aﬁf||Lz(Rn), t> 0.

|h|<t
Also, for an admissible sequence (7;);en, let

. itk
= inf Jit
k>0 Yk k20 g

we define the lower and upper Boyd index respectively,

log~y. log 7.,
s(7) := lim —— and 3(v) := lim HE

j—o0 i Jj—00 j
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3.2 Besov spaces of generalized smoothness

Since vjive < ;%isk for all 4, j,k € Ny it follows that
Tiai < T/

so the sequence log 7, is subadditive. By Fekete’s subadditive lemma the sequence (logT%) ‘
J

converges to inf logjﬂ, so the upper index 35(7) is well defined. The analogous conclusion
J
follows for the lower index s(v), since log V== log <7—1 j>.

Theorem 3.10 [Mou07, Theorem 4.1]

Let 0 and N be admissible sequences and N; = inf N]’\“[“ > 1 and _§(0) > 0. Let k& be an
k>0 Nr S(N)
5(0)

s(N)

integer such that k > . Then the norm || - ||z on BJ™Y is equivalent to

2

[|u|| L2 mny + (Z af-wk(m Nj—l)2>
=0

Remark 3.11 Note that for every a € A the sequence N®" satisfies the assumption
N> 1

We want to generalize the trace theorem for an important subclass of continuous

negative definite functions of the form

»(€) = o€,

where ¢ € CBF, Section 2.6. Also, suppose that the killing term and drift of ¢ are zero,
that is

The corresponding process X is the subordinate Brownian motion with the subordinator

having the Laplace exponent ¢. The density of the Levy measure is given by

i) = / " (dmt) /e (g,

Note that j is continuous and decreasing on (0,00). Also, by [KSV15, Lemma 2.1] for

every A\,r > 0
p(Ar)
IANLZ <1V 3.4
() (34
By [SSV09, Theorem 7.13] function ¢,
O(N) =2 (AAE, A>0 (3.5)
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3.2 Besov spaces of generalized smoothness

is also a complete Bernstein function. Define a function a : R™ — R as

a(z) = o(jal*)|z] = o(|xl*)*. (3.6)

Lemma 3.12 Let ¢ be a Bernstein function such that lim ¢(z) = oco. Functions ¢(-) =

T—00

#(| - 1?) and a from (3.6) are admissible symbols.

Proof. That v is an admissible symbol follows from [FL06, Lemma 3.1.13]. Properties
()-(iii) for the function a follow directly. For a multi-index a@ € N by the generalized

Leibniz rule

Da(z)= ) <a> D o(|z[*) D (|af?).

{8:8<a} p

Since &(| - |?) € A there exist R > 0 and constants ¢z > 0, 3 € NZ, such that

: 2, dllaf) 3(lsf?)
s 32 (5ot i

{B:8<a}
a a(x)
Y (Yot
- 1 2)|al/2
(girzay A+ 1)

O
By Proposition 3.8 Besov spaces of generalized smoothness associated with ¢ and a can

be characterized as

HY'(R") = {u € S'(R™) : 3f € L*(R™) such that @ = 11+ f}

<

1 .
H*'(R") =<ue S (R") : 3f € L*(R") such that 4 = }
®) = {ue s 37 € PR v
Since the function z — (1+2z)~* is completely monotone for every a > 0, by [SSV09, The-
orem 3.7] functions (14+¢)~® and (1+¢)~® are also completely monotone. By Schoenberg’s
theorem, [Sch38, Theorem 2|, functions (1 + )~ and (1 + y/a)~™® are positive definite

functions and therefore Fourier transforms of integrable functions, [SSV09, Theorem 4.14].

Denote .
Ky(§) = NG
and

1
K. (§) = 14‘—\/@'

Since for every o > 0

(1+a(2))* =< (1+ Va(x))™,
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3.2 Besov spaces of generalized smoothness

spaces HY''(R™) and H*!(R™) can be characterized as convolution spaces via the 1-Bessel

convolution kernel K, and a-Bessel convolution kernel K, respectively, i.e.

HY(R") = {Ky* f: f € 2R}, |IKy* flloa = |If]l 2z,

1 i (3.7)
H(R") ={K. f: [ € L*(R")}, |[Kax* fllag = [[[]|r2@n)-

Furthermore, if we assume additional conditions on the complete Bernstein function ¢
we can obtain estimates for the kernels K, and K,. These conditions also imply a useful
characterization of the spaces H¥'(R") and H*!(R") via differences, as well as estimates
of the kernels Ky, and K,. From now on we impose the following two conditions:

(H1): There exist constants a;,as > 0 and 0 < §; < dy < 1 such that

p(Ar)

al)\(s1 S TN S aQ)\627 A Z ]-77n Z ]-7

¢(r)

(H2): There exist constants ag,as > 0 and 0 < d3 < d4 < 1 such that

d(Ar

) 5
asA\® < 2 <\ A>1,r <1
T e
Conditions (H1) and (H2) are called the upper and lower scaling condition respectively
and were used in [KSV14]. It is easily shown that together (H1) and (H2) are equivalent
to the global scaling condition (H),
(H): There exist constants as, ag > 0 such that

¢(Ar)

a5)\51/\(53 S S CLGA62V64

¢(r) ’

A>1,r>0.

Also, without loss of generality let ¢(1) = 1. Since a is a radial function we will abuse
the notation by using a(z) = a(|z]). By (H1) and (H2) it follows that

a Nt < < aAP N> 1 >1, (3.8)
and
a3)\253+1 < S CL4A264+1

— a(’r) )
The following estimates for the kernel K, were obtained in [KZ06, Remark 33, Remark
34].

A>1,r<1. (3.9)

Lemma 3.13 Let o > 0 and Ky, = (K;)* If ady, < n then for every R > 0 there
exist constants ¢; = ¢;(¢,a,n, R) > 0, i = 1,2, such that for all x € B(0, R) C R™ and
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3.2 Besov spaces of generalized smoothness

0<;<n

<

= x|z )2
Kyo(2)) | < 2 .
’( b, (x))x]| = |$|n+1¢(|l’|_2)a/2

[ Kypa(2)

Proof. For z € R" let g,(|z|) = Kyo(z) and B,(|z|) = Kyo(z). The function Ky, is a
positive definite radial function on R™ so by [Gra08, Section B.5]

(2m)}

Bn(r):/o FJS_I()\T)r;gn(T)dr:/O Yo 1 (Ar)Gy(dr),

where J2_y and Yz_; are the Bessel and spherical Bessel function respectively and

Gn()\):/o E?S)T"IQn(r)dr.

By [Leo99, Lemma 1.4.11] for y > 0

unfl

(u2 +y2)"5

Gulin) = Aty [~

for some constant A(n). Let L : (0,00) — (0, 00),

1
L) = ———
W= Gene)
and note that B,(A) ~ L(\) as A — oo and B,(\) < L(A) for all A > 0. We will show
that this implies that G/, () ~ $L(5), A — 0. First note that

Galiy) ¥ "' Bty © ot L(ty)
L(y) _A(n)/o t2+1)"= L(y) di < Al /0 2 +1)"s L(y) “

1 n—l—a(52V54) [e’¢) n—l—a(51A53)
o [t A ! )
o (t241)z ag’” S (24+1)>

INE

where ¢, is a positive finite constant since ad; < n. For R > 1 let ¢g > 0 be such that
crL(y) < B,(y) for all y > R. It follows that

G‘n(z'y) > A(n) /‘X’( =1 B"(ty)dtzA(n)cR/OO( 1 L(ty)dt

L(y) 2+1)"2 Ly)

A( ) 1 00 tnflf(:u&g 4
< e Ly [
aa? )i 2+
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3.2 Besov spaces of generalized smoothness

where ¢, is a positive finite constant since ad, < n. By a variation of the Karamata
Tauberian theorem for O-regularly varying functions, [BGT87, Theorem 2.10.2, de Haan-
Stadtmiiller Theorem], since for all A > 1

.. G ) Gn(At)
0<htn_1>£f GolD) ghrtrls;lp G lD) < 00

it follows that £(G)(2) and £(G”)(2) are also O-regularly varying functions. Further-

more,

which implies that

T |G| . L)
9a0r)] = 53 || < G
and
, L) (|G| | [Gur)]) _ 5 L)
.00 < S0 (|25 + | 2)) <am

Remark 3.14 Lemma 3.13 applied to the function ¢ from (3.5) gives us estimates for
the Bessel kernel K, ,. For @ > 0 such that (s + 3) < n and R > 0 it follows that

C1
Kaa < ?
N PRI

(&)
Kool2)). | < ,
|( ) (I))m]| — |x|"+1a(|x|_1)a/2

for some ¢1,co > 0 and all z € B(0, R).

Next we will consider the characterization of spaces H¥''(R") and H%'(R") via
differences. By [Jac01, Thm 3.10.4.] space H**}(R") is continuously embedded in L?(R"™)

and it is a Hilbert space with the inner product

(0 0)on = [ (14 DDA (.10
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3.2 Besov spaces of generalized smoothness

As in Example 2.18(ii) it follows that for u € H*'(R"™)

lullos < ullzen + ( [ lat©Pw(@)de)’

=l + ([ [ 10RO - costennityas)

1 ) s 2
Al + (3 [ [ 1071 - sy de)
n Rn

which is by Parseval’s identity equal to

Ml + (5 [ [ (wto+0) - u<x>>2j<y>dydx); .

This implies that the 1-Bessel potential space (HY"'(R"),|| - ||41) is equivalent to the
Dirichlet space (FX",1/C;). We also introduce an equivalent norm on H¥!(R") which we
will later use in the proof of the trace theorem. For u € H¥'(R") let

—2
lally = Il zgany + // u(z) - uly W" y" Oz =17 gy

lz—yl<1

N|=

Lemma 3.15 Norms || - || and || - ||y on H¥!'(R™) are equivalent.

Proof. By [KSV12b, Theorem 2.3.] for every R > 0 there exists a constant ¢ (R) > 1
such that for all |z| < R

é(R)71¢(|x|72) <j(|$|)<5<R)¢(|x|72)

[

and therefore for ¢ = ¢(1)

N

lz—y|<1

DN o0

[lully,n < Il z2@m) +

| 5[] 1@~ uwPie - yhdsdy

lz—y[>1

Since

J[ 1)~ it = dean < [ ([ 2t 22+ 0 dy) D

lz—y[>1 |z[>1
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3.2 Besov spaces of generalized smoothness

<l [ ez

|2>1

it follows that

c .
fullea < | [ 5va [ 500z | 41 [l

|2[>1
For the other inequality we get
1
2
1 ¢t ¢ (Jo —y|?
lullos > 2 H ey + | S [ Tate) = P D dnay
Ix yl<1
(’“—1 A 2)%
¢
> ——|lu
[
O
Recall that 0 = (27),ey, is an admissible sequence and by Lemma 3.7 the sequence

N®? = (a7'(2¥)), oy, 18 strongly increasing. Since a is strictly increasing when considered

as a radial function and

. (ml(Ax))”l“ e a(a‘l()\x))) cu (a‘l()\:c))%QH’ -

a~t()

it follows that for j € N and k € Ny

_1 a2 _1
\ 26,+1 N 25, +1
(ifﬂ) T Dah o (1223) 1 (3.11)
as N, ay

so the sequence N%? is also admissible. Furthermore,

log 2 201 + 1 5 log 2 209 + 1
o) L los2 1 Wo) w2 241,
S(N©?) 557 log 2 2 S(N®2) ™ 5577 log 2 2

so Theorem 3.10 holds for k = 2. For simpler notation, denote N; = N j“ 2 Moreover,

1
3
|[ul| 2@y + (E 2% sup ||AHU’||L2(R” >

j=0 |H|<N; !
1
2
1
= ||U,||L2(Rn Z / t_3 sup ) ||A%IU||%2(Rn)dt
] —0 |H\<Nj7

22—+ <t<2-7
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3.2 Besov spaces of generalized smoothness

1
2

1

1

= |ul| L2 mny + (/ 5 sup HA%uHig(Rn)dt) : (3.12)
0 U |H|<1/a=1(t~2)

since by (3.11)

1
27Ut <t <277 = <%) NS < ,;,2 <Ny

By change of variable t72 = a(|h|™!) it follows that (3.12) is comparable to

1 a (k|
lulliseer + | 5 [ S sup (18wl

2 [A™ T m <y
|h|<1
Since a'(t) = ¢'(t)V/t + ¢(t2 and ¢'(t) < ¢T it follows that 2 < d/(t) < 32(t), so the last
line is comparable to
3
a(|h|™)
ol + | [ S s 8dulfundn | (3.1
Hi<1 [H|<[h]|

which is by the generalization of [Tril0, Theorem 2.6.1] equivalent to

ol
lullogo = lulleey + | [ il | - @14)

h|<1

Before we prove this assertion we note the following Remark.

Remark 3.16 (i) By Theorem 3.10 and calculation above norms of the form

a(|h|™?
ey + | [ S s Akl
<
h|<1

are equivalent for all k& > 2.

a(l-[7h)

[

(ii) Since the function
- 112

is continuous and ||Aful|r2wn) < 4]|ul[r2n) the norms

b
Ml = elleny + | [ S lARl anyd |

h|<h0
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3.2 Besov spaces of generalized smoothness

are equivalent for all hg > 0.

Lemma 3.17 The norms || - ||, and || - ||(1),. are equivalent on H*!(R™).

Proof. By calculation above it is enough to prove that norms in (3.13) and (3.14) are
equivalent. Obviously, the norm (3.14) is dominated by (3.13). For the other inequality
note that

a(|h|™)
I= / (1A sup ||A%{U||%2(Rn)dh

A" i<
|h|<1

a(lh‘_l) a(’h|_1)
S/ BTy SO || Aful[Z2@nydh + R S [P -
|h|<1 l5L<|H|<|n| <1 |H|< 2l

Bl-1 271 h|7t
— / allP”) sup || AR ul|2gnydh + 2 / alZ_ k™) sup || Aful |72 gy dh

hl™ 2| h|n
hi<1 P e bz [AI" ai<in
h|™1 1
< / a(|h‘n ) sup ||A%Iu||%2(R”)dh+2_n' (3.15)
hie1 AP a1 yaan

By [CL09, (3.3.8)] there exists a constant ¢; > 0 such that
1A%l < & (1A%, ullZaggn + 1A% Ul Fagen)

for every H > 0 and Hy + H, = H. For ‘%l < |H| < |h| it follow that

[ ohdende e [ (A2 + 185 ) do

h h h h
<<l El<lal<lil
|H—z|<|h| |H—z|<|h]
~ 2 2
< 25, / [N
M < || <]

£

so for some ¢y, ¢35 > 0

sup HAZ}{UJH%Z(R”) < Golh|™" / ||Aiu||%2(R")dI < C3

1
Bl<|mi<n| 8

1
JR
B <Jal <l B(©.1)
(3.16)
By Remark 3.16(i) there exists a constant ¢4, > 0 such that

(815) on a(|h|™!

< o / (|h|’”) Sup HA%IuH%Q(R")dh
S P1"  mam

|h]<1 2
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3.3 The trace theorem

on allnl-1
< omn _ 104 / % " sup ||A§{u||%2(Rn)dh
Ihl<1 <|H|<]|h]|
(3.16) ’h’ 1
- i |h’n |h|yw ||L2 R™) dwdydh
|hl<1 8 B(0 1)
) 6364/ [ hywu“%%ﬂgn)dwdydh
5 g
; a(|h|™)
= / ’h’n HA H%?(Rn)dh,
|hl<1
for some ¢5 > 0. D

3.3 The trace theorem

In the previous section we identified the space (F,+/C;) with the 1)-Bessel potential
space (HY1(R™), || - ||y.1). We will show that the space (Frf, \/Eref) is the trace space of

(F,+/C1) on D when D is an open n-set on R". First we introduce the notion of the trace

space.

Definition 3.18 Let p be a positive Radon measure on D C R". For f € S(R") we

denote the pointwise trace of f on D by trpf. If there is a constant ¢ > 0 such that

trp flle2ogy < cllfllea, V€ SR

then we call the continuous extension trp of this mapping to HY'}(R") the trace operator

and the trace space of H¥'(R™) on D is given by

HY'(D,p) = {u € L*(D,p) : u=trpf pra.e. on D for some f € H"'(R")}

||u||p1,p, = inf {||f||w1 f e H¢’1(R”), u=trpf p-a.e. on D} )

Remark 3.19 Since C>*(R") ¢ H¥'(R"), H¥Y(D,u) is a Banach space containing

C*(D). Furthermore, ||u||y1,p, satisfies the parallelogram identity,

2Hu||12b,1,D,,u + 2||UH22/J,1,D,;L = u:lgﬂfo (2||f||12p1 + 2||g||z2/11) = u:lgﬂfo (||f + 9||12p,1 +[|f - 9||il)

v=trpg

> j?f ||f+9||z2p,1+
u=trpf

v=trpg

v=trpg

. —d2. > 2
Jnf (1 =glliy > nf Bl +

v=trpg

2
it I,

=l +vll1,0, + =2l
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3.3 The trace theorem

u+v

where the other inequality follows by taking @ = and 0 = (D, )

is also a Hilbert space.

We will limit ourselves to a special class of open sets D called d-sets.

Definition 3.20 Let D be a non-empty Borel subset of R” and d such that 0 < d < n.
A positive Borel measure p on D is called a d-measure if there exist positive constants ¢,
and ¢y such that for all z € D and r € (0, 1],

art < (DN B(x,r)) < eprt.

A non-empty Borel set D is called a d-set if there exists a d-measure g on D. Note that
by definition all d-measures on D are equivalent to the restriction of the d-dimensional

Hausdorff measure to D.

For a d-set D in R™ with d-measure u let

H(D, 1) = {u € LD, ) : |[ul 1oy < o0},

¢(lr—yl™”
lullor o=l + | [ Tute) = uPEE=E D o)y

l[z—y[<1

D=

and

Ha(D’/J“) = {U S L2<D7/J“) : ||u||(1),a7D,M < 00}7

NI

ol — gl
ol =l + | [ o) = un P T wtamutay

lz—y|<1

When p is the Lebesgue measure Ap on a n-set D by similar calculations as in Lemma

3.15 it follows that the space (H(D, Ap), || - ||(1),p.xp) i equivalent to (F2e, \/Ereh).

Example 3.21 For a rotationally symmetric a-stable Lévy process X, i.e. ¥(§) = [€]%,
a € (0,2), space H¥!(R") is the fractional Sobolev space W/22(R"). By the trace
theorem for Besov spaces, [JW84, Theorem V.1.1.], for any open n-set D the trace space
of W/22(R™) on D is equal to F*.

Before we state the trace theorem for 1)-Bessel potential space HY'}(R") we prove

the following useful lemma.
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3.3 The trace theorem

Lemma 3.22 Let ¢ > 0 and N € Z. The norm || - ||?2])\TD/L on H(D, ) defined by

alles s, = lall iz + ZM] // )2 u(der)(dy)

lz—y|<c2—3
(3.17)
is equivalent to the norm || - ||(1),p,. The same statement is true for the corresponding
norms || - ||y and || - HCNR,LA on H*Y(R™), as well as for || - ||(1).4,p,, and || - H 500 O1

H,(D, p),

el o b0 = Nl 2oy + Z 97) (- // ()2 (de) pe(dy)

|z—y|<c2—7
Proof. First note that for all ¢ > 0 and N € N by similar calculations as in Lemma 3.15
¢ (lz—y|™)
-lloos = s+ [ 1ute) = ut) P LB ptamyuan)
|lz—y|<c2—N
Let 2d > n. Since ¢ is nondecreasing it follows that

/ / IQ% (dx)p(dy) =

|z— y|<02 N

—Z // ute) — ul P I utdontan)

Neg—i- I<|z—y|<c2—d

<> p(e o) e [ ) ) Puanat)
j=N

c2=I7 1< |z—y|< 277

< (1 )ij :)qu 225 - // () — u(y) Pu(de)u(dy)

(3.4)
2= 1< |z—y|<c27I

< (1v3) B ijf @) 22 [ jut) ~ uty)Putaontay).

|z—y|<c2—7

Analogously,

icb 2%7) (4= // y)|*u(dr)p(dy) =

= lx— y|<02 J

=30 (2¥) 2 Z // () — uly) Pulde)u(dy) =

=  co—i- I<|z—y|<c27?
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3.3 The trace theorem

=SS [ ) - u)Patdn)ata)

=N j=N 2= i1 |p—y|<c2

> - 9@2d=n)(i+1) _
<o) g [ ) - uw)Puldn)a)

27 1< |z—y|<e278

<oPi- "Db )2 [ ) - ) Putdontay

2~ 1|z —y|<c20

;;?dn?d”1vc §:¢ (27)72) (271~ //) [u(z) — u(y)*p(dz) u(dy)

(

2= 1< |z—y|<c27

<= 2d=n(1 v 2) Z // lu(z) — u(y)]2%u(dﬂf)ﬂ(dw =

Neg-i- 1<]|z—yl<c2—?

=227 (1Y ) // F?ﬂi—%}g (dz)p(dy).

lz—y|<c2—N

The similar calculation follows through for 2d < n. d

Theorem 3.23 Trace theorem

Let D be a n-set in R", A\p the Lebesgue measure on D and ¢ a complete Bernstein
function such that (H1) and (H2) hold. Then the trace space (H**(D, A\p), || |l¢.1.0.7p)
of (H¥Y(R™), || - ||4,1) on D is equivalent to the space (H(D,Ap), || - |la).p.p)-

Remark 3.24 (i) To prove that H(D, \p) is truly the trace space of H¥'1(R") on D we
will define operators R : H¥*(R") — H(D, \p) and E : H(D,A\p) — H%'(R") such that

Ru=u a.e. on D and ||Rul|1)pr, < Cillullg1, VYue H'(R™) (3.18)
Fu=wae. on D and |[|Eul|y1 < Collullay,pr,, Yu € H(D,Ap) (3.19)

for some constants C',Cy > 0 and that
REu=wae. on D for all u € H(D, \p). (3.20)

Operator R satisfying 3.18 is called the continuous restriction operator and operator F
satisfying 3.19 and 3.20 is called the continuous extension operator.

(ii) Note that D = D x {0} is a n-set in R*" and that every function u € H(D, \p) can
be represented as a function @ in H,(D, ;1) such that

w(Z) = u(z), T = (x,0), x € D
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3.3 The trace theorem

and

where 4 is the restriction of the n-dimensional Hausdorff measure in R to D and a is
defined by (3.6). Analogously, the space H%'}(R") can be represented as H,(R" x {0}, i),
where i is the restriction of the n-dimensional Hausdorff measure in R"** to R™ x {0}.

(iii) The proof of the trace theorem consists of four parts and follows the proof of the trace
theorem for Besov spaces, [JW84]. First we define the restriction operator R and prove
its continuity. In the same way, we prove the continuity of restriction operators R and
R from H®'(R™) to H,(D, ) and H,(R™ x {0}, i) respectively, which we later use in
the definition of the extension operator E. Here ji is the restriction of the n-dimensional
Hausdorff measure in R"*! to R™ x {0}. Using the approach in [JW84] we can directly
prove the continuity of the extension operator only in the case when D is a d-set of order
strictly less then the dimension of the space, that is d < n. This is why we first prove the
continuity of the operator E from H,(D, 1) to H*'(R"') and later define the operator

E using E and restriction operators R and R.

Assuming the conditions from Theorem 3.23 and notation from Remark 3.24 we

state the restriction theorem.

Theorem 3.25 There exist continuous restriction operators R : H¥*(R") — H(D, \p),
R: H*'(R"') = H,(D,u) and R : H*'(R™1) — H,(R™ x {0}, fz).

First we prove the following useful Lemma.

Lemma 3.26 Let d < n, D a d-set in R® and p the restriction of the d-dimensional
Hausdorff measure on D. Let ¢ be a complete Bernstein function such that (H) holds
and a > 0 such that

—d —d
r <Oé(51 SOK((SQ\/54)< n

+1. (3.22)
Then there exists a constant ¢ > 0 such that for all » < 1 and f € L*(R")

r2d7n

CWHJCH%Q(R")

// < (Kypa* f(2) = Kyo* f(y))*p(de)u(dy) <

Proof. Without loss of generality, we will consider the measure y as a measure on R"”
with support on D and assume that 1(B(0,1)) = 3. Note that

/ / (o F(2) — Ky () 2p(da)u(dy)

|lz—y|<r

-/ ( / (Kw,a(w—t)—sz,a(y—t))f(t)dt)zu(dx)u(dy)

lx—y|<r
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3.3 The trace theorem

<2 [[| [ (ualo =)~ Kualy = )50t | uldotay

|lz—y|<r \y—t|<2r

w2 [[ 1] (Kealo =0 = Kealy - )00t | nldn)n(ay)

lz—yl<r \2r<|y—t|

=2(A+ B) (3.23)

Also, by the Cauchy-Schwartz inequality, for every 0 < a < 1

([ Ruale =)= Kooy =010 < [ |Roals 1) = Kooy =0 001
[ 1Bale =) = Kol = 0P

First we estimate the integral A. Let |x —y| < r and ¢; = ¢1(¢, @, n, 3) be the constant
from Lemma 3.13. It follows that

/| Va0 = Kol - )20 gy
y—t|<2r

< (1v22tmah (/ | Koz — )] Vdt +/
|z—t|<3r

ly—t|<2r

K paly t>12<1—a>dt)

<2(1v22t-aoh / 1Ky o(2)? " Ydz

|z|<3r

_ 1 2(1—@)
<2(1v2i i | (— 1 ) n
el<sr \|2["02 (|2]7%)
(H1) 2(1\/22(17@*1) C?(l—a) (3r)—2a51(1—a) / ( 1 )2(1a)d
S z
|z]<3r

> a(l—a o 21—a m
it (6% ((3r)-2)) 9 o
—a)— 2(1—a) —9a a n ;
(3<4) 2 (1 v 22(1—a) 1) Cy (37’) 2001 (1—a) 22 /3 o) nt g,
ai” (37203 (1=2)) " T(E) Jo
2 (1 V 22(1—(1)—1) C?(lia)32(1—a)(a—n)+n2ﬂ_% o

afll(lfa)@(l —a)(ady —n) + n)r(g) (T”¢%(T*2))2(17’1)’

for a such that
2(1 —a)(n —ady) < n. (3.24)
Analogously, if

2a(n —ady) < d (3.25)
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3.3 The trace theorem

it follows that for all ¢t € R

/ Kyl — 1) — Kypaly — ) p(dz)u(dy)

lz—y|<r
ly—t|<2r

< (1v2e) / Kyl — D2 () pu(dy) + / Ky oy — D2 () a(dly)

|z —y|<r |lz—y|<r
y—t|<2r ly—t|<2r
<202 (BO.0) [ 1Kl
|z|<3r
Lem3.13 . . 1 2a
< 200V 2o )u(B(0,r))cy — | w(d?)
PR
(H1) 9(1 v 2201 B(0 20a6, ]
S [
! " |z|<3r
R s Ty
B ag” (3-293(r2))"  Jo

2(1 Vi 22a—1)c%a32a(o¢—n)+d ,u(B<07 T))T’d
ag®(2a(ad, —n) + d) (r"qb%(r—Z))za

It follows that for some ¢; > 0

c " 2d 2
A<e (rn¢%(r—2)>2(1_a) (Tn¢%(r_2))2a /f (t)dt

r2d—n

= & ——+ | f1[72@ny-
qba(er) L2(R™)

For the second part, integral B, by the mean value theorem and Lemma 3.13 for

cy = co(p, a,m, 3) it follows that

/ / Kyl — 1) — Ky aly — D2 pu(dz)pu(dy)

|lz—y|<r
2r<|y—t|

< oo // (|Z I 2))au(dw)u(dy),

lz—y|<r
2r<|y—t|

(H) 2a
: Cgarza(w% // (!z N “) lda)pidy)

lz—y|<r
2r<|y—t|

(3.26)
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3.3 The trace theorem

where 2, , = y—t+60,,(x—y) for some 6, , € (0,1) and § = J2Vd4. Since |z,,| < 2+r < 3

and
> ly —t

|Zayl 2y —t| =z —y| > |y —t| -7 5

it follows that (3.26) is less than

- 2a aa22a(n+l ad) o(1—a) // ( ) 2a (d ) (d )
C Xz
=G ) TEr e

lz—y|<r
2r<|y—t|
aa92a(n+1—ad 00
< CgaGG 2(1 (nt QG)TZa(lzm)lu(B(O’T))/ Zd7172a(n+17a6)d2
(6% (r=)) 2
aaa22a(n+lfa5) . I d—1-2a(n+1—ad)
_ ga 6 . o 7,2a(1 J)M(B(O,T)) ( )
(6% (r2)) 2a(n+1—ad)—d
aa d
< C%a 2 ( (O ))
2a(n + 1 —ad) — (r”cﬁ%( ))
if
2a(n+1—ad) > d. (3.27)
Similarly, if
2l —a)(n+1—ad) >n (3.28)

then for z and y such that |z —y| <r

03(1 a) g(l—a)2n rn

Kpaly —t) — Ky oz —t)["2at < :
| P, (y ) b, (I >| = — 2(1 — a)(n+ 1— 04(5) (T”¢%(T_2))2(1_a)

2r<|y—t|

In the same way as in the estimate of A, this implies that there exists a constant ¢y > 0

such that
2d—n

r
B < éo—— 2 -
= 02¢(T_2>HfHL2(R )

Since ”%d <ah <ad < ”%d 4+ 1 it follows that

() (- )

so we can choose a such that (3.24), (3.25), (3.27) and (3.28) hold. Combining the bounds
for A and B we get the statement of the Lemma. O
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3.3 The trace theorem

Proof of Theorem 3.25: Let Ru be the pointwise restriction on D of the strictly defined

function corresponding to u € H¥(R"), i.e.

1

Ru<x> Tl_I)I(l) )\(B(I, T)) /B(x,r) u(y)dy’ reb

Since u € L _, by the Lebesgue differentiation theorem it holds that Ru = u a.e. on

loc?

D. Using the classical interpolation theorem for a special class of spaces associated with
HY!(R") we will show that the restriction operator R from HY!(R") to H(D,\p) is

continuous, i.e. that there exists a constant ¢; > 0 such that

1Rulli3y pr, < Ellullpr, Vu € HYH(RY), (3.29)

7D7AD

where || - Hé;D’/\D is defined in (3.17). Denote by a;(z,y) = |Ru(z) — Ru(y)|1js—yj<2-i;
j€Ngand L = L*(D x D,\p x A\p). Since Ru = u a.e. on D for every u € L*(R"), by

Lemma 3.26 there exists a constant ¢y > 0 such that

J 0 — J L2(Rn
|J?—y|<2 J

for all u= Ky, = f, f € L*(R™) and « > 0 satisfying condition (3.22), i.e.
0<ad <ady Vi) <1
For such « it follows that
(a5); € 187(L) = {(&)jemo & € L€l igory = Sup ¢ (2%7) 2"1g|I7 < oo}

and that the operator T’

Tu = (a;);en,

is bounded from HY*(R") = {Ky . * [ : f € L*(R")} to I2%(L), i.e.
[1(a;)jemo i 1) < C2ll Ko fllwa = G| fllL2@n).
We can choose oy < 1 < a7 such that
0 < drag < (09 Vdy)ayg < 1,

for which the operator 7" is bounded from H%(R") to [2%(L), i = 0, 1.
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3.3 The trace theorem

As in [Tri78, Section 1.3, p.23] we define the K-interpolation space (X3, X2)g, of
Banach spaces X; and X, for some 6 € (0,1) and 1 < p < o0 as

(X1, X2)op ={a: a€ X1+ Xy, [|a]|(x,, < oo}

2)0,p

* t
HaH(Xl,Xz)e,p = (/0 ( 9K t, CL 7) 1< p < 00

||a||(X17X2)0,p = sup ¢ eK(t CL)
0<t<oo

Qe H

where the Peetre K-functional is defined by

K(t,a) = inf ([laaf]x, +tl]as]|x,).
a=ai+a2
Let § = 2=L € (0,1). By [Tri78, Theorem 1.3.3(a)] (also [AC10, Lemma 4.1]), operator
T is bounded from (HY20(R™), H"*1(R"))go to (1£20(L),12%1(L))g2. By a version of
[Tri78, Theorem 1.18.2],
(1°0(L), 17 (L))o = 15" (L)

and
(15 (LA(R™)), 15 (L*(R™)))p 2 = 15" (L*(R™)), (3.30)

where

ol

I§(L) = § (&)jemy 1 & € L, el () = (Z ¢* (2) 2nj|\§j“%> < 00

JE€N

This result has been also proved in [CF88, Theorem 5.2] in a more general setting. Fur-
thermore, by [CF88, Theorem 2.5 and Theorem 3.4] it follows that the space HY*(R") is
a retract of the space [9*(L?(R")) and therefore by [CF88, Theorem 5.3] the interpolation
identity

(¥ (R, O (R = F (R
follows from (3.30). This result was shown using the so-called retraction and co-retraction
method and [CF88, Theorem 5.2].

Therefore, there exists a constant ¢3 > 0 such that

3o (2) 2 // (Ru(x) — Ru(y) PAp(dz)Ap(dy) < &[ull%,

lz—y|<2~7

which implies (3.29).
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3.3 The trace theorem

Next we define the operator R on H®'(R"*!) as

Ru(z) = lim —/ u(y)dy, © € D.
(B( )) B(z,r)
By calculations as in Lemma 3.26, there exists a constant ¢4 > 0 such that

ullpa(p ) < Callfllz2gniyy

for every u = K, x f, f € L*(R""). By [FOT10, Theorem 2.1.3] every function u €
H*!'(R"™) has a quasi continuous modification. That means that there exists a function
o € H%'(R"™) such that for every e > 0 there exists an open set N such that

Cap,;(N) = inf{|[v][o1 : v € H*'(R™"),v > 1 a.e. on N} <,

= u a.e. and the set of Lebesgue points for  is of capacity zero. This means that outside
of some set N, Cap, ;(N) = 0, function u can be strictly defined and that Ru = u. We
will show that this implies Ru = u p-a.e. It follows that for every & > 0 there exists a
function v € C°(R™*) such that v > 1 on N and |[[v][o; < Z. Therefore,

p(N) < </N IU(I)IZM(dy)f < alvllar <,

that is u(N) = 0. Next we show that R is continuous, i.e. there exists a constant &5 > 0
such that
5 (L1 . ,
||Ru||(2)7a7b’u < &yl|ullar, Yu € H*(R™), (3.31)

By applying Lemma 3.26 to the Bernstein function ¢ from (3.5) and 2« instead of o there

exists a constant ¢s > 0 such that

sup | (2200 [ [ |Ru(e) = Ru) Putdoyutdy) | < allf e
J€Ng
lz—y|<277

for all u = K, x f, f € L*(R™) and a > 0 satisfying condition (3.22),

1 1 1 3
§<Oé<51+§) SO{(62V54+§) <§.

The continuity of R follows using the same interpolation argument as in the case of the
restriction operator R.

Analogously, since R" x {0} is a m-set in R™*! the restriction operator R from
H*Y(R"™) to H,(R™ x {0}, 1) is also continuous. 0
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3.3 The trace theorem

Next we prove the first part of the extension theorem. Again, we assume the condi-

tions from Theorem 3.23 and notation from Remark 3.24.

Theorem 3.27 There exists a continuous operator E from H, (D, 1) to H*'(R™*') such
that for all u € H,(D, p)

Eu =u, p-a.e. on D.

Proof. If B is a d-set in R"! then by [JW84, Proposition VIIL.1.1] the closure B of B
is also a d-set and (B \ B) = 0 for every d-measure p. Therefore, it is enough to prove
the theorem for a closed n-set D.

We define the operator E from H,(D, 1) to H*'(R**") using the Whitney decom-
position of D¢ with some additional properties. Denote by x; the center of the cube Q);
and by [; and s; its diameter and the side length. Let {Q;};en be a collection of closed
cubes, with disjoint interiors and sides parallel to the axes such that D¢ = UQ,, s; = 2~ M
for some M; € Z and

I < d(Q;, D) < 4l;.

Let € € (0, 411) and denote by QF = (1+4¢)Q); the cube with the same center as @); expanded
by factor 1 +¢. If x € Q) N QF then

1/4sy < s; < 4sy (3.32)

and @; and @) touch each other. This implies that every point in D¢ is covered by Ny
cubes @, where Ny € N depends only on n.

By [JW84, Section 1.2.3] we can associate with decomposition {Qf} a partition
of unity {¢;}ien C C®(R"), i.e. a family of nonnegative functions with the following

properties:

supp ¢; C Q,
> gi=1on D", (3.33)

| DY ;] < 6[;”‘ for some ¢ > 0.

Let w; = p(B(x,60;))tand I = {i € N:s; < 1}. Note that ¢; ' (6;)™ < w; < ¢, (60;)7™,
i € N, where ¢; and ¢, are constants from Definition 3.20. For u € Hy(D, 1) define

) u(z), zeD
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3.3 The trace theorem

Note that supp Eu is bounded for every function u with bounded support. Since ¢; €
C(R™), it follows that for u € C(D)

Eu € C®(R"). (3.34)

c,N
(2),a,D,p
N to (H®'(R"1), || - ||?1°) ,) for hg =279 i.e. that there exists a constant ¢ such that

We will show that E is a continuous operator from (Hy (D, 1), ]| - || ) for some ¢ and

1Bull,, < allullfy) Yu € Hy(D, p). (3.35)

)7(1”D7“’

Recall that by Lemma 3.22; norms of the form || - are equivalent to the norm

c,N
N ||(2)7a,[7,u
I l1).0.0,- Since D is of Lebesgue measure zero in R"* it is enough to prove (3.35) for

Euch.
For every x € D¢ there exists a k such that 2 € Q. If s, > 4 then by (3.33)

x & QF for all i € I and Eu(x) = 0.

Therefore it is enough to consider the case when s < 4. Also for s, < 1/4,
Z pi(z) = Z pi(z).
i icl

Let x € Qx and let ¢ € I be such that ¢;(x) # 0. Then for all y € B(x;, 6l;) we have

which implies that

Bul@) < Y wlakr | Jul)lutdy

el |y_37i|<6li

<Y a@eten [ Julutd)

iel ly—zk| <290

S emets e [ ()l dy)

<
(3.32) T7 ly—ay| <290

< el6man / ()| (dy)

ly—z|<291)

(l;n /|yxk<291k “2(y)u(d’y)) "

Let A; = U Q. Note that there exists an integer N; depending only on n such
{k:sk:2*j}
that every point y € D¢ is covered by at most Ny balls B(zy, 291;) where Q; C A;. This

N|=

< 1674 (c229™)
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3.3 The trace theorem

follows from the fact that |z — 2| > 277 and Iy = v/n+ 1277, for all Qx, Qr C A;. By

previous calculations it follows that

[ guore =30 5 [ ipuora

J=—2QrCA;

= cg (116\" )
< Z > / (g (7) Ly /x I (y),u(dy)) dx
— ;@ 1 ly—z1|<291)
= 116\"
-y 2 (8w [
- SN ly—zi| <290

= 116 )” . :
<Y 2 ——= 2uig-(n+li / u?(y)p(dy)
Z C% (9\/71 +1 Z ly—mp| <291k

j=—2 QrCA;
Co 116 \" ) N
<=2 (—— ) N - 27
<& (svass) Milllaon 2
< 0223N1 116 2

n
-4 (9\/n—H) Flizcoun

that s BN, (116 \"
= 2 C2 1 2
||EU1DC L2(R™+1) S ( C% (9\/n—‘i‘1) + 1) ||u||L2(D,u)' (337)

Next, for z € A;, y € Aj and |z — y| < 27%/2 we have

279v/n +1<d(A;, D) < d(y, D) < d(z,y) + d(z, D)
) 11 )
<d(z,y)+5vn+127" < ?\/n + 127,

so j > 1 — 2. Analogously, vn + 127 < 5v/n+ 1277 4+ £27% s0

rics YE i o gts
il
that is j <i + 2. Therefore,
i+2
reA,|lr—yl<27'2=y€ U Aj. (3.38)
j=i—2

Since Eu(x) = 0 for for z € A;, i < —3 it follows that for z € A;, i < -5,
Eu(y) =0 if |z —y| < 277/2

and
AZ(Bu)(z) = 0if |n| < 2°/4.
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3.3 The trace theorem

Therefore,

[ [ stEoert

<> // |Ai<Eu><x>|2a|§lf‘+l)dhd

TEA;
|h|<274/4

<> [ widnert i

i=—4 TEA;
|h|<27%/4

S st

TEA;
271 /4<|h|<274 /4

=A+B.

Let h; = 27%/4. Then

oo i—1 _
B = (l(|h| 1) AZ E 2d dh
=5 m=dy o <Ihl<hm zEA,

:Z Z / |(}l’}1l|;) / |A2(Eu)(z)|*dz dh
+1<|h|<hm TEA;

h
& a(h) s
-y [ s [ s Eerd

m=4 hm+1<|h\<hm z€Fm41

(34)
S 23n+9z <2m 2m (n+1) // ‘AQ Eu ‘ dx dh.

mGFm+1
hm+1<|h|<hm

Similarly asin (3.38), forz € F;;; = U Aj and |h| < h; it follows that z, x + h,x 4+ 2h € F;_,.
j=i+1
Since

A2 (Bu)(z)]? < 2 <|Eu(:c) ~ Bu(z + )2 + |Bulz + h) — Bu(z + 2h)\2) ,

B < 23n+11 Z 2m 2m(n+1 // (y))2dl‘ dy

x yEFm 2
[z—y|<hm
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3.3 The trace theorem

For x € Ay and y € Ay, k,m > 2, since Y ., 0i(x) = >, wi(w) = 1and >, ., ¢i(y) =
> ¢i(y) =1 1it follows that

Bute) = But) =[S [ untas) =S [ woutan

|s—ai|<6L; J t—a;|<6l;

ZZ% ) (y)wiw; // pu(ds)u(dt) ZZ% Y) () wjw; // 1(ds)

|s—x;|<6l; [t—x;]<6l;
[t—x;]|<6l; |s—x;|<6l;

<P n@n ] 1)~ wttntas)utan

|s—x;|<6l;
[t—x;|<6l;

Since .

there exist ¢o, ¢3 > 0 such that

. (336)
Bute) = Buty) < & 3 S e J[ 1)~ ) lutas)nta
|S—J}k|<29lk
[t—2m | <290,
= Gl " // ()| p(ds)p(dt)
|[s—xk|<291
[t—xm |<29lm
1/2
<és | L") // (8))*u(dt)p(ds)
|S Z‘k‘<29lk
[t—2m |<290m

Here x4, x,, are the centers and [, [, diameters of cubes (), C Ay and @, C A,, containing

x and y respectively. Now it follows that for i € N, y € A,, and k,m > 2

veA, |Eu(x) — Eu(y)|*dr < 6%/ oA, [ // (u(t) — w(s))p(dt) p(ds)dz
|z—y|<27" lz—y|<2~" |[s—xp| <291y
[t—zm |<290m

<apieN [ o [ o - ) utdnus)

TEQRp )
|s—y|<30y/n+127* 4271
[t—2zm <29,

< &(n 4 1) /2 N2H- 1) / / u(s))?u(ds) (),

|s—y|<c2— k421
[t—zm |<290m
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3.3 The trace theorem

where ¢ = 30v/n + 1. Analogously, we get

Bula) ~ Buly)Pdady < B+ 1) "N 242 [ [ () = u(s) Paus)dute).

ZEAL, yEAM [t—s|<27 1427 F4c2—™
lz—y[<27*
This implies that for ¢ > 4

// |Eu(z) — Eu(y)*dz dy = Z // |Eu(z) — Eu(y)|*dzdy

km=i—2

x,yGFi_g fL’EAk yGA

lz—y|<2~" |z—y|<27?

< S Em+1)NE2e m// 2, (ds)(dt)
km=i—2

[t—s|<27 42"k 4c2—™

<&(mn+1)"Ng ( Z 2” k2_m) // u(s))?p(ds)p(dt)

kym=i—2 |t—s|<(8c+1)2

<é&m+1)"Ni2” / / 2pu(ds) p(dt)

[t—s|<(8c+1)27¢
and therefore

B S 23n+11 Z 2Z(n+1) // |Eu U(y)|2d$ dy

T,yeF;_o
\x y|l<2~?

< E(n+1)""N 23"“72 ) 21D / / 2p(ds) pu(dt)

[t—s|<(8c+1)27?

<é&mn+1)"Ng 23”+17Z¢ (2%) 2 / / 2p(ds)p(dt). (3.40)

[t—s|<(8c+1)2
Next, by the mean value theorem there exists a constant ¢, > 0 such that

a(lp™)
A= Z // A} (Eu)(z)]? et e dh

Z__4x6A
|h|<27?

o0

. a(|h|™!
<& / 3 // / (W[4 D7 (Bu)(x + (t + to)h)[2dt, dts da ‘(]l‘nlﬂ)dh

inj<2-i \WI=2A

(3.38) a(]h]™)
< 042 / ‘h‘4 Z/ / / |l)J Eu |d dtl dtg ‘h‘nJrl dh

=—4
= ‘h|<2 ¢ ‘ ‘ 2 1 2\F1+3
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3.3 The trace theorem

:52 / e / DY (Bu)(2)dz %dh.

=—4
= |h|<2—7 1= F; _2\Fiy3

Since D/(Eu)(z) =0 if z € A; and i < —3, we get

(1A~
A<5C4Z/I<22 = dhz |DJ (Eu)(z)2dz.

l71=2

By (3.8) there exists a constant @, > 0 such that

S &2)\262+17 A Z 17 r Z

1 =

SO

A S 5&4&2 Z a(2i)2’i(252+1)/
|h|<2—1

i=—2

h|n PRET th/ |D?(Bu)(z)[*dz

lj1=2

n+1 o0

2m 2
< Bé4a 2024 D (FEu) d
= PUETED (320 Z Z/ 1D (E) )

l7]=2

Take z € Ag and y € Ay, k,1 > 2 and |j| = 2. Since Z D’;(2) = 0 it follows that

D (E0E = 3D / (s)pa(ds)

|s—x;|<6l;
= ZDJQOZ wz/ ZDJQOz Eu
|s—axi|<6l;
= XD [ () = Butw)uas)
|s—xi|<6l;
< ZZID% )om(y wzwm/ lu(s) — u(t)|p(ds)u(dt)
|s—x;|<6l;
[t—2m |<6lm

Wl

I NLACIEA0) s [ 106s) = uto)Ptasynan

|s—x;|<6l;
[t—2m | <6lm
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3.3 The trace theorem

There are at most Ny indices i for which z € QF and D7¢p;(z) # 0. By (3.32) and (3.33)
z € Q7 implies w; < [" and |D7p;(2)] < él;'jl <c (%lk)_m. Also, by (3.39) w, < ;" for
m such that ¢,,(y) # 0. Therefore, there exists a constant ¢ > 0 such that

DI(Eu)(2)] < e Nod?ly S enlo) | 1 [ 1u6s) = wte)tas)nan

[s—xp| <29
|t—a,| <290,

<16 Nocl 2 | 1" // lu(s) — w(t)|?u(ds)pu(dt)

[s—xp| <29
[t—ax| <29,

Let x,, and [,, be the center and the diameter of cube Q),, C A;, i > 2. Then there
exists a constant ¢g > 0 such that for z € Q,,

DI Bu) ) < 6 gtitain / / fu(s) — u(t) Pu(ds)u(dt).

(n+1)n+2
|s—2m|<29pm,
[t—2m |<29lm
and
> a@)2 >y / | D7 (Eu)(2)|dz
i=2 =27 A
< n+1 HZaQ’ 274Ny / 24Z+2m/ u(s) — u(t)*p(ds)p(dt)dz
= 71=2 QmCA; |[s—2m|<290p,
[t—2m |<29lm
66 - 7 —z( n+2 i+2in
ZWZQ(Z)Q 4 Z / it / lu(s) — u(t)|*u(ds)u(dt)dz

|s—2m|<290p,
[t—xm |<29lm,

Since every s € D¢ is covered by at most Ny balls B(z,,291,,) the last line is less
than

~n+2 'L _'L A mn ln
WMZ (2)2-H2tengm “)/ [u(s) — u(t)]*(ds)u(dt)

|s—t|<60/n+1271

=2n_ﬁf+1 Za 200 [ fu(s)  ute) Pitas)n(a)

|s—t|<60+/n+1277

n+2 1 n
n+1 nHNlZgb (2%)2 //|u — u(t)Pp(ds) p(dt). (3.41)
=2 |s—t|<60y/n+127¢
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3.3 The trace theorem

For the remaining part in A, take z € Ay, k > —2. By the same arguments as before,

there exists a constant ¢; > 0 such that

LACRCIED SIETCIRY STCITIE R S P JUCTRACD

‘ [s—x;|<6l; s—x;|<6l;

< o2 | gk / u(s) [2pu(ds)
[s—xp| <291

and

Z/ D(Eu)(2)Pdz < &sllull g

1=—2
for some ég > 0. This inequality together with (3.37), (3.40) and (3.41) implies (3.35) for
ho=2"% N =2and ¢ =240y/n +1+ 1. O

Next we have to prove that E is truly the extension operator for R.
Theorem 3.28 For every u € Hy(D, 1)
REu = u, p-a.e.

Proof. Take ty € D, u € Ha([), p) and r > 0 small enough. Similarly as in the proof of
Theorem 3.27 it follows that there exist constants ¢;, ¢y > 0 such that for £ > 2

/(Eu(m) —u(ty))*dr = / <Z i (x)w; /t—xi|<6li u(t)pu(dt) — u(t0)>2 dx

TEAL TEA
|x—to| <7 |x—to|<r
2
< / NZ2%n (/ lu(t) — u(to)m(dt)) dx
EA [t—xk | <291
TEAY
|lz—to|<r
< &, kv gkn / (ut) — ulte))2u(dt).
[t—to|<r+291

Let 79 > 2 be such that
lio <r< liofl.

Since to € D, {x € D : |z —to| <1} C U A;, and therefore

=10

J o ) —wtaopar < S | (u(t) — u(to) Pu(d)
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3.3 The trace theorem

<>z [ (ult) - ut)da

i:’L'() |t—t0|<307‘

<2t [ () - () Putd)
[t—to]|<30r
< 2Co
~ T
vn+1 Jp—t)<3or
(3 26,3072 sa(lt = tol™)

Vn+1 ¢(r—2) Atol<30r<u<t) ~ ulto)) |t —to["!

(u(t) — u(to))*u(dt)

p(dt).

Since u € H,(D, ) the last integral is finite for p-almost all ty. Also, this integral is

decreasing as r goes to 0. Therefore, since hH(l) m =0
r— T
. 1 .
|REu(ty) — u(to)| = lim —/ FEu(z)dx — u(ty)
r=0 | \(B(to,7)) JB(te.r)

3 1/2
<lim —2 = (7"_<”+1) / (Bu(z) — u(to))Qdm) =0
r—0 T2 |z—to|<r
for v almost all . O

Finally, we can define the extension operator E and prove it is bounded.

Theorem 3.29 There exists a continuous extension operator E from H(D,\p) to
HYHR™).

Proof. Take v € H(D, Ap) and let @ be the corresponding function in H,(D, ), Remark
3.24(ii). By Theorem 3.27 function % can be extended to a function Fa € H*!'(R"1),
which can then be restricted to a function in H,(R™ x {0}, z) applying the continuous
restriction operator R, Theorem 3.25. Since the function space H,(R"™ x {0}, /i) can be

considered as HY''(R"™), we define the extension operator E as

(Eu)(z) = (REw)(z,0), x € R™.

Note that by (3.34),
x € CX (D)= Fue CXR"). (3.42)

Also the continuity of E follows from the continuity of the extension and restriction
operators £ and R.

Finally, we show that F is truly the extension operator for R. Since

RRu = Ru
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3.4 The active reflected Dirichlet form and the boundary behavior of the censored
process

for all u € C*(R™) and C°(R™™!) is dense in H*!(R™™!) it follows that
REuw=u

almost everywhere for all u € H¥'(R"). O
Proof of Theorem 3.23: The proof follows directly from Theorem 3.25 and Theorem
3.29 combined with Remark 3.24(i). O

Finally, recall that F is the closure of C2°(D) under the inner product & . Therefore,
the Dirichlet space (F, /&) is equivalent to (Ho(D, Ap), || - [|1),p.1p), Where Ho(D, ) is
the closure of C°(D) in (HYY(D, u), ||ull¢.1.0,.)-

3.4 The active reflected Dirichlet form and the bound-

ary behavior of the censored process

Let 9(€) = ¢(|€]?), where ¢ is a complete Bernstein function satisfying (H1) and
(H2). First we show that (£, Fr*f) is the active reflected Dirichlet form associated with
(€, F) in the sense of [CF12, Theorem 6.2.13 and Section 6.3], when D is an arbitrary
open set. The corresponding result in the stable case was proven in [BBC03, Theorem
2.2].

Definition 3.30 We say that the function f is locally in F, f € F. if for every relatively

compact open set Dy in D there exists a function fy; € F such that f = fy a.e. on Dj.

Theorem 3.31 Let D be an open set in R". The Dirichlet form (£, Fr°f) is the active
reflected Dirichlet form associated with (£, F), i.e.

]—";ef ={ue L*(D) :u, = ((—k) Vu) ANk € Fioe and sup cS'ref(uk.uk) < oo}
k

ENu,u) = klim E™ (uy, up).
—00

Proof. Since

{u€ L*(D) :u, = ((=k) Vu) Ak € Fioe, sup E (up.up) < oo} € Fret
k

it is enough to show that u € Fr**NL>(D) C F,.. For any relatively compact open subset
Dy of D, there exists a relatively compact smooth open n-set U, such that Dy C Uy C D
and a function ¢ € C2°(D) such that ¢ <1, ¢ =1 on Dy and supp[y] C Uy. Since Uy is
a smooth set and therefore a n-set on R”, by Theorem 3.23 we can extend the function
uly, to a function v € H¥1(R™) N L>=(R") such that u = v a.e. on Uy. Since C>°(R")
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3.4 The active reflected Dirichlet form and the boundary behavior of the censored
process

is Cj-dense in H¥"'(R™), there is a sequence {vg }rey C C°(R™) Cy-convergent to v. This
implies that for some ky € N

Ci(vk,v) < Ci(v,v) +1, Vk > ko

that is
sup &1 (ovg, pvi) < sup Cy(vk, vg) < 00.
k k

Hence by the Banach-Saks theorem there is a subsequence {@uvg, }men in C2°(D) such

. 1 - . .
that Cesaro means (— g ©Uk, )men are Er-convergent. Therefore the limit function f is in F
m
i=1
and

f=9v=ua.e. on Dy.

This implies that u € Fjoc. Lastly, by the Lebesgue dominated convergence theorem it follows
that

™ (u,u) = klim E™ (uy,, ug,).
— 00

By [CF12, Theorem 6.6.3] the active reflected Dirichlet form is a Silverstein extension of
the corresponding regular Dirichlet form. This means that 7, = F N L>®°(R") is an ideal in
Freb = Frefn L(R"), i.e.

a

Fp C }-é?lf and fg € F, for every f € Fp, g € ]:relf'

a,

Furthermore, by [CF12, Theorem 6.6.5, Remark 6.6.7] a Dirichlet form (£*, F*) is a Silverstein
extension of a quasi-regular Dirichlet form (£, F) on L?(D) if and only if there exists a symmetric
Hunt process Y* associated with the Dirichlet form (£*, F*) that extends Y to some state space
D* which contains D as an £*-quasi-open subset of D* up to an £-polar set. Therefore, there
exists a compactification D* of D such that the active reflected Dirichlet form (£, Fref) is
regular on L?(D*) and we call the corresponding process Y* the reflected process associated
with the process Y. The set D* \ D is Lebesgue negligible, but not necessarily of zero gref
capacity. Note that F is the &;-closure of C2°(D), that is F = ng’l(D). Therefore, the process
Y* killed upon leaving D has the same distribution as Y. We will use this relation to study the

boundary behavior of the process Y, when D is an open n-set.

Remark 3.32 (i) Since every compact set is of finite capacity, by [FOT10, Theorem 4.2.1]
a set A is E-polar if and only if Capy (A) = 0. This justifies the usage of the term gq.e.

instead of £-q.e. The same is true for E*-polar and C-polar sets.

(ii) The two notions of polarity are also related in this case. Since X has an absolutely
continuous transition density, so does the process Y (Remark 3.2) so by Remark 2.15

every E-polar (C-polar) is polar for the process Y (X).
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3.4 The active reflected Dirichlet form and the boundary behavior of the censored
process

First we state a results which is the analogue of [BBC03, Theorem 2.4], proved for the

stable case.

Theorem 3.33 Let D be an open set in R™ with finite Lebesgue measure and ¢ the lifetime of

process Y. The following statements are equivalent
(i) P(¢ < 00) > 0 for some (and hence for all) z € D;
(ii) P,(¢ < o0) =1 for some (and hence for all) x € D;
(iii) 1 ¢ F;
(iv) F# Fet.

Proof. Trivially, (ii) implies (i). If 1 € F then £(1,1) = 0 so by [FOT10, Theorem 1.6.3] Y is
recurrent and therefore conservative. This shows that (i) implies (iii). Statement (iii) implies
(iv) since D has finite Lebesgue measure so 1 € Fi¢f and £(1,1) = 0. Also, process Y* is
irreducible, recurrent and therefore conservative. For the last implication, note that D*\ D is

polar for Y* if and only if
P,(¢ < 00) = Py(0 ey p < 00) =0,

i.e. Y and Y* are equivalent processes. Therefore, if F # F*f, D*\ D is non-polar for Y* so
by [FOT10, Theorem 4.7.1(iii)] D* \ D is visited by Y* infinitely many times almost surely, so
(iv) implies (ii). O

When D is an open n-set in R", Theorem 3.23 says that the reflected Dirichlet form
(&ret) Frefy is actually the trace Dirichlet form of (C, FX") on D, see [FOT10, (6.2.4)]. Since
C.(R™) is the special standard core in (C, FX"), by [FOT10, Theorem 6.2.1] C2°(D) is a special
standard core for (£ Fref) and therefore (£, FI¢!) is a regular Dirichlet form on D. This
means that we can take D* = D and that there exists a Hunt process Y* on D such that Y can
be represented as the process Y* killed upon leaving D.

Since X is irreducible, by the construction of the censored process Y it follows that the

processes Y and Y* are also irreducible.

Remark 3.34 If F C Ff then Y is a proper subprocess of Y* and 0D is not polar for Y*.
This implies that
Py(Ye— € 0D,( < o0) >0, VzxeD.

Additionally, if D has finite Lebesgue measure, Y* is recurrent and therefore ( is finite almost
surely and
P.(Ye— € 0D, ( <o) =1, VxeD.

So we see that the question of boundary behavior of the censored process Y is related to -
polarity of the boundary dD. The following theorem gives us the characterization of £™-polar

sets. The corresponding result for the stable case was proven in [BBCO03, Theorem 2.5].
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3.4 The active reflected Dirichlet form and the boundary behavior of the censored
process

Theorem 3.35 Let D be an open n-set in R".
(i) A set A C D is E*-polar if and only if it is polar for the process X.
(ii) A set A C D is polar for the process Y if and only if it is polar for the process X.

(iii) If A C 0D is polar for the process X then

P.(Y;— € A)=0, VxeD.

Proof.

(i) Let A C D and R and E the restriction and extension operator from Remark 3.24. We
will show that Capy.(A) < Capy(A) for every set A C D. By [FOT10, Lemma 2.1.5] if

ﬁU:{ue]—'Rn cu>1lae onU}l#0
then there exists a unique function ug € Ly such that Capy(U) = Ci(uo,up). Therefore,

Capx (U) = Ci(ug, uo) > EF*(Rug, Rug)
> inf{&8%%(u, u) : u € L5}

= Capy-(U).
and

Capy+«(A) = inf{Capy.(U) : A C U, U is a relatively open set in D}
< inf{Capy (U
< inf{Capy (U
= Capyx (A).

: A C U, U is a relatively open set in D}
: ACUCR", U is open}

~—  ~—

For the other inequality, take a compact subset K of D. Since C2°(D) is S{ef—dense in f'éef,
by [FOT10, Lemma 2.2.7] it follows that

Capy«(K) = inf{&8(u,u) : u e C®(D), u>1on K}.

By Theorem 3.23 the extension operator E is continuous so there exists a constant ¢; > 0
such that
Ci(Eu, Eu) < £ (u, ).

Recall that by (3.34) and (3.42) Eu € C2°(R") for every u € C2°(D). Therefore

Capy- (K) > & inf{Ci(Eu, Eu) : v € C*(D), u>1on K}
> & tinf{Cy (u,u) : w € CP(R™), u>1o0n K}
= ¢ 'Capy (K).
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3.4 The active reflected Dirichlet form and the boundary behavior of the censored
process

It follows that

Capy-(A) (2.10) sup{Capy-(K) : K C A, K is compact}
> & 'sup{Capy (K) : K C A, K is compact}
= & 'Capy (A).

(ii) Since Y is the subprocess of Y* killed upon leaving D by [FOT10, Theorem 4.4.3] a subset
A'in D is E-polar if and only if it is £*-polar. Hence by (i) A C D is polar for the process
Y if and only if it is polar for X.

(iii) Let A C dD be a polar set for X. By (i) it is £™"-polar and therefore there exists a nearly

measurable set B containing A such that
P.(0h <oo)=0 forae. zeD.
Since o} < inf{t > 0: Y € B} almost surely, it follows that
P, ( there exists a ¢t > 0 such that Y, € Aor Y € A)=0 forae z€D
and therefore

P,(Ye- € A)=0 fora.e. z€D.

Since Y has a transition density p¥ this statement holds for every = € D, that is
P.(Ye— € A) = ltiﬁ)lPx(YC, €A (>t

=lim [ P,(Y;_ € A)p¥(t,2,y)dy = 0.
tl0 Jp

Therefore A is polar for Y.

Remark 3.36 The converse of Theorem 3.35(iii) is not true, [BBC03, Remark 2.2]. Take, for
example, D to be the unit ball in R? centered at zg, 1(¢) = [£|* and o € (1,2). Since D has
positive and finite (n—1)-dimensional Hausdorff measure it follows that H;(0D) = oo, where the
gauge function is equal h(z) = 2"~ ®. By [BBC03, Remark 2.2], Capy(0D) > 0 and therefore
Y is transient and

P,(Ye— € 0D, <o0) =1, VxeD.

By the rotation invariance of Y, it is easy to see that the distribution of Y, under P, is the
normalized surface measure on 9D. It follows from the Harnack inequality [BBC03, Theorem
3.2] that the distribution of Y; under P, is absolutely continuous with respect to the surface
measure on dD for every x € D. Let A be a Cantor set embedded into the circle 9D. It is well
known that A has Hausdorff dimension log2/log 3 so P, (Y € A) = 0 for every € D. However
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3.4 The active reflected Dirichlet form and the boundary behavior of the censored
process

when a > 2 —log2/log 3, the set A will be visited by the symmetric a-stable process X.

Combining the results presented in this section we get the following corollary which gives
the final answer to the question of boundary behavior of the censored subordinate Brownian

motion Y.

Corollary 3.37 Let D be an open n-set in R"™ and ( lifetime of the censored process Y. Then

the following statements are equivalent.
() Y £V
(i) Hy'(D,Ap) € H*M(D, Ap);

(iii) 9D is not polar for process X;

(iv) P, <1iTr?Y;g e oD, (< oo> > 0 for every z € D;
t

(v) Py (lgﬁlY} €dD, (< oo) > ( for some z € D.

Proof. The equivalence (i)-(iv) follows from Theorem 3.35 and Remark 3.34. Similarly as before,
since Y has a strictly positive transition density p¥ statements (iv) and (v) are equivalent. Let

(v) hold. Since for some x € D

lim | P,(Ve € OD)pY (t.2,)dy = Ba(Ye— € 0D) > 0
D

it follows that for all w € D
P, (Y;— € dD) =lim [ P,(Y;_ € D)p* (t,w,y)dy > 0

ti0 Jp

so (v) implies (iv). O
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Chapter 4

Harmonic functions for the censored

process

Let ¢ € CBF be the Laplace exponent of the subordinator S with killing term and drift

b)) = /0 T e M),

such that the following conditions hold:
(H1): There exist constants 0 < §; < d2 < 1 and a1, as > 0 such that

aX(t) < (M) < aaX2¢(t), A>1,t>1

and

/T M < oo 0
< oo, for some r > U.
0 ()

Let X be a subordinate Brownian motion with subordinator S and characteristic exponent
Y(€) = ¢(J€]?). The condition (H1) is the upper scaling condition introduced in Section 3.2
which is responsible for the small time and small space behavior of the process X. The second
condition is by (2.12) equivalent to the transience property of the subordinate Brownian motion

X. Also, for easier notation we define the function ® : (0,00) — (0, 00) as

Let D be an open set in R™ and Y the censored process on D corresponding to X. Denote by d
the diagonal in R x R™ and dp(z) = d(z, B®) for a bounded open set B C R™. Also, let G and
Gp be the Green function and the Green function of the set B for X respectively, B € B(R").

Recall from Theorem 3.1 that the censored process Y can be obtained from the killed
process X through the Feynman-Kac transform with the PCAF A; = fg kp(XP)ds. The key
ingredient in proving the Harnack inequality for harmonic functions for the censored process is

to relate the Green functions of processes Y and X? on an open Borel set B C D through the
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conditional gauge function u, Section 2.8. Let
u(v,w) :=E [ex(TB)],

where e, is the multiplicative functional e, (t) = e and EY is the expectation of the Gp(-, w)-
conditioned process of X”. Recall from (2.30) that the Green function of the censored process

Y on B C D is of the form

To show that u is bounded, i.e. that the Green functions Gg and G'p are comparable, first we

show the boundedness of the conditional expectation

E[A(r5)] = E [/OB @(Xtmt] _ /OOO E, [HD(Xt)Cm S

_ GB(vvy)GB(va)
— /B () =G dy

and then use Khasminskii’s lemma.
First we state a couple of results regarding the Green function and harmonic functions for

the subordinate Brownian motion X proved in [KSV15].

Theorem 4.1 [KSV15, Theorem 2.4]
For every R > 1 there exists a constant ¢;(R) = ¢1(R, ¢,n) > 1 such that for all z € B(0, R)

O(|])

™

< G(z) <c1(R)

[

The following lemma is also true in the recurrent case.

Lemma 4.2 [KSV15, Lemma 2.7, Lemma 2.8]
Let R € (0,1) and B be a bounded open set such that diam(B) < R. The Green function
Gp(z,y) is finite and continuous on B x B\ d and

(i) there exists a constant co = ca2(R, ¢, n) such that for all z,y € B

O(lz —yl)

Gp(z,y) < 2 oyl

(ii) for every L > 0 there exists a constant ¢z = c3(L, R, $,n) > 0 such that for all z,y € B
with |z —y| < L(6p(z) N éB(Y)),

O(lz —yl)

Gp(z,y) > c3 .
|z —y|"

Theorem 4.3 Scale invariant Harnack inequality [KSV15, Theorem 2.2]
Let L > 0. There exists a positive constant ¢4 = ¢(L, ¢,n) > 1 such that the following is true:

If z1,22 € R" and r € (0,1) are such that |z — x2| < Lr, then for every nonnegative function
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4.1 3G inequality for subordinate Brownian motion

h which is harmonic with respect to X in B(z1,r) U B(z2,r), we have
chh(:rg) < h(z1) < cah(ze).

Theorem 4.4 Boundary Harnack principle, [KSV15, Theorem 2.3(ii)]
Let R € (0,1). There exists a positive constant c5 = ¢5(¢, R,n) > 0 such that for every zy € R™,
every open set B C R", every r € (0, R) and all nonnegative functions h,v in R™ which are

regular harmonic in B N B(zg,r) with respect to X and vanish a.e. in B¢ N B(xg,r), we have

r
<cs—=, z,yeBNB (m0,§> .
In the following section we will use several results proven for a special family of sets called

k-fat open sets.

Definition 4.5 An open set D C R" is said to be k-fat if there exist some R > 0 and k € (O, %]
such that for every @ € 9D and r € (0, R) there exists a ball B(A,(Q),xr) C DNB(Q,r). The
pair (R, k) is called the characteristics of the k-fat open set D.

Note that the ball of radius » > 0 is a k-fat open set with characteristics (27", %) Let B

be a bounded k-fat open set with characteristics (R, k) and diam(B) < r, for some r > 0. Fix
29 € B such that kR < §p(20) < R. By Lemma 4.2(i) and (3.4) it follows that

®(9p(20)) 5B(z0)>
2

(53(2’0)”

, xEB\B(zO,

where ¢, = 2"co and ¢y is the constant from Lemma 4.2(i) depending only on r, ¢ and n. Now

we define a function gg on B by

®(0p(z
98(z) = Gp(z, 20) A CTLOH)) (4.2)
dp(20)
and note that if |z — 29| > % then gp(x) = Gp(x,20). Let 1 = % and for z,y € B define
r(z,y) = 05(z) Vop(y) V |z —y| and
Ba.y) = | \AEB08(A) > 5r(m,y), o = AIVIy—A] <br(w.g)}, ifr(my)<e
{ZO}’ if T(.’E,y) > €1.

4.1 3G inequality for subordinate Brownian motion

The following 3G theorem for X will play an important role in proving the Harnack
inequality for the censored process Y, but it is also an interesting result by itself. Note that
for » > 0 the constant cg appearing in the theorem is a uniform constant for all balls of radius

smaller than 7.

73



4.1 3G inequality for subordinate Brownian motion

Theorem 4.6 (3G Theorem)
Let r >0,a>0and k € (0, %] There exists a constant c¢g = c6(r, a, k, ¢,n) > 0 such that

GB<m7 y)GB(y7 Z)
Gp(z,2)

e —yhe(y—=2)  |z—=" _ G(z,y)G(y,2)
O(|lz - 2[) |z —y["ly — 2| Gz, 2)

< Ce (4.4)
for every bounded rk-fat open set B with characteristics (R, x) such that diam(B) < r and

R
diam(B) > a.

The proof of Theorem 4.6 is divided into several parts. The first theorem is a version

of [KSV16, Theorem 2.10] and we follow the proof of [KSV12a, Theorem 1.2] and [Han05,
Theorem 2.4].

Theorem 4.7 There exists a constant ¢; = ¢7(r,a,k,$,n) > 1 such that for every bounded
r-fat open set B with characteristics (R, k) such that diam(B) < r and
x,y € B and A € B(z,vy),

R
Tam(B) > a and every

~19@)9(y)2(jz —y)) g(z)g(y)@(|z — yl)

T gape—p Y ST G -
where g = gp and B(z,y) are defined by (4.2) and (4.3) respectively.
Proof. Without loss of generality we can assume 7 < 1. Let
1
ro = §(|x —y| Aep).
We only consider the case dp(z) < dp(y) < 52, case (g) in [Han05], which implies 7(x,y) =

|z — y|. The remaining cases follow analogously.
Choose Qz, Qy € OB with |Q, — z| = 0p(z) and |Qy — y| = 0p(y) and let z; = A%(Qw)
and y; = A%(Qy). This means that 2,21 € BN B(Qz, %5%) and y,y1 € BN B(Q,, “52). Since

|20 — Qz| > dB(20) > KR = 24e1 > 19

and
K
[y = Qul 2 o =yl = 05(2) = (2= T ) ro > g

functions Gp(+,y) and Gg(-, z0) are regular harmonic in B N B(Q, £19) and vanish outside B.
Recall from (4.2) that

= g(z) =Gp(z, 20). (4.6)

Since 0p(x1) V dp(y1) < %52 by the boundary Harnack principle, Theorem 4.4 we get

-1 GB(.TL'l,y) GB(I',y) GB(xlay)
Cs < < c5 .
g(z1) 9(x) g(z1)
On the other hand, |29 — Q| > ro and
K RTo RTo
21— Q) = o= Qyl = a1 = Q| = () = (2= T ) o= 52 = T2 >,
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4.1 3G inequality for subordinate Brownian motion

so functions Gp(z1,-) and Gpg(-,20) are regular harmonic on B N B(Qy,kro). Applying the

boundary Harnack principle as before we get

C_lGB(l‘hyl) < Gp(x1,y) <ec Gp(z1,11)
S gl) T gl T gln)

Putting the two inequalities above together we get

Gp(z,y)
9(z)g(y)

Gp(r1,91)
9(x1)g(y1)’

o2 Gp(r1,91)
> g(z1)g(y1)

< <c

Since 0p(x1) A dp(y1) > “227"0, e1lx — y| < 2rpdiam(B) and
71— 1| <z — 2|+ [z —y| + ly — | < wro+ |z —y|+ Kro < (14 K)|z — | (4.7)

it follows that

4(1 4 x)diam(B)
I€2€1

96(1 + )

ak3

|21 —y1| < (0(z1) N oB(y1)) < (6B(z1) AdB(y1))

and we can apply Lemma 4.2 on Gp(z1,y1). Therefore, there exist positive constants ¢z and c3

depending only on k, R, ¢ and n such that

CQCg
g(xz1)gy)|zr — i |"o(|er — y1]72)

03cg2 < Gp(z,y)
9(@1)g(y1)lz1 — y1["d(lz1 — w1 |72) ~ g(2)g(y)

<
Applying (3.4), (4.7) and
21—l 2 |z —yl = [o1 — 2] = ly1 —y| =[x —y| = 26r0 = (1 — k) [z — y|

the previous inequality transforms to

coct(1— k)™ (1 + k)2
g(zn)g(yy)le — y*é(jz —y[~2)

cses 2(1+ k)71 — K)? < Gp(z,y)
g(x)g(y)lr —y["o(|x —y|=2) ~ g(z)g(y)

IN

Lastly, we have to show that for all A € B(x,y)

9(A)? < g(z1)g(y1). (4.8)

Consider two cases, 1y < %1 and rg = %1 If rg < %1 then

1 K27 K2r(x,
ray) = o=yl <1, o= Lr(ey) and dp(an) Adp(y) > 0 = O

Since Gg(, 20) is harmonic on B(z1,dp(x1)) U B(A,dp(A)) and

4
21— Al < oy — al + 2 — Al < ko +5r(e,y) < (g + 5) (05(z1) A d5(A))
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4.1 3G inequality for subordinate Brownian motion

by (4.6) and the scale invariant Harnack inequality, Theorem 4.3,
¢ 'g(x1) < Gp(A, 20) < cag(a)

and therefore
¢y tg(x1) < g(A) < cagla).

The analogous inequality follows for y; in place of 1 and therefore
c1’g(x1)g(yr) < g*(A) < clg(z1)g(y)-
On the other hand, if 7 = & then r(z,y) = |v — y| > €1, so by (4.3) and (4.2) it follows that

®(6p(20))

9(A) = g(20) = CTW.

Let v € {z1,11} and z € B such that |z — z| = % = dp(z). Since 0p(v) > ”22T0 = % it
follows that

B (50) A () < 0 (35(0) 1 85(2)

— z| < diam(B) <
|v — z| < diam(B) < o -

and by applying Theorem 4.3 we get
c;'GB(2,20) < g(v) < ¢y *GB(2, 20).

Therefore, by Lemma 4.2

__19(6B(20)) _®(6p(20))
12V < < 2
R e T A AT
for some ¢ = é(r, Kk, ¢,n) > 1, which implies (4.8). O

We will also need the following result from [KSV16, Lemma 2.7].

Lemma 4.8 Carleson’s estimate

Leta>0,r >0and k € (0, %} . There exists a constant cg = cg(r, k, ¢, n) > 0 such that for every
bounded open r-fat set B with characteristics (R, k) and diam(B) < r, z € 0B, ry € (0, £E)
and y € B\ B(z,3ro)

GB(ZL',ZJ) < C8GB(Ar0(Z)7y)a r € BN B(Z,To).

Proof. Let y € B\ B(z,3r9) and x € BN B(z,rp). Note that the functions Gg(-,y) and
G (-, Aury/x(2)) are regular harmonic in B N B(z,3r9) and B\ B(Ayy,/x(2),270) respectively.

Since

|Adry /i (2) — x‘ > 0B (Arg/n(2)) — 0B(x) > 4rg — 19 = 31 (4.9)

and
‘A4r0/,€(2’) — A, (z)‘ > g (A4TO/,{(Z)) — 0B (Ar,(2)) > 4rg — krg > 3ro, (4.10)
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4.1 3G inequality for subordinate Brownian motion

by the boundary Harnack principle, Theorem 4.4, it follows that

Gp(z,y) <. GB(z, Agry/(2))
GB(ATO(Z)7?/) - 5GB(AT‘O(Z)7A4T0/R(Z))'

It is enough to show that
GB(fEa A47‘0/I€(Z))

GB(AT'O (Z)a A4ro/n(z))

for some ¢ = &(r, k, ¢,n) > 0. By Lemma 4.2(i)

<é (4.11)

|z — Agry/n(2)])
’.CC - A47"0/H(Z)‘n ’

GB(:L'aAZLro/H(Z)) <
and from (3.4), (4.9) and
|2 = Adpo /e (2)| < |2 = 2| + |2 = Aggo i (2)| < 510

it follows that

O(lx — A
2= Al _ oo Blr0) )
’33 - A4ro/ﬁ(z)‘n o
On the other hand, since
8 8
|[Arg (2) = Adro/n(2)] < 810/ < —505(Ar (2)) = — (0B(Ary(2)) A 05 (Adry/x(2)))

by Lemma 4.2(ii), (4.10) and (3.4) it follows that

GB(Ary(2), Aaro/n(2)) = 3

2 (2) ~ A nl2)) oy )

‘Aro Z) - A4ro/f-c(z)’n Z T(7)l ’

which together with (4.12) implies (4.11). O

Applying the Carleson’s estimate, the Harnack inequality and Lemma 4.2 the proofs of
the following lemmas follow entirely as in [KL0O7, Lemma 3.8-3.11]. Let B be a bounded x-fat
open set with diam(B) < r and characteristics (R, k) such that ﬁ@ > a. As in the proof of
Theorem 4.7, for = € B let @, € OB be such that |z — Q.| = dp(x).

Lemma 4.9 There exists a constant cog = cy(r, a, &, ¢,n) > 0 such that for every z,y € B with
7‘(1’, y) < €1,
g(Z) < ng(Ar(x,y)(Qw))¢ z€ BN B(Qw,’l“(l‘, y)) (413)

Lemma 4.10 There exists a constant c¢19 = c10(7, a, K, ¢,n) > 0 such that for every z,y € B

g(x) vV g(y) < ciog(A), A€ B(z,y). (4.14)

Lemma 4.11 If z,y,z € B satisfy r(z,z) < r(z,y), then there exists a constant c¢1; =
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4.2 Harnack inequality for censored subordinate Brownian motion

c11(r,a, k, ¢,n) > 0 such that
g(Ar,y) < Cllg(Ay,z)a for every (Ax,yaAy,z> S B(w,y) X B(y7 Z) (4'15)

Lemma 4.12 There exists a constant cj2 = ¢12(r, a, k, ¢, n) > 0 such that for every z,y, z,w €
B and (Agy, Ay, Azz) € B(x,y) x B(y,2) x B(z, 2),

9(Az2)? < c12 (9(Aayy)® + 9(4y.2)°) (4.16)

Proof of Theorem 4.6: Applying Theorem 4.7 we get

Gp(2,9)GB(y,2) _ 3 9(y)?g(Ae)? @z —y)P(ly—2]) |z —z|"
Gp(z,2) = Tg(Asy)?9(Ay2)? P(|z — z|) 2z —y|"y — 2"

By (4.16) and (4.14),

9)°9(Aez)*  _ <g(y)2 L 9w)?

<c < 2¢ c? ,
Q(Awy)Zg(AyZ)2 12 Q(Amy)2 g(Ayz)Q) 12710

which proves the 3G inequality (4.4) with cg = 2c3c12¢}, depending only on 7, a, k, ¢ and n.
O

4.2 Harnack inequality for censored subordinate Brow-
nian motion

As a consequence of the 3G Theorem from the previous section, we first obtain the uniform

boundedness of the conditional expectation E¥[A(75)] for small balls.

Lemma 4.13 There is a constant r1 = r1(n, ¢) € (0, %), independent of D, such that for every
r € (0,1) and every ball B = B(z,rir) C B(x,r) C D,

Yv,w € B.

/ oo 0GB )y <
B

1
Gp(v,w) 2’

Proof. Let 1 < % and r € (0,1). Since rr; < % by Theorem 4.6

Gr(v,y)Grlyw) _ o o(Jv —w|™?) [v —w|"
Gp(v,w) = oo =yl o(ly — w|72) lv — yl" |y — w|™’

Yu,y,w € B.

First we will show that there exists a constant ¢ = é(n, ¢) > 0 such that

o(lv — w o —wl* < & (8l -yl o — yI" + (ly — w2y — wl").
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4.2 Harnack inequality for censored subordinate Brownian motion

From (3.4) it follows that
2
P(s7)s" < 8—2¢(7"_2)s” < p(r 2, Vs<r<l1.
Without loss of generality we can assume |v — y| < |y — w], so
v —w| <fv—y|l+y —w] <2y —wl.

Since |y — w| < 2rr; < 1 it follows that

MW—wV%W—wW§Ww<<W;M>4>(W;won

< 2"¢(ly — w| )|y — w|"
< 2" (¢(lv =yl v —yI" + o(ly — w| )|y — w|")..

Therefore for every v,w € B

Gp(v,y)Gp(y,w) n < 1 1 >d
/B G (v, w) dyg%sz o0v g0~ oy —wl Dy —wi) ¥

1 1
< 2" / dy + / d
6 o=yl =T oy — w2y — wlr"?

(v,2rr1 B(w,2rry)

2rry H1) ¢
Sél/ Qs(lsn_lds < a ¢((2Tlr)_2)_la
0

§72)sn
for some ¢; = é1(¢,n) > 0. Furthermore, for every y € B = B(x,rr1) C D it follows that
r < ép(x) =0p(y) + |r —y| < dp(y) +rr1,

so B(y,r(1 —r1)) C D and

wo) = [ iy=cdz< [ ilp=shdi=a [ s

1—7r
B(y,r(1-r1))° (=)

for some ¢ = é2(n) > 0. By [KSV15, Lemma 2.2] there exists a constant ¢3 = ¢s(n) > 0 such
that for all » > 0

kp(y) < Eo(r (1 —r1)72).

Finally, for 1 small enough we have

/ GB(U) y)GB (y7 w)
B

~ o~ —201 _ -2\ (H1) 7 & 2601
o (y)dy < ¢ o(r—=(1—r1)™°) ) Gcs 27 <
Gp(v,w)

~ 2a101 (f)((27“17”)_2) - 2a%(51 1—r

N =
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4.2 Harnack inequality for censored subordinate Brownian motion

By Lemma 2.27 it follow that for every r < 1, every ball B = B(z,rr;) C D and v,w € B

GB(Uv y)GB(y) U)) 1
EY[A = dy < =,
PlAG)) = [ ol TG gy < 5
so by Khasminskii’s lemma, Lemma 2.27
1
1 < u(v,w) =EY[eA)] < = 2. (4.17)

Recall from (2.19) that the density of the joint P,-distribution of (X,,_, X;,) restricted
to the event {X,,_ # X,,,7p < oo} is given by

92y, 2) = Gplz,)j(ly — 2|), (y,2) € B x B°.

From (2.17) and (2.30) we get an analogous formula for the joint distribution of (Y;,_,Y7,)
restricted to the event {Y,,_ # Y., 7p < 0o}, i.e. for all nonnegative Borel measurable functions

f and g on D and open Borel sets B C B C D

Bulf(Vop)oVrp)) = [ [ F0a(0Gaompute ity - shdydz. (118)

Also, since the subordinator of X has zero drift, by [Szt00, Theorem 1] it follows that for every
ball BC BC D andally € B

P,(X,, € 9B) =P, (X

B —

=X,,)=0.
From Theorem 3.1(iii) it follows that
Py (Yry—=Y,,)=0, VyeBCBCD.

Using (4.17) and (4.18) we are able to prove the scale invariant Harnack inequality for

harmonic functions with respect to the censored process Y.

Theorem 4.14 For any L > 0, there exists a constant c12 = c12(n, ¢, L) > 1 such that the
following is true: If z1,29 € D and r € (0,1) are such that B(z1,r) U B(ze,7) C D and
|z1 — x| < Lr, then for every nonnegative function h which is harmonic with respect to Y on
B(z1,7r) U B(z2,7), we have

¢ h(z1) < h(xo) < ch(zy).

Proof. Let r; € (0, ) be the constant from Lemma 4.13 and B; = B(z;,m17), i = 1,2. Let Gp,
and G}gi be the Green function of X and Y on B; respectively. Since By C D it follows that for
y € B

(4.18)
) =By [100)] 2 [ [ )G i — v

(4.1)

. / B(w)Gp, (g, v)uly, )| — w])dv duw
D\B; /B,
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4.2 Harnack inequality for censored subordinate Brownian motion

= By [A(Xey, July, Xrp, )]

Here we implicitly assume A = 0 on D°. Define
w(y) =By [h(Xy,)] . v e B,
and note that w is harmonic in B; with respect to X. From (4.17) it follows that
w(y) < h(y) <2w(y), Vye B (4.19)

and analogously
E, {h(XTBQ)} < h(y) < 2E, [h(XTBZ)} . Vyé€ B (4.20)

By [KSV15, Proposition 2.3] there exists a constant ¢; = ¢é1(n,¢) > 0 such that for any y €

B (ml, %) and almost every z € Wi

KB(:vl,’rTl) (yv Z) > élKB(x1,7‘7‘1) (:L‘la z)a

where Kp is the Poisson kernel of the process X on B x B° defined in (2.20). This implies that

T

for any y € B(z1, 5*)

w(y) = / WK, (y,2)dz > & / (K, (01, 2)dz = () > Dhle). (@21)
D\B; D\ B

First we consider the case when r < |z — z3| < Lr. It follows that By N B(x1,717/2) = () and

therefore

W) > Eq, |:h(XTBQ):| > Eq, [h(X732)5X7—B2 € B(xy,m1/2)
Evy [0(Xry,)s Xry, € Blar,17/2)]

C

Elh(‘rl)]P)xg (X7'32 S B(iﬂl,T‘lT/2))

- %h(ml) / K, (12, 2)dz. (4.22)
B(z1,r17/2)

By [KSV15, Lemma 2.6] there exists a constant é& = é(¢,n) > 0 such that for all z € B,

J(lz —x2l)
2((r1ir)72)

K32 (.%'2, Z) Z 5 (4.23)
Also, for z € B(z1,r17/2),

|z —xo| <r(ri/2+ L) <ri/2+L
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4.3 Generator of the censored subordinate Brownian motion

so by [KSV14, Lemma 3.2] there exists a constant ¢z = ¢3(¢,n, L) > 0 such that

P(r3(r/2+L)7%)
r(r1/2 4+ L)

iz = wal) 2 j(r(r/2+ L)) = é3 (4.24)

Combining (4.22), (4.23) and (4.24) we get

G16aCs |Blan, 51| o(r2(r1/2+ L)%
R N Y- E) e ()

(3-4) 615253 |B(l‘1, Lgl ) 1 2
> 1 F a— = .
> 2 ()2 B A (’"21 L) h(z1) = c12(n, ¢, L)h(x1)

h(x1)

On the other hand, if |21 — xo| < r take ' = |x1 — x2| and L' = 1. Since v’ < |z — zo| < L't

the proof follows in the same way as in the previous case. O

Remark 4.15 If for a Lipschitz domain B C B C D

inf i(|z —yl)dz > ¢
int [ il =iz 2

for some constant ¢ > 0, then by (4.18) it follows that
1= [ [ Ghwwils—ohdyds = [ oy
D\BJB B

and therefore
E.[ry] = / Gplz,y)dy < oo, Va € B. (4.25)
B

Furthermore, (4.25) holds for all x € D and implies that

P.(7} <oo)=1, forallze D.

4.3 Generator of the censored subordinate Brownian
motion

By [Sat99, Theorem 31.5] the generator of X is a non-local operator of the form

Au(z) = PV. / (ule +y) — u@))j(u])dy

n

= lim u(x —u(x))j d
i | )~ u@)ildy

— [ (e +9) ~ ula) = Vulw) - vyl
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4.3 Generator of the censored subordinate Brownian motion

for u € C?(R™) and all 7 > 0. The restriction of the generator of the censored process Y on

C2(D) is analogously equal to

A u(w) = PV. [ (uly) ~ u(e)i(le - ydy
D

— lim (u(y) —u(x))j(|z — y|)dy
b0 J{yeD:|y—z|>e}

= PV. [ (ula+9) —u@ilsdy+ [ ula)ille = vl)dy

=P.V. / (u(x +y) —uw(@))i(ly))dy + u(z)rp(x).
For a C? function u on R™ we write

llullo2 = Y [[1D7ulloc

l71<2

where j ranges over multi-indices.

Lemma 4.16 Let §; > % There exists a constant c13 = ci3(n,¢) > 0 such that for every
u € C*(R")
|AY u(z)] < ewsllullcz [1+ ¢(6p(x)*)dp ()] -

Proof. By the Taylor’s expansion theorem

| Au(z)| = \P.v. [ e+ - u<x>>j<|yr>dy]

n

[ (ate+) = uta) = Vutonnyciuhay
< llulles [ (LA b)iCll)dy = elulca

for some ¢ > 1. Therefore,

AV uto)| < Jauta) + | [ (o) = ul)ily — alay
<élullcs + [ fulo) = u@)lidly — al)dy

< elullez + [lullc /D 2 Ay = =z)j(ly — z)dy

< full (1 +/ (2 A \zl)j(ZI)dZ> :
[2>dp(a)

If 0p(x) > 2 then there exists a constant ¢; > 1 such that

| A u(a)| < éllullca (1 +2/|| 23‘(!2%2) = clfullce.
z|>
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4.3 Generator of the censored subordinate Brownian motion

By (??) for ép(x) < 2 it follows that

2
A  u(@)| < alfulles | 1+ / o= 2)dz +2 / i(lDdz
op(x)

|z|>2

2
< & llulle2 1+/ d(z7?)dz | .
o0p(x)

By (H1) there exists a constant a; > 0 such that

2
A  u(@)] < éllullea (1 +a;1¢(5D(g;)2)5D(x)261/ ( )z251dz>
D\T

)

< alfullce <1 + g g Y00 (@) )i @) (G ()2 + 21—261>>
< allules (14 -5 60n(a) 2)50(a) )

which concludes the proof.
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Chapter 5

Potential theory of absolute value of
one-dimensional subordinate

Brownian motion killed at zero

In this chapter we consider the potential theory of two processes associated with a one-
dimensional subordinate Brownian motion X. First process is the absolute value of X killed at
zero, which we denote by Z = (Z;):>0 and the second is the process Y obtained by censoring X
on (0,00). The goal is to establish the Harnack inequality and boundary Harnack principle for
Z on finite intervals. To do so, we examine a function h called the compensated resolvent kernel
and prove in Section 5.1 several properties of the first exit time of Z from a finite interval. In
Section 5.2 we prove that process Z killed outside of a finite interval (a,b), 0 < a < b, can be
obtained from Y by a combination of a discontinuous and continuous Feynman-Kac transform
and show that the corresponding Green functions are comparable. Finally, in the last section
we give the proof of the Harnack inequality and boundary Harnack principle for Z(@?).

Let X be a 1-dimensional recurrent subordinate Brownian motion with the characteristic
exponent 1)(t) = ¢(t?), t € R, where ¢ is a complete Bernstein function. By (2.12) process X is

recurrent if and only if the Laplace exponent ¢ of the subordinator satisfies the condition

|
/0 ¢()\2)d)\ = 00, (5.1)

for some 7 > 0. Let X be the process X killed at 0 and Z the absolute value of that process,
i.e.

X
Zt(w):{‘ el t<0{0}(w)a t>0,weQ,

8, t > J{O}(w)

where op = inf{t > 0 : X; € B} is the first hitting time of B € B(R). As in Section 3.2 we will

impose the upper and lower scaling condition on the Laplace exponent ¢,
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(H1): There exist constants aj,as > 0 and 0 < §; < d2 < 1 such that

p(Ar)

A\ < 2L <goN A> 1, > 1.

¢(r)

(H2): There exist constants ag,as > 0 and 0 < d3 < 4 < 1 such that

p(Ar)

as\® < 2L < g\ A>1,r <1

¢(r)

and note that they are equivalent to the global scaling condition

(H): There exist constants as, ag > 0 such that for 05 = d; A d3 and dg = o V 04

A
asA% < $0r) <agA\%, A>1,r>0.
o(r)

Note that for d3 > 3 the condition (5.1) holds and X is recurrent. Furthermore, we will only

consider the case when the point 0 is regular for itself.

Definition 5.1 Let B € B(R) and x € R. We say that the point x is regular for B if
P,(op = 0) = 1. (5.2)

The point z is regular for itself if it is regular for {x}. If the probability in (5.2) is 0 then the

point x is irreqgular for B.

By the Blumenthal 0-1 law every point is either regular or irregular for B € B(R). By
[Ber98, Corollary I1.20] 0 is regular for itself if

/1 b 5 (;)d}\ < . (5.3)

This condition is known as the Kesten-Bretagnolle condition and in our setting is actually
equivalent to point regularity, [Yanl0, Lemma 3.1]. Also, note that this condition is satisfied

when §; > % This regularity condition implies that 0 is not polar, that is
Py(op < 0) >0, VxeR.
so XY is a proper subprocess of X. If X is also recurrent then by [Yan10, Theorem 3.1]
Py(op < 0)=1, VxeR.
From now on we will assume that both
61>% and 632%.

Let GX°(z,dy) and GZ(x,dy) be Green measures for X° and Z respectively. Note that
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for every x > 0 and A € B((0,00))
GZ(z,A) = / (P, (XY € A) +P,(— X} € A))dt
0
—/ (6 (@,y) + 6% (2, ) ) dy
A

and thus the Green function of Z is equal to
G¥(x,y) = G* (2, y) + GX (2, ). (5.4)

Define the local time at 0 as

t
L(O,t) = lelﬁ)l A 1{\X5|<£}d8' (55)

Note that L(0,t) can be interpreted as time spent in 0 by the process X up to time t. By [Ber98,
Proposition V.2.] L is well defined and a.s. a continuous function. Let h : R — [0,00) be a
function defined by

() = SEIL0,004))]

Under our assumptions there exists a bounded and continuous density u? of the g-resolvent, i.e.

U9 f(z) = /O " R [F(X,))dE = /R )0t (z)da.
Note that

< a4l D@ —t(A2 1 cos(Az)
wl(z) = e U (x dt:/ e qt/e Az o—tdN) g gt = — [ 0 g,
(@) /0 pi(w) 0 27 Jr 21 Jr g+ ¢(A?)

Since the transition density py(z) is deacresing in x it follows that u? is decreasing as well.

By [Ber98, Lemma V.11] h is of the form

i (u?(0) — (e 1 [*1—cos(Az)
ha) = lim(at(0) — (o) = 5 [ I, (5.6)

The function h is symmetric and since u? is decreasing, h is also increasing on [0,00), see
also [SV06, Proposition 1.1]. By [Yan10, Theorem 1.1] k is harmonic for the process X° on R\ {0}
and, since it is symmetric, it is also harmonic for Z on (0, 00). Furthermore, by [Yan10, Lemma

4.5] the Green function of the processes X and Z can be represented using the function h.

Lemma 5.2 Let X be a symmetric recurrent Lévy process with infinite Lévy measure and let

0 be regular for itself. Then the following equalities hold:

GN(,y) = h(x) + h(y) = h(y — ),y € R\ {0}
G%(z,y) = 2h(x) 4+ 2h(y) — h(y — x) — h(y + ), x,y > 0. (5.7)

Proof. Let U? and U{ be the g-resolvent measures of the processes X and X 0 respectively. By
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the strong Markov property it follows that

Uz, B) = K, { /0 h e‘qtlg(Xt)dt]

RAR 0
=E, / e "15(X0)dt| + B, |E,
0

|
{0}
= Ug(x, B)+E, [e_q”{O}ED [/ e_qtlB(Xt)dt”

0

= Ud(x,B) + E, [e79}] U0, B), B € B(0,00).

Since P (0fgy < 00) =1, for all 2,y > 0

. . v (5.6)
X' (z,y) = limn ug(z,y) = fim (uwi(z,y) — Ep [e" 70 u?(0,y)) =" —h(y — z) + h(y) + h(y).

By symmetry of h and (5.4) it follows that for all z,y > 0

GZ(z,y) = G*(z,y) + GX' (2, —y) = 2h(x) + 2h(y) — h(y — z) — h(y + z).

We will use the following asymptotic behavior of A near zero several times in this chapter.

This statement was also proven in [GR15, Lemma 2.14].

Lemma 5.3 For every x > 0

s (y)
Proof. For every x € R it follows that

l oo £2$2 ) 1 _:Lj 2
h(“’)gw/o <2 M2 ¢(§)d§_2ﬂ/o e

4 2 _
(Ii) aﬁL g 2% /r 52_256d§ + 236265/ _255df
~ 2 p(dx—2) \ =z 0 asmd (4z=2) J2

1
Y2 (272)

On the other hand, by [JK15, Lemma 2.4] we have

ha) = o (Fp(0) - FL ) 2 - / (’52;2 A1) e
/ S / G

(H as 20 2-265 2200 > —256
> 47T¢( () /§ §+a67r¢(4x—2)/3 v

<é
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From the previous lemma and (H) it follows that h also satisfies the global scaling condi-

tions, i.e. there exist constants di, ds > 0 such that

h(At
AN < h(<t>) < AT VA1t >0, (5:8)

The following two lemmas were also proven in [GR15, Proposition 2.2, Proposition 2.4,

Lemma 4.2].
Lemma 5.4 For every z,y > 0
h(z Ay) < G (x,y) < 4h(z Ay).

Proof. First we show that A is a subadditive function on R. By Lemma 5.2 and symmetry of A
it follows that

h(@) +h(y) = h(z +y) = h(=2) + h(y) = hz +y) = ¥ (~z,y) > 0.
By (5.7) and subadditivity of h for 0 < x < y we get

G?(w,y) = 2h(x) + 2h(y) — h(y — x) — h(y + )
<2h(x) + h(z)+h(y —x) + h(—z) + h(y + =) — h(y — z) — h(y + ) = 4h(x).

Since h is increasing,

GZ(x,y) > h(z) + h(y) — h(y — x) > h(z).

Lemma 5.5 There exist A\ € (0, %) and Ao > 0 such that for every R > 0
G(Z(LR)(xvy) Z )\Qh(R)ﬂ T,y € (07 )‘1R)

Proof. Take A < % and z,y € (0,AR). Let 7(o gy be the first exit time of Z from the interval
(0, R). By (2.16) it follows that

GéR) (z,y) = G%(z,y) — E, [GZ(ZT(O,R) )]
=2h(x) 4+ 2h(y) — h(z +y) — h(y — x)
- EUC[Qh(ZT((),R)) + Qh(y) - h(ZT(O,R) + y) - h(y - ZT([)’R))]'
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5.1 Properties of the exit time of Z from the interval

For ¢ > 0 by harmonicity of & in (0, 00) it follows that

M) =B |h (Zrm)| =B |1 (Zeny)  Tem) < o0y

Since h is continuous and h(0) = 0 by the dominated convergence theorem and quasi-left conti-

nuity of Z we get

h(z) = ;IE%)EI {h <ZT(E7R>> L T(e,R) < U{O}} =E, {h (ZT(O,R)> 1 T(o,R) < 0{0}} .
so h is regular harmonic for Z in (0, R).

G(Z(),R)(x7y) = - h(i(] + y) - h(y - iL') + Eiﬂ[h(ZT(oyR) + y)] + Ew[h(y - ZT(O,R))]'
Furthermore, by the monotonicity of h it follows that

MZrop —Y) 2 MR = AR) as.,

h(y —z) < h(AR) and

h(ZT(o,R) + y) > h(ﬂf + y) a.s.
Therefore,

(5.8)

Gy (@.y) = h((1 = MR) — h(AR) > (d51(1 _ APl d;1A255—1) h(R) = \ah(R),

where Ao > 0 for A small enough. O

5.1 Properties of the exit time of Z from the interval
Let og := oy be the lifetime of Z and 7 ) the first exit time of Z from (0, R).

Lemma 5.6 For every R > 0 and z € (0, R)

h(x)
h(R)

< Px (T(O,R) < 7’) <

Proof. First we prove the right inequality. Recall from the proof of Lemma 5.5 that the function

h is regular harmonic in (0, R) for Z so
M(w) = Ba [0 (Zrgm ) s Tom) < 0]
Since h is increasing it follows that
h(z) = / h(y)P, <ZT(0,R) edy: T(0,R) < T>
R
> h(R) /R P, (ZT@’R) €dy:To,r < 7')
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5.1 Properties of the exit time of Z from the interval

= h(R)Pm (T(O,R) < 7') .

For the other inequality, by continuity and harmonicity of the Green function G%(-,2R)
n (e, R) and Lemma 5.4, it follows that

hz) < G%(x.2R) = I E, [G7(Z,,_,, .2 / G7 (2, 2R)Po(Zr € 2)
1 |

(3.4)
< 4h(2R)Px(T(07R) < 7') < Sh(R)]P)w(T(O’R) < ’7').

The previous lemma was also proven in [GR15, Proposition 2.7].
Next we consider estimates for the tail distribution function of the lifetime of Z. Un-
der additional assumptions it is also possible to obtain estimates of the derivatives of the tail

distribution with respect to the time component. For more detail see [JK15].

Lemma 5.7 [GR15, Corollary 3.5.] If

¢t

>, YA>1,t>0
o(t) =

holds for some d; € (0, 1] then there exist positive constants ¢1, ¢ such that

h(x) h(x)
(@) =TT = )

for every x # 0 and ¢ > 0 such that tlb(%) >1

C1

Using this estimate we can easily derive estimates for the expected exit time from interval
(0, R) in terms of the function h.

Lemma 5.8 Then there exists constant cg = c¢3(R, ¢) > 0 such that

(i)  Eg[ro,r)) <4Rh(z), 0<z <R

(ii) E, [7(073)] > csh(x), for x small enough

Proof. (i) By Lemma 5.4

R
OR / G (x,y)dy < / 4h(z)dy = 4Rh(x)
0

(ii) For the other inequality note that for all £ > 0

Pu(r > 1) = Pu(7 > t,70,r) 2 7) + Pu(T > t,70p) < T)
< Py(m0,r) > 1) + Pa(r(0,r) < 7T)
Es [70,r
A I,
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5.2 Green function for Z(@?)

where the last line follows from the Markov’s inequality. Hence, by Lemma 5.6, Lemma 5.7 and

Lemmab.3, if t¢ (%) > 1 there exists a constant ¢; > 0 such that

h(z) h(z)
E, >t (Py(r >1t) — P, < > cit —t
o] 2t (Balr > ) = Pulrom < 1) = ety Somyy ~
Clél t
> — h(z) = fr(t)h(z). 5.10
<¢1 B h(R)) (#) = fr()h(z) (5.10)
Note that by (H1) there exist constants ¢z, ¢3 > 0 such that for all £ > (1) and A > 1
S e 0 )
265 < < 257
62)\ 2 < ’Lb_l(t) <S 03)\ 1

Therefore, for all t <1

—1

Frlt) > eréiéad (1)t — th)

so there exists tg = to(¢p, R) € (0,1) such that fr(¢) > 0 for all ¢ < ty. Therefore,

E.[m0,r)] = fr(to)h(z), for all x < 1#11(;))'
O
5.2 Green function for Z(@?)
a,b)

Let Y be the censored process of a subordinate Brownian motion X on (0, c0) and X (@)
Y (@b) and Z(@) processes X, Y and Z killed outside of interval (a,b), 0 < a < b. In this section
we show that the Green functions of processes X (@0 V(@b and Z(@b) are comparable.
From the representation of Beurling-Deny and LeJan, (2.5) and (2.17), the jumping mea-

sure i associated with the Dirichlet form (£, F%) is of the form
i(z,y) = j(lz —yl) + iz +yI)- (5.11)
Furthermore,

1 [ [ .
2w =5 [ [ (@) —uw)o@) — ow)ite. e dy

Then the Dirichlet forms corresponding to processes X (@) ¥ (@) and Z(@b) are equal to

(=

@\:N

(=

b
X (u,u) (ula) = u(w)*i(le ~ ydyda + | (o) k(o)

gy (u,u)

T

b
(u() — u(y))%i(|x — yl)dydz + / w()ra(a)da (5.12)

b
gz (u,u)

NI Nl—= N =

b
(u(x) — u(y))2i(x,y)dyda: —|—/ u(x)Zﬁg(x)dx,

T
—
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5.2 Green function for Z(@?)

where k1, ko and k3 are the densities of the corresponding killing measures of X (@.b) y(a:b) and
Z(ab)

a)= [ ey

() = / il — yl)dy
(0,00)\(a,b)

s(x) = / i, y)dy.
(0,00)\(a,b)

Since £X'*" = g¥? 4 K(0,00) L(a,p), Where

0
koo @ = [ ille =y
—00
Y (@) can be obtained from X (@) by creation through the Feynman-Kac transform at the rate

K(0,00) 1-€. for every nonnegative Borel function f
PY“Y (2) = E, [f (Yt(a,b)ﬂ _E, [f (Xt(a,b)) Wi R0 <X§avb))ds:| _E, [f (Xt(a,b)) en(t)] '

By (2.30) we can relate the Green functions of processes X (»*) and Y (¢*) through a conditional

gauge function wu,

G, (@,y) = ule,y)GE 4 (@, y).

where

u(@,y) =B [en(rap)] -

Recall that P4 denotes the probability measure of the Gfg b)(-,y)—conditioned process starting

from z, i.e. the process with transition probability

_ Géb) (2,v) x(ab)

Yy
= p
(;éﬁ%xay)t

pi(x,2) (z, 2).

Similarly as in Section 4.1, we want to show that the conditional gauge function v is bounded,
i.e. that the Green functions Gfg b) and G(Y;Lb) are comparable. Since the interval (a,b) can be
arbitrary large, it is not possible to obtain a result equivalent to Lemma 4.13. Nevertheless, by
obtaining a somewhat weaker result and applying the conditional gauge theorem it is possible to
prove the boundedness of function u. First we introduce a special Kato class of Revuz measures

for the process X.

Definition 5.9 Let X be a transient Hunt process with the Green function G. A nonnegative
Borel function & is said to be of the Kato class S, (X) if for any £ > 0 there is a Borel set K of

finite measure and a constant § > 0 such that

/ GX(x,y)G* (y, 2)
KcUB GX(% 2)

sup k(y)dy < € (5.13)

z,z€R™
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5.2 Green function for Z(@?)

for all measurable sets B C K such that A(B) < §.

The following conditional gauge theorem was proved in [Che02, Theorem 3.3].

Theorem 5.10 Let X be a transient Hunt process and s a nonnegative Borel function. Let XY
be the G(-,y)- conditioned process with lifetime (Y. If kK € Soo(X) and the conditional gauge

function u,
u(z,y) = Ef [ex(CY)],

is finite for some (zg,y0) € R™ x R™ then it is bounded on R™ x R™ \ d. We say that the pair
(X, k) is conditionally gaugeable.

We will also need the following Green function estimates from [CKS14, Corollary 7.4 (ii)].

Theorem 5.11 Suppose that X is a one-dimensional subordinate Brownian motion with Lévy
exponent (&) = ¢(|€]?) with ¢ being a complete Bernstein function satisfying condition
(H1). Let D be a bounded C!! open subset of R with characteristics (Rg, ), a(z,y) =

d(6p(x))2®(5p(y))'/? and ®(z) = ﬁ Suppose that for every T' > 0, there is a constant
cq = c4(T, ¢) > 0 such that
"o d
(5) ds < ¢y (r) (5.14)
2
0 S r

for every r € (0,T]. Then for all (z,y) € D x D,

a(z,y) a(z,y)
1 (a(n,) | oyl

Gg(x, y) =< (5.15)

Remark 5.12 Note that the condition (5.14) is satisfied for &, > 3.

From (H1) one can easily see that ®~! satisfies the following scaling condition: for all
T > 0 there exists a constant c¢p = cp(T, ¢) > 0 such that forall 0 <r < R<T

L r\V@) Ty 7\ 1/(202)
— < — < — . .
‘r (R) =9 1(Rr) =7 (R) (5.16)

Theorem 5.13 Let X be a recurrent subordinate Brownian motion with Laplace exponent of
the subordinator ¢ € CBF satisfying (H1). The function x(g . is in Kato class Soo(X (@),
Therefore, the pair (X (a.b) /@(0700)) is conditionally gaugeable and consequently the Green func-

tions Gfg b) and G%; p) are comparable.

Proof. Let 0(x) := (q)(z). From (5.15) we get the following 3G inequality,

Gé;,b) (.’IJ, y)Gé,b) <y7 2,’)
Ggé’b) (CC, 2)

|z — 2| v @ a(x,2))
(lz =yl v o-t(a(z,y))(|ly — 2| v &~ (a(y, 2)))

<a®(0(y))

(5.17)

for some ¢; > 0. We will show that for every € > 0 there exists 0 < § < 1 and K such that for
measurable sets B C K, A\(B) <9

Glam (@ 9)GT 4 (v, 2)
(a,p)\"™ a,b)\
sup / dy < e.
KeUB Gt

(
z,2€(a,b) (a, )(.%', Z)
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5.2 Green function for Z(@?)

First note that for 6(y) < 26(x),

1/2
! (a(z,y)) = &7 (q» (30) @(6@))“2)

Since

it follows that

This implies that

G (@, )G (y,2) 2\ ®(6(y))

(a,b) (a,b) 5 Y) (1w — » a(z, 2

Gfi,b)( - <& (4vc2T2 ) e (| |V & (a(z, 2)))
< <4 V 320 ) (b—a) (I)d(fy(;g))

2
Let ¢ = ¢; (4 v 0%23) (b—a) and A = [a,a+ n] U [b— n,b], for some n < 1. It follows that

5@ 9G4 (Y, 2) [ 06() , . ["®(s)
i, [ S Ry < [ Sy, [

(Iil) 2o /" 3221 s — 2¢o o1,
a1¢(1) Jo s a1¢(1)(261 — 1)

2¢o

1
Therefore, for n € (O, (M )2611> and K = [a+n,b—n] we get

( len (a,b) (¥, 2) €
sup / dy < —.
z,z€(a,b) G( )( ) 2

D(s)

Since the function s — =3 is continuous on 7, b_Ta} it is uniformly bounded, i.e. there exists a

constant M > 0 such that for all B C K, A(B) < = 577
»@YGE (Y. 2) (6(y)) £
sup / dy§61/ dy < etMé < —.
vzeh) /B Glp(@2) B 0(y)? 2

Since k(g o) is bounded on (a,b) this is enough to conclude that k() € Soo(X (b)) 50 by
Theorem 5.10 the pair (X (@), K(0,00)) 18 gaugeable. O
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5.2 Green function for Z(@?)

Next, we want to associate the Green functions for processes Y (@) and Z(@b) . Since

b
I / / W@ )i~ dyde + [ ulaPa(a)d,

where F(z,y) = ?E}ifg}g and ¢ = k3 — Ko, Z@Y can be obtained from Y (@?) through the

Feynman-Kac transform driven by a discontinuous additive functional

Aq+F(t):/ Y“)ds +> " F( (Y e ylab)y, (5.18)

s<t

Therefore for every Borel function f > 0
(a,b) a a, a,
PZ f(2) = By [£(Z(")] = B [£(V*)et0 O] =B, £ )eqir(t)]

Let 7(q) be the first exit time of Y (0:20) from (a,b). Now by [Che02, Lemma 3.9]

E. [ [ sz } [ |10 esnte dt] / G, (0 9B [eqr ()] F(5)dy
=¢/a Gl (@ y)ule,y) f(y)dy

and therefore
G(Za,b) (.T, y) - U([B, y>GZz,b) (.’IJ, y)

Definition 5.14 Let X be a transient Hunt process with values in F € B(R) with Green
function G and Lévy system (J, H), where Hy = s. A bounded nonnegative function F' on
E x E vanishing on the diagonal is said to be in the Kato class Ao (X) if for any € > 0 there is
a Borel subset K = K () of finite measure and a constant § = §(g) > 0

G(z,y)G(z,w)
zsq};lé)E/A WF(y,z)J(x,dy)dz <e (5.19)

for all measurable sets B C K such that

/B (/EF(%@/)J(Q:, dy)> dr < §

and A= (K x K)°U (B x E)U(E x B).

The following theorem from [Che02, Theorem 3.8] is the analogue of the conditional gauge
theorem, Theorem 5.10 for non-local perturbations corresponding to the discontinuous additive

functional Ay p.

Theorem 5.15 Let X be a transient Hunt process with values in E € B(R), x a nonnegative

Borel function on E and F' a nonnegative bounded function vanishing on the diagonal. Suppose
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5.3 Boundary Harnack principle for Z

that kK € Soo(X) and F' € A (X). Then the conditional gauge function w,

Eilen+r(¢Y)]

is bounded on (F x E) \ d, i.e. we say that the pair (X, A4 r) is gaugeable.

Theorem 5.16 Let A, r be the discontinuous additive functional for Y (@) from (5.18). Then
q € Soo(Y(@9) and F € Ao, (Y(®?)) and consequently the Green functions of the processes Y (%)

and Z(@ are comparable,

G(Za,b) (‘I.: y) = G%;,b) (.fl',', y)

Proof. Since the density ¢ is bounded on (a,b) by Theorem 5.13 it follows that ¢ € Sao (Y (%)),
Furthermore, since (y, z) — F(y, 2)j(|y—z|) is bounded on (a, b) x (a, b) it is enough to show that
for any € > 0 there is a Borel subset K = K (¢) of finite measure and a constant 6 = d(¢) > 0
such that

(@ YG (2 0)
sup / (a.5) dydz < e (5.20)
z,we(a,b) G( )( )

for all measurable sets B C K such that A\(B) < d and A = (K x K)°U(B x (a,b))U((a,b) x B).
This is shown similarly as in Theorem 5.13 using the following generalized 3G inequality derived
from (5.15)

( 1;7b)(z,w) ( y)G (a, b)(z w)
G b)( T, w) - G( )( w)
|z — w| V&~ a(x,w))
(lz =yl v @~ (a(z, 9)))(|z — w| vV &~ (a(z,w)))

This implies F € A (Y(@). m

5.3 Boundary Harnack principle for Z

Let 7(4,5) be the first exit time of Z from the interval (a, b) and the G(Z ) the Green function
of Z(@) The process Z can exit the interval (a,b) only by jumping out, since by [Szt00, Theorem
1]
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5.3 Boundary Harnack principle for Z

for all € (a1,a2) C R. Recall from (2.17) and (5.12) that the transition probability of Z.

starting from x is equal to

(a,b)

B, (2, € B) = /B PE (w0, 2)dz, @ € (a,b), B € B((0,00) \ [a, b)),

where P(Za b) is the Poisson kernel of Z in (a, b) given by

b
P2 = [ Gty o (@), 2 € 0,00\ fa.b]
a

Using the results from the previous sections we can similarly as in [KSV10, Section 4] prove the

Harnack inequality and boundary Harnack principle for harmonic functions of process Z (a:b).

Theorem 5.17 Harnack inequality
Let R > 0 and a € (0,1). There exists a constant c5 = ¢5(R, a, ¢) > 0 such that for all r € (0, R)

and every nonnegative function u on R which is harmonic with respect to Z in (0, 3r),
u(z) < esu(y), for all z,y € (ar, (3 —a)r).

Proof. Let by = ar/2, by = ar, bs = (3 — a)r and by = (3 — a/2)r. By Theorem 5.13, Theorem
5.16 and (5.15) the exists a ¢ = ¢ (¢, R) > 1 such that

a(z;,y)
o~ Ya(zsy)) V|z —yl’

< G(Zbl,bz;)(xi?y) S 61 1= ]., 2,

o~ a(zi,y)) Ve —yl ~
for all x1,x9 € (ba,b3) and y € (b1, by). Furthermore, note that for i = 1,2

ar 3—a)r
— < 5(a7b)(33i) < (2)

ar ar
5 and  Gap)(y) < 7 lzs —y| > —.

4

Therefore ®~!(a(x;,y)) V |z; —y| < r, i = 1,2 so by (H1) and (5.16) there exists a constant
éo = ¢3(R, a, ) > 0 such that

G(Zb17b4)('{r1? y) S 62G(Zb17b4)('{r1? y)
for all z1,x9 € (be,b3) and y € (b1,by). Consequently, we have
Fhppans) = [ Ghylan ity 2)dy
(b17b4)

< 62/ GGy ) (@2,9)i(y, 2)dy
(b17b4)
= 62P(%1’b4)($2, Z)

for all z1,x9 € (b2, b3), z € [by,by]¢. It follows that

b1,b
’LL(:L'l) = Eay {u (XT(blvbéﬂ)} - /(b1 by)€ U(z)Pé ' 4)(1}1, Z)
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5.3 Boundary Harnack principle for Z

< 62/ u(z)Pébl’b“)(xg, z) = Cau(x2)
(b1,ba)

for all 1,22 € (ar, (3 —a)r). O

Theorem 5.18 Boundary Harnack principle

Let R > 0. There exists a constant cg = cg(R,¢) > 0 such that for all » € (0, R), and every
nonnegative function v which is harmonic for Z in (0, 3r) and continuously vanishes at 0 it holds
that

for all z,y € (0, A17), where A is the constant from Lemma 5.5.

Proof. Let = € (0, \;7). Since u is harmonic in (0, 3r) and vanishes continuously at 0 we have

o=y o (7, )] e [ )] = o (20 2 < )

+ E; [u (ZT(O’”) H o 2 27“} = u(x) + ug(x).

First note that

u(z) u(x) ug(x)
u()\l’r‘) S u()\l’l“) + UQ()\lT)
A1

and we estimate each term separately. By the Harnack inequality (Proposition 5.17) for a = 5

and Lemma 5.6

ui(x) < 5K, [u(/\lr) t g € (r, 27")] < csu(Ar)Py (ZT(O,T) > 7’)

h(z)
h(r) —

= C5U(A1T)]P’z (7‘(077«) < T) < C5u()\17“)

For the second term, since j is decreasing

/ /2 (2, )iy, 2)d=dy

/ / 2)G (@) (2 — y) + iy + 2))dzdy
S/O G(Om)(fﬂ’?/)dy/2 u(2)(j(z =) + j(2))d=

T

= Bulrion] [ a0~ ) + )z

2r

< 4rh(x) /2 T u(2) iz — ) + j(2))d

r

where the last line follows from Lemma 5.8. By [KSV14, Theorem 3.4] there exists a constant
¢1 = ¢1(¢) > 0 such that

&t $(z7%)
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5.3 Boundary Harnack principle for Z

so by (3.4) it follows that
jlz —71) < E2%(2), z2>2r

and
o)
ug(z) < 5126h(x)/ u(2)j(z)dz.
2r
On the other hand, by Lemma 5.5
A7 2 00
w(@) > [ 6wy | o)+ i+ s
> Agh()\lr))\lr/ u(2)j(z)dz.
2r
Therefore, it follows that
u(x) h(x) ¢12% h(x) _ h(x)
< = . 21
uar) = Char) T Mg hOar) - Ch(ur) (5.21)

On the other hand
u(z) uz ()
w(Mr) — u(Ar)’

For the other inequality, from [KSV12b, Lemma 5.1] for p = % it follows that there exists a
constant ¢z = ¢3(¢, R) > 0 such that for all z € (0,7) and y € (2r, 3r)

) Yy
| Paads < [P, )+ PE, (o —i)ds

2r

Yy
/ (P()Es,s) (I’, Z/) + P()ES’S) (1', —y))ds
3r(1+1/3)/2

53Wj(y) < 2 i)

IN

Now by applying [KSV12b, Lemma 5.2 and Lemma 5.3] for U = B(0,2r) and p = % it follows
that

) < 5 [ ulitay

for some constant ¢4 = ¢4(¢) > 0 and all = € (0,r). Furthermore by Lemma 5.4

Alr

ug () > ; G(Z(M)(x,y)dy/%

o0 [e.9]

w(z)(j(z) +j(z+71))dz > )\gh(x)/\lr/z u(z)j(z)dz.

By the last two displays, (3.4) and Lemma 5.3 we get the required inequality, i.e.

u(A1r) 4 h(A1r)
B(r=?)
Combining (5.21) and (5.22) we get the statement of the theorem. 0
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Abstract

We examine three equivalent constructions of a censored rotationally symmetric Lévy
process on an open set D - via the corresponding Dirichlet form, through the Feynman-Kac
transform of the Lévy process killed outside of the set D and from the same killed process by
the Ikeda-Nagasawa-Watanabe piecing together procedure.

For a complete Bernstein function ¢ satisfying condition (H):

¢(Ar)

al)\‘sl <2< ag)\52, A>1,r>0
(r)
for some constants aj,as > 0 and 61,2 € (0, 1), we prove the trace theorem for the Besov space
of generalized smoothness H ¢("|2)’1(R”) on n-sets. We analyze the behavior of the corresponding
censored Brownian motion near the boundary 0D and determine conditions under which the
process approaches the boundary of the set D in finite time.

Under a weaker condition (H1), i.e. (H) for A\,7 > 1, on the Laplace exponent ¢ of
the subordinator we prove the 3G inequality for Green functions of the subordinate Brownian
motion on x-fat open sets. Using this result we obtain the scale invariant Harnack inequality
for the corresponding censored process.

Finally, we consider a subordinate Brownian motion such that (H) holds and 0 is regular
for itself. We establish a connection between this process and two related processes - censored
process on the positive half-line and the absolute value of the subordinate Brownian motion
killed at zero. We show that the corresponding Green functions on finite intervals away from
0 are comparable. Furthermore, we prove the Harnack inequality and the boundary Harnack

principle for the absolute value of the subordinate Brownian motion killed at zero.



Sazetak

Cenzurirani Lévyjev proces na otvorenom skupu D dobije se suzbijanjem skokova
Lévyjevog procesa izvan skupa D restrikcijom pripadne Lévyjeve mjere na taj skup. U radu
promotramo tri ekvivalentna pristupa u konstrukciji takvih procesa - preko pripadne Dirichle-
tove forme, Feynman-Kacovom transformacijom Lévyjevog procesa ubijenog izvan skupa D te
Ikeda-Nagasawa-Watanabe procedurom spajanja nezavisnih kopija Lévyjevog procesa ubijenog
izvan skupa D.

Dokazan je teorem o tragu na n-skupovima za generalizirane Besovljeve prostore HY! (R™)

i to za karakteristicne funkcije oblika
U(x) = ¢(|2]?), = eR"

gdje je ¢ potpuna Bernsteinova funkcija koja zadovoljova svojstvo (H):

A
al)\‘;l < M < ag)\52, A>1,r>0

¢(r)
za neke konstante aq, az > 011,02 € (0,1). Takoder, promatran je problem grani¢nog ponasanja
cenzuriranog subordiniranog Brownovog gibanja s Laplaceovim eksponentom subordinatora ¢,
te su dani uvjeti pod kojima se proces priblizava rubu skupa D u kona¢nom vremenu.

Uz pretpostavku da uvjet (H) vrijedi samo za A\,r > 1 dokazana je 3G nejednakost za
Greenovu funkciju tranzijentnog subordiniranog Brownovog gibanja na x-debelim otvorenim
skupovima. KoriStenjem ovog rezultata pokazana je Harnackova nejednakost za pripadni cen-
zurirani proces.

Promatramo subordinirano Brownovo gibanje za koje je 0 regularna tocka za sebe te
Laplaceov ekponent subordinatora zadovoljava uvjet (H). Uspostavlja se veza izmedu ovog
procesa i dva vezana procesa - cenzuriranog procesa na (0, 00) i apsolutne vrijednosti pripadnog
procesa ubijenog u nuli. Pokazano je da su pripadne Greenove funkcije procesa ubijenih izvan
konacnog intervala (a,b), za 0 < a < b, usporedive. Nadalje, dokazana je Harnackova nejed-
nakost i grani¢ni Harnackov princip za apsolutnu vrijednost subordiniranog Brownovog gibanja

ubijenog u 0.
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