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Preface

This work was made at the Faculty of Mechanical Engineering and Naval Architec-
ture in Zagreb, and at the Institute of Aeroelasticity which is part of DLR (Deutshes
Zentrum far Luft- und Raumfahrt) in Gettingen.

Flutter phenomenon of aerodynamic surfaces of aircraft, which has to be investiga
ted for each new aircraft design or structural modi cation of existing aircrt, is still
important topic of research in aeroelasticity, and especially for aircrain transonic
ight.

One way to check aeroelastic behaviour of the aircraft are computational mett®
which are capable to carry out big amount of calculations before in ight checks, arite
other way are wind tunnel experiments. Direct simulation of uid-structure interation
in time domain, using the most precise methods for loads calculations, requires extremely
high needs for computational resources.

As the main e ort is needed for the part of unsteady loads determination, more
e cient methods are developed for utter boundary prediction. Loads determination
comprises the unsteady ow calculation around aircraft which performs oscillatomo-
tions with di erent elastic modes and di erent frequencies. Because of small compu-
tational and time requirements for loads analysis, panel method with doublets called
doublet-lattice method (DLM) is widely used. One of the DLM method shortages is
inability to resolve strong shocks in transonic region. Simulations of Reynolds aveeal
Navies-Stokes (RANS) equations for utter analysis give more precise results, but @ls
require big computational and time resources, and because of that are not rst cheic
for preliminary design phase.



Vii

Between these two extremes, viscous-inviscid interaction methods like Euleith
boundary layer are good compromise. Solving Euler equations it is possible to resolve
shocks, and coupling with boundary layer equations gives balance between ow model
and computational e ciency. Viscous-inviscid interaction methods give results that e
comparable with RANS results, but computational time is several times less and this
gives them advantage for fast utter analysis.

Zagreb, March 2010. Frane Majc, dipl. ing.



Summary

In this work a simple and accurate method for two-dimensional unsteady aerodynamic
load determination on airfoil is developed. The method employs viscous-inviscid co-
upling. The inviscid ow is governed by the unsteady Euler equations solved by nite
volume method on moving C-type rigid grid, while viscous ow is governed by steady
boundary layer integral equations. The Euler equations are solved in conseivatform,

in transformed body- tted coordinates. The viscous-inviscid coupling is perfornaeby
transpiration velocity incorporated in the boundary condition on airfoil. Therefoe, the
method requires no grid deformation for the boundary layer in uence inclusion. The
transition is predicted by the€e” method. The viscous-inviscid method is focused on sub-
sonic and transonic ows, at high Reynolds number, with shock-wave appearancine
steady and unsteady test cases for three characteristic airfoils are perhed, namely
NACA 0012, NACA64A010, NLR 7301. The results are compared with experimeita
data and with unsteady RANS calculations. The method gives results which are in
good agreement with experimental data and with calculated unsteady RANS ressilt
The method has convergence problems in the test cases with separation. The mettsod
applicable in the design processes where unsteady loads are required within reasonable
time and with accuracy comparable with RANS methods.

Keywords: viscous-inviscid coupling, viscous ow, Euler equations, transpiration
velocity, computational uid dynamics, mach number, airfoil, shock-wave, airfoll
pressure coe cient distribution

viii



Saetak

U ovome radu razvijena je jednostavna i precizna metoda za odiganje nestacionarnih
aerodinamckih optrecenja za dvodimenzionalno strujanje oko aeropro la. Metod&o-
risti princip sprezanja viskoznog i neviskoznog dijela strujanja. Neviskozni diorgfanja
je opisano nestacionarnim Eulerovim jednadzbama koje su rijesene pomau mete kon-
trolnih volumena na pomcnoj nedeformabilnoj mrezi C-tipa. Viskozni dio strujanja je
opisan integralnim jednadzbama grantnog sloja za stacionarno strujanje kejsu rijesene
Runge-Kutta metodomcetvrtog reda. Eulerove jednadzbe su rijesene udnzervativnom
obliku, u transformiranim prianjajwcim koordinatama. Sprezanje viskoznog i nevisko
nog dijela strujanja je izvedeno pomau transpiracijske brzine koje je ukljuw®a u rubni
uvjet na aeropro lu. 1z tog razloga metoda ne zahtijeva deformaciju mreze da kse
ukljwcio utjecaj grancnog sloja. Polaaj tranzicije grancnog sloja je predviden pomau
metode€”. Metoda viskozno-neviskoznog sprezanja je usmjerena na podzvweno i kroz-
zvieno strujanje pri velikim Reynoldsovim brojevima, s pojavom udarnog vala.zviseni
Su proracuni za stacionarno i nestacionarno strujanje, za tri karaktertsna aeropro la
NACA 0012, NACA64A010 i NLR 7301. Rezultati su uspoeni s eksperimentalnim
podacima i s nestacionarnim RANS proracunima. Metoda daje rezultate koji se dobro
slazu s eksperimentalnim podacima i s proracunatim nestacionarnim RANS rezultatima
U slicajevima strujanja s odvajanjem, metoda pokazuje probleme s konverggom.
Metoda je primjenjiva u procesima razvoja gdje se zahtijeva proracun nestenarnih
opterecenja unutar prihvatljivog vremena racunanja i s preciznacu koja je usporediva
s RANS metodama.

Kljicne rijeei: viskozno-neviskozno sprezanje, viskozno strujanje, Eulerove
jednadzbe, transpiracijska brzina, racunalna dinamika uida, Machov broj, aeropro |,
udarni val, raspodjela koe cijenta tlaka na aeropro lu
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1 Introduction

1.1. Motivation

The phenomenon of aircraft utter, which has to be investigated for each new a@iraft
design or structural modi cation of existing aircraft, is still one of the currentimportant
research topics in aeroelasticity, especially for transonic speed ight§his phenomenon
is aeroelastic problem, determined by the interaction of the elastic, damping and iner-
tial forces of the structure and the unsteady aerodynamic forces generateddscillatory
motion of the structure itself. Such oscillatory motion can lead to a progres&vncrease
in amplitude of vibration, ending in a disintegration of the structure. For a given con -
guration of an aircraft structure the unsteady aerodynamic forces increasapidly with
ight speed, while the elastic, damping and inertia forces remain unchanged. Because of
this reason there exists a critical ight speed ( utter speed) above which uter! occurs.

Actually, every manned ying machine has to undergo some kind of aeroelastic
analysis before ight, because utter and other aeroelastic phenomenon in ight ee-
lope of the aircraft have to be avoided without exception. There are three wayto
examine the aeroelastic behavior of the aircraft: ight testing, wind-tunnel teshg, and
analysis by computational methods. Flight and wind-tunnel tests can be performed at
earliest in late phase of aircraft design process, because these testsvarg expensive.
Moreover, because of need for testing of more di erent aircraft or astynamic surface
con gurations, fabrication of di erent wind-tunnel models and di erent aircraft pro-
totypes would be huge time and nancial burden in aircraft testing process. Themfe,

!Self-induced oscillation of coupled aeroelastic system due to the utual interaction between struc-
tural (elastic, inertial and damping) forces and unsteady aerodynamic érces.
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a much cheaper solutions are computational methods where many computational test
cases can be performed before ight or wind-tunnel tests.

In the transonic speed range, aeroelastic analysis becomes signi cantly mooene
plicated. Under these conditions, shock waves can form and disappear as the aitcraf
undergoes unsteady, structurally exible motion. In addition, regions of separated ow
can appear and disappear as these shock waves strengthen and weaken. Téeshig-
hly nonlinear phenomena that can have essential impact on the aeroelastic behavior of
aircraft. The appearance of shock waves on the aircraft aerodynamic swea can cause
a further drop in utter boundary in the range of transonic speed. This drop is called
transonic dip (see Fig. 1.1). The important feature of the transonic dip is the botta
of the dip, which de nes the minimum utter speed at which utter can occur across
the ight envelope of the aircraft. The utter speed represents some crital speed at
which the structure sustains oscillations following some initital disturbance. Below this
speed the oscillations are damped, whereas above it one of the modes becomeginega
vely damped and unstable oscillations occur, unless some form of nonlinearity bounds
the motion [1].

o MF
w i
[ B
(7] 1+
ot -
5 -
Ef
5 oo
_I -
L |
a2 [
w 08F
5 -
% |
2 07k 4
] i TRANSONIC DIP
=
a -

06

I TR RN [ TR SR

s T R
0.6 0.7 0.8 0.9 1 11
Ma

Figure 1.1: Transonic dip

The utter analysis by linear aerodynamic methods typically predict the utter bo-
undary adequately at subsonic and supersonic speeds, but in transonic speed range it
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predicts a higher utter speed than experiment [2]. The utter boundary could be obta-
ined by inviscid unsteady aerodynamics analisys, e.g. solving unsteady transonic small
disturbance potential ow, full potential ow, or Euler equations of motions. Although
these methods have capability of capturing shock waves in the ow and transonic dip,
they predict signi cantly lower utter speed at the bottom of the transonic dip bea-
use they do not involve viscous e ects in the calculations. Viscous e ects which aict
the form of signi cant boundary layer thickening and shock-induced ow separation are
responsible for better de ning the bottom of the transonic dip.

For the utter analysis, some arbitrary motion of the airfoil is not so often used
but the harmonic motion for a single oscillation frequency is of more interest. The
objective of such analysis is to determine the ight conditions that correspond tohe
utter boundary (stability boundary), for which one of the modes of motion has a
simple harmonic time dependency [3]. In the linear utter analysis it is presumed that
the solution involves simple harmonic motion and also excitation force and moment have
harmonic behavior. With this assumption the equations of motion are then cast into
eigenvalue problem in frequency domain and solved for complex eigenvalues. From this
eigenvalues it can be concluded about stable or unstable oscillations of the airfoil. The
classical utter analysis cannot provide any de nitive measure of utter stability other
than the location of the stability boundary. Despite this weakness of the method, its
primary strength is that it needs only the unsteady airloads for simple harmonic motion
of the airfoll.

The direct simulation of uid-structure coupling in the time domain, adopting the
most precise modeling techniques for computation of uid loads, requires extremely
high computational e ort. As the main e ort is needed for the part of computing
unsteady aerodynamic loads, more e cient methods have been developed for the tagk
predicting only the utter boundary, which is the state of equilibrium between dynamic
structural forces and induced aerodynamic forces. The aerodynamic part of théwtmn
procedure then comprises the computation of unsteady aerodynamic ows around the
aircraft structures performing oscillatory dynamic motions in di erent known elasc
geometrical modes and with di erent frequencies.

For this purpose the doublet-lattice method is still present in actual design analysis
because of low computer time consumption and simple setting procedure of compu-
tational problem. One of the method lacks is inability of capturing strong shocks in
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transonic ows. RANS simulation for utter analysis gives much more accurate re-
sults, but it uses large amount of computational time and hence is not rst choice for
preliminary design. In adition, RANS needs large grids with high resolution and the
problem setting is much more demanding. RANS is also limited with uncertainties in
turbulence modeling, di culties in high quality grid generation and di culties with grid
deformation algorithm in unsteady ows [4].

In preliminary aeroelastic design process, engineers that are not experts immpu-
tational uid dynamics (CFD), but other elds like nite element structural modeling
or ight controls, should also be able to use CFD methods. This requires that CFD
methods be robust and more automated than current RANS codes. Between these ex
tremes, viscous-inviscid interaction methods such as Euler with viscous boundaayer
correction is a good compromise. Euler methods are capable of resolving strongckbo
and with boundary layer coupling they are good balance between ow model and com-
putational e ciency. The viscous-inviscid interaction methods give results compatde
to RANS solvers, but computer time is several times smaller and this gives appreciable
advantage for fast utter analysis in design process.

This work is dedicated for improvement of such viscous-inviscid interaction met-
hod with unsteady Euler as an inviscid solver and a solver of integral boundaryy&x
equations for thin viscous region, with interaction by transpiration velocity oncept.

1.2. Overview of Previous Work

The earliest works in unsteady aerodynamics connected to utter analysis were made
in 1930's and 1940's. Strip theory aerodynamics was long time the most used aerodyna
mic tool for prediction of unsteady aerodynamic loads [5]. In this approximation theory
one considers each spanwise segment as it were a portion of an in nite span winghwit
uniform spanwise properties.

During 1960's remarkable unsteady aerodynamic tool was developed, namely doublet-
lattice method [6]. Further development of this method was to allow handling of non-
planar aerodynamic surfaces with bodies [7]. This method produced one important con-
tribution to utter analysis, aerodynamic in uence coe cients (AICs). AICs relate the
lift on each element of aerodynamic surfaces and displacements (related tonskation
and rotation) and also the dynamic pressure. More recently, Rodden et al. contied
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to re ne the doublet-lattice method [8]. These enhancement were the replacement of
the approximation of the numerators of the incremental kernels and improved approxi-
mation to the integrand in the integral in the kernel. The doublet-lattice method has
been in use for over 30 years and has become a standard for production utteradysis.
There are some features that are responsible for long life of the method. First, the
method is accurate enough for production utter analysis, except in transonic regime
and when there exist separation. Second, the method has small calculation time and
produces AICs. Third, the method has ability to model fairly complex geometry and
does not have the need for grid generation. The method has lifting surfaces that are
simply replaced with series of panels. All this gives nal important feature that is, use
friendly code.

Among methods based on various forms of the potential ow equation with boundary
layer correction, which have shown good results for unsteady calculations withdatge
computational resources and less working hours in setting up the problem, the CAP-
TSD [9] code is widely used. This code has many advantages over a RANS code: ease in
grid generation, no need for moving grid and less demand for computational recourses
Despite the use of vortex and entropy corrections, the assumptions in CAP-TSDae
limits its applicability to irrotational ows with weak shocks. Edwards [10] used CAP-
TSD code with a lag-entrainment integral boundary layer method for computation fo
unsteady transonic ows involving separation and reattachment. Also, Edwards shed
the self-excited shock-induced oscillations (bu et). Cebeci at al. [11] have st an in-
teractive boundary layer method for multielement airfoils at low and moderate Reyplds
numbers. In this method inviscid part of ow is solved by the Hess Smith panel met-
hod, while viscous boundary layer ow is solved by the compressible boundary layer
equations (mass, momentum and energy) for laminar and turbulent ows and, with
the algebraic eddy viscosity and turbulent Prandtl number formulation of Cebeciral
Smith [12]. Mangler and Catherall [13] in their work showed the method which gave
the solution of the boundary layer equations near a separation point for steady -
pressible laminar two-dimensional ow. The boundary layer equations are solved in a
regular direct mode until the separation point is reached. After the separation pu
the displacement thickness is prescribed, and then the pressure gradient is calculated.
They obtained solutions for reversed ow, namely for small separation bubbles inside
boundary layer.
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Because methods that solve Euler equations are capable of resolving strong shocks
and transporting vortices correctly, many researchers have investigat interactive bo-
undary layer methods using the Euler equations [14, 15]. However, many researchers
have focused on steady calculations. Drela [16] has used Euler equations for awis
eld and integral boundary layer formulation for thin viscous region in neighborhod of
the airfoil. Transition prediction is based on the Orr-Sommerfeld equation formulain
(e method) and incorporated into two-equation, integral, laminar/turbulent boundary
layer analysis. The viscous formulation is fully coupled with the inviscid ow that is
governed by a streamline-based Euler formulation. The entire non-linear coupled &yms
of equations is solved by Newton solution procedure.

Recently, Zhang [17] demonstrated an e cient Euler method with boundary-layer
correction suitable for the airplane wing utter. The thickness of the wing as well as
its small-scale motion is simulated by approximated boundary conditions implemented
on the stationary wing chord plane. Therefore, non-moving Cartesian grid is useor f
unsteady simulations of airplane wing.

In aeroelastic applications, where a high number of parameters such as di erent
natural modes, angles of attack, Mach numbers, frequency, etc. must be@stigated,
methods that solve unsteady aerodynamic problem in frequency domain are introduced.
Especially, these methods are suitable for simulations at low reduced frequenciete T
same simulations in time domain are time consuming because a periodic state can be ac-
hieved after calculating a number of cycles. Recently, a numerical method bdsm such
alternative approach, namely, on solution of small disturbance Euler equations (SDE) is
presented [18]. Assuming harmonic behavior of unsteadiness (unsteady variables), they
yield a set of linear variable coe cient equations for the complex amplitude of the eld
guantities. The unsteady problem is reduced to a steady-state problem for the par
bation part. The non-linear ow physics is contained in steady reference solution whic
is needed for linearized solution. The unsteady loads can be evaluated directly and
used within the standard modal utter calculations. Overall, the method shows good
results, but in ows with shocks, pressure distribution shows remarkable di erences in
comparison with non-linear Euler solution. The same linearization is made for Navier-
Stokes equations by Pechlo [19]. In this work also the linearization of Spalart-Allmas
one-equation turbulence model was made.

Recently, some papers are published that analyze coupling of RANS equations with
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boundary layer [20, 21, 22]. These papers demonstrated the prediction of traiit
region with the aim to construct laminar airfoils and to reduce the drag.

1.3. Objective and Hypothesis of Research

The e ective surface displacement approach describes the concept of the viseous
inviscid interaction. This approach can be employed in high Reynolds number ows
where viscous e ects are contained in thin boundary layer region. As the boundary
layer thickness changes in unsteady ows, a new grid must be generated for theisad
computation after each interaction. A method which avoids this di culty is the method
of equivalent sources proposed by Lighthill [23]. Changes of boundary-layer maefect
is used to impose the sources or sinks on solid surface of airfoil. The blowing or gurct
e ect of the injected ow simulates the displacement action of the boundary-layesn the
outer inviscid ow. In this work attempt is made to incorporate momentum contribution
of the injected ow for the interaction with Euler equations. Momentum equationin
direction perpendicular to airfoil surface is solved with incorporation of boundg layer
blowing e ect on inviscid ow. All calculations are made on body- tted curvilinear grid
with orthogonality condition on airfoil surface.

The aim and hypothesis of the thesis is to show that approach with incorporation
of momentum from boundary layer into momentum equation in direction normal to
airfoil will give results that are comparable with more precise today available methods
The method should be accurate enough to be usable as aerodynamic tool in routine
aeroelastic checks, and also should give good results in transonic region witieeeshock
waves are appearing.



2 Viscous-Inviscid
Interaction

At high Reynolds number ows, where inertial forces are more signi cant than vis-
cous forces, Prandtl [24] showed how Navier-Stokes equations could be simplied to
yield approximate solution. In such ow cases viscous e ects are con ned in thin rem
close to viscous wall, called boundary layer. Therefore, such ows can be daposed
in two regions. First region is the eld away from boundaries, where viscous e &cat
high Reynolds number can be neglected. Second region is thin boundary layer region
where viscous e ects are con ned.

2.1. Viscous-Inviscid Interaction Method

In this work viscous-inviscid interaction of boundary layer integral equaties and
Euler equations is made by the transpiration velocity concept. The transpiration velo
city changes the slope of the net velocity at the boundary and in such way repreten
displacement thickness of boundary layer and in uence of boundary layer on inviscid
ow outside the boundary layer. The transpiration velocity concept is proposed byib-
hthill in [23] as equivalent sources concept. From the integration of continygitequation
for incompressible ow, from wall surface to the outer edge of boundary laye(x), it

follows:
Z Z
(x) @v (x) @u
V= —dy = —dy: 2.1
0 @yy 0 @Xy (2.1)

x and y are coordinates along and perpendicular to the wall respectively, andand
v are corresponding velocity components. When the velocity, at the boundary layer
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edge ¢ = (x)) is introduced in the second integral, then the following expression for
the velocity v is obtained:

Z
due , d ()

dx o dx

The rst term in (2.2) is that which would be present in the irrotational ow around

V= (ue u)dy (2.2)

the body, and the second is the additional velocity due to the boundary layer existence.
The second term, which represents transpiration velocity, can be rearraggjto contain
displacement thickness:

Z
d ! u d
= & . Uue 1 u—e dy = & (Ue ) . (23)

In this work the viscous-inviscid interaction is made in direct mode. There are ot-

Vi

her possible ways for the viscous-inviscid interaction, namely inverse, semiarse and
simultaneous. In the direct method, used in this work, the output from inviscid solver,
which are velocity or pressure at the boundary edge, are used as the input in the viggo
solver of boundary layer equations. The output from the viscous solver is displacermen
thickness, or transpiration velocity derived from the displacement thickness, wiids
then used as input in inviscid solver to update the boundary condition of inviscid ow.
The used scheme of direct coupling method is presented in Fig. 2.1. The advantage
of such coupling method is its speed and simplicity in the application. The disadvan-
tage of the the direct method is inability to simulate separated ows, because of the
appearance of a singularity in the boundary layer equations which is called Goldstein's
singularity [25].

In the inverse method, the viscous and inviscid equations are solved in the rewers
mode. The boundary layer equations are solved for the unknown pressure from the
displacement thickness as the input, while inviscid equations are solved for the required
displacement thickness from the pressure distribution of boundary layer. The calculdte
displacement thickness serves as input to the boundary layer solver.

The compromise between direct and inverse methods is semi inverse method. In
this method the inviscid equations are solved as in direct mode, while boundary layer
equations are solved as in the inverse mode. The both viscous and inviscid regions
are solved for the unknown velocity distribution at the boundary layer edge from the
displacement thickness. The two velocity distributions are compared and according
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INVISCID SOLVER |«
(EULER EQUATIONS)

VISCOUS SOLVER
_| (BOUNDARY LAYER
EQUATIONS)

Figure 2.1: The scheme of direct coupling method of viscous-inviscid interan

to this di erence, new displacement thickness is determined. The convergence with
relaxation is performed until velocity distributions from two ow region are in agreement.

In the simultaneous method, the inviscid equations are simultaneously solved with
viscous equations. The both set of equations are written together and salvas one
system.

The coupling method by the transpiration velocity showed strong solution oscillations
at the near separation test cases, and at the position of sudden thickening ofuibpdary
layer thickness. To reduce such oscillatory behavior of solution and to reach nw
tone converged solution, the underrelaxation method was used. The underrelaxatisn
performed on the transpiration velocity, by the following expression:

vie= Vet (V) (2.4)

The superscripts o and n represent the old and the new solution of transpirationlge
city magnitude in the iterations of viscous-inviscid coupling respectively. represents
underrelaxation factor and it is smaller than one. At the initial calculation step when
transpiration velocity magnitude is calculated for the rst time, the old solution of tran-

spiration velocity magnitude is equal to zero. Left hand of equation (2.4) is resuig

transpiration velocity magnitude and in new iteration step it serves as the old soliain

in the subsequent iteration.



3 Inviscid Model

In this chapter inviscid compressible uid dynamics equations will be derived. The
method of solving these equations will be described and also the transformation of
body- tted (physical) grid to Cartesian (calculation) grid. The boundary conditions
will be described on outer domain boundary as well as on the airfoil contour boungar
The incorporation of boundary layer in uence by transpiration velocity in boundary
condition on airfoil will be described.

3.1. Coordinates Transformation

In the case of ows around curved bodies like airfoils, the structured grids in cur-
vilinear body- tted coordinates can be used. Such grids are suitable because of their
structured nature and better performace of codes optimized for such gridpg. In
Fig. 3.1 body- tted coordinate system is shown on two dimensional structured grid
around airfoil with curvilinear axes and

Structured grid in such coordinate system can be very easily transformed enCar-
tesian grid in Cartesian coordinate system, which numerically simpli es the solution
calculation by application of control volume method. Mapping functions from Cartesian
system ;y;t) into curvilinear body- tted coordinate system (; ; ) can be written in
the following form:

(xy:t)
(X;y;1) (3.1)

11
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Figure 3.1: Body- tted curvilinear coordinates about airfoil contour

In Fig. 3.2 characteristic points (from A to F) in the curvilinear structured grid
around airfoil are shown. Point A is at the trailing edge on lower surface and poifit is
at the trailing edge on upper surface. In the same gure these points are shown imet
physical plane (down left) and in the mapped plane (down right). The airfoil surface
which is represented by line between A and F, is in mapped plane represented byaght
line between points A and F (shown bolded). Between these two grid repretaions of
eld around airfoil, mapping functions exist which are writen in equations (3.1)

In the transformation of Euler equations from Cartesian coordinates to cuilinear
coordinates the metric coe cients that come from grid transformation have tde calcu-
lated (see section 3.3.). This transformations can be expressed from fuoos written
in (3.1). From these expressions the derivations with respect to Cartesi@oordinates

and physical time can be written as follows:

@e_ e, @ @
@ex @ ‘@ ‘@
e. @ e @
@y '@ 'e' e (3-2)
e e e @
et '@ '@ '@
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Figure 3.2: Curvilinear to cartesian grid mapping

Subscripts in expressions (3.2) and subsequent expressions represent partial dgom
with respect to the variable in the subscript. Metric transformation coe cients are given

according to following expressions:

whereJ is the determinant of Jacobi

¥ = le X:O
y=3J x y=0 (3.3)
=0 =1

matrix and equals:
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axy;t) _

J= =2 r

a ) Xy YyX: (3.4)

X X X

< K

= O O
I

3.2. Euler Equations

In the ows around streamlined bodies like airfoils, at high Reynolds numbers, vis-
cous e ects are only signi cant in thin region close to airfoil called boundary laye In
such ows, the region around airfoil (except the boundary layer in the close vicinitgf
airfoil where viscous e ect are not negligible) is possible to solve by Euler equat® In
this work inviscid ow is calculated by Euler equations in body- tted coordinates.

Euler equations describe unsteady, inviscid, compressible, anisotropic and rotational
ow. Such form of the equations represents nonlinear hyperbolic conservativenva in
which e ects of mass forces, viscous stresses and heat uxes are negtecteor such
form of equations Riemann solvers and upwind methods are directly applicable.

There are di erent forms of Euler equations. Written in two dimensional Cartesia
coordinates and conservation di erential form, Euler equations have following rim:

@, FQ, GO _,

3.5
@t  @x @y (3.5)
where vectorsQ, F and G equal
2 3 2 3 2 3
u v
2+
Q:ELé Fzgu p% G:E v ? (3.6)
v uv VZ+p
e uh vh
In vectors expressed by (3.6) is speci c total energy (per unit mass)
_ 1 p, 1 5 5
e= 1 + 5 us+ v (3.7)
and h is speci c total enthalpy (per unit mass).
h=_— P, 1 u?+ v2 (3.8)

1 2
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3.3. The Vector Flux Splitting

The schemes based on central space discretizations, associated with theigpax
terms in subsonic ow, have a symmetry with respect to a change in sign of the eige-
nvalues (characteristic speed) which does not distinguish upstream from downstne
in uences. Hence the physical propagation of perturbations along characteristidgpi-
cal of hyperbolic equations, is not considered in the de nition of such numerical model.
Therefore, in the numerical implementation of this work, the method of the vectoux
splitting is used. This method belongs to the family of upwind methods which take
into account the perturbation propagation direction. The background of the ux vetor
splitting method is given in report of Steger and Warming [26].

System of equations (3.5) can be written in the form of matrices in the following

way:
@ @ @ _
@t+ A(Q)@er B(Q)@y- 0 (3.9)
where
A(Q) = % and B(Q) = %: (3.10)

Coe cients in matrices A and B are functions of vectorQ, therefore the system of
equations (3.9) is nonlinear. MatriceA and B are called Jacobi matrices (Jacobians)
and have following form:

2 3

@{-@n @{-@gq @{-@9 @{-@
_ @ @}-@n @=-@4 @i-@n @i-@
A(Q) = @

(3.11)
@i=@q @i=0n @i=Qg @@
@i=@q @f=@g @I=@y @1=@4
2 3
@FOg QFr@g @F@g QFQ@
)= & - E@gc@g @F@n OF0H OF@ 612
@gFOg QFQ@g @F@g QFQ

Q@ QF@y QFQg @F@4

wheref;, g and g are components of vecotr&, G i Q respectively, fori =1;2;3;4.



Chapter 3. Inviscid Model 16

Eigenvalues ; of matrix A are solutions of characteristic polynomial

A lj=det(A 1)=0 (3.13)

wherel is unit matrix. In analogous way the same is valid for matrix8 . Physically, the
eigenvalues represent propagation velocities of disturbances, and the systaniyper-
bolic equations has all real eigenvalues.

In the algorithm of ux vector splitting, the ux vectors F and G are divided into
positive contributions F*; G* and negative contributionsF ;G :

F=F"+F
(3.14)

G=G"+G :
The ux vectors are splitted in such way that Jacobian matricesd " =@ and @ " =@
have only positive, and Jacobian matriceg =@ and @ =@ have only negative
eigenvalues. According to this splitting, the equation (3.9) has now in Cartesian aeo
dinates following form:
R,IFR,FR, B R, E XR_
@Qt @ @x @ @x @ @y @ @y

Because of such ux splitting, the numerical calculation of spatial derivations df*;G"

0 (3.15)

and F ;G has to be conducted with backward and forward di erencing respectively.

Flux splitting is made with respect to the one-dimensional Mach numbévl, = u=a
I My = v=a For subsonic ow, wherejMy < 1j for F and jM, < 1j for G, the ux
splitting of F and G is made according to Van Leer [27] as follows:

2 3
a 2
T My
a
- DM 2Jf,
F = (3.16)
vf,
2 2 2
f, N v_fl
2(2 1) f, 2

wheref, andf, represent rst and second member of vectdf respectively.
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2 3
a
Z(l M,)?
ug,
=k 2 oMy, 2g I (3:17)
2 932 U2

+ —
2(2 1) g 2%
Membersg, andg; in (3.17) represent rst and third member of vectorG respectively.

For supersonic ow, wherejM, > 1j for F and jM, > 1j for G, it follows:

F"=F, F =0 for M, +1

(3.18)
Ff"=0; F =F for My 1
G"'=G; G =0 for M, +1

(3.19)

G"=0; G =G for M, 1
As the numerical calculations in this work are performed in body- tted coordina-
tes, it is needed to transform the Euler equations from Cartesian coordinaté€s;y;t)

into body- tted coordinates ( ; ; ). The Euler equations transformed in body- tted
coordinates and in conservative form are written in following equation:

@ @& G _
e'6ta-" (3.20)

where Q@ and F, G are transformed vector of conservative variables and ux vectors
respectively:

Q=JQ
F=( yx +xy)Q+yF xG (3.21)
G=( xy +yx)Q+yF xG:
In equations (3.21) and following equations in this work, indexes and represent
derivatives of Cartesian coordinates with respect to the curvilinear body-ted coordi-
nates. J represents the Jacobian of the grid transformation. The equation (3.20) has

not the same structure as the equation (3.5) and is not appropriate for the describaix
splitting. Correct splitting of transformed ux vectors (3.21) is performed in sich way
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that the ux vectors F and G are written as the product of the local rotation matrix and
modi ed ux vector what is described in [28]. Such modi ed ux vectors have now the
same form as the ux vectors in Cartesian coordinates but contain transforrdanstead
of Cartesian velocities. The ux vectors written in this form equal:

q _
F(Q) = x*+y*TeF(Q)
q _
G(Q)= x*+y*TsG(Q)

where the uxes now have the same form as in Cartesian coordinates, but with tran-
sformed velocities.

(3.22)

2 3
1
- ua
Q= g ~ % (3.23)
v
2 3
u
2
_ w+ —
F= (3.24)
av
uh
2 3
v
o av
G = a2 (3.25)
v+ —
vh
Transformed velocities in the ux vectorF are equal:
U= u x R (v
¥ ( ) R(v y) (3.26)
V=X (u x)+¥ (v vy)
while in the ux vector G are equal
u=%(Uu x)+4 (v
( )ty (v y) (3.27)

v g (u x)+Xx (v y):
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The velocity U in the ux vector F represent net velocity perpendicular to coordinate
line = const. and velocity V net velocity along coordinate line = const., i.e. covariant
and contravariant velocity components at face = const. respectively. In the ux vector
G velocity U represents net velocity along the coordinate line = const. and velocity
V is net velocity perpendicular to coordinate line = const., i.e. contravariant and
covariant velocity components at face = const. respectively. These velocities are
depicted in Fig. 3.3.

Figure 3.3: Covariant and contravariant velocities

The metric coe cients X ;§ ;® andy are normalized as follows:

R = g

%

(3.28)

§ = a——:
X2 + y2

Transformed total energye and total enthalpy h have the same form but include tran-
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sformed velocities:

a’ 1,
= —— _+ Z(u°+ .
e ( 1 2(U V) (3.29)
=@ 1 5. a.
h = 1 + é(u + V): (3.30)
Local rotation matrices T and T ¢ have following form:
2 3
1 0 0
\a R 0
Teg= y 2 9 0 (3.31)
2 2
X ; Y 9x Ry 2x +4y 1
2 3
1 0 0
X R s 0
Tg = y 9 2 0 (3.32)
2 + 2
X 2 Y 2x +4y 2y 9¢x 1

Now, the vector ux splitting on F and G can be performed in the same way as splitting
of uxes F and G in (3.16) and (3.17):

q _
F = x2+Yy2T¢F (3.33)

a _
G = x>+ y°TsG (3.34)

where the ux vectorsF and G are calculated in same way like splitted vectors in
Cartesian coordinates written in expressions (3.16) and (3.17), but in place bfach
numbers Mg and Ma, come Mach numbers Ma and Ma which are calculated by
transformed velocities:

(3.35)
Ma =

oI d
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3.4. Solution Procedure for Euler Equations

Now, Euler equations in body- tted coordinates with splitted ux vectors have fol-
lowing form:
@ .EF F B @
= 4 + + + =0: 3.36
e’ @' @' e @ (3:30)

The equation (3.36) is discretized and solved in the explicit way:

O™ ()= Q") Fri+1=2j) F'( 1=2j)

+F (i+1=2j) F (i 1=2j)

. N (3.37)
LG +1=2) GG 1=2)

#n
LG (B +1=2) G () 1=2)

where indexes i(j ) represent concerned control volume. The indexes € 1=2;j) and
(i 1=2;j) represent two control volume interfaces on lines = const., and indexes
(i;) +1=2)and (i;j 1=2) represent two control volume interfaces on lines= const. (see
Fig. 3.4). Superscriptsn and n+1 represent old and new time step respectively. Spatial
step, di erence between two coordinate lines in two directions ( and ) are arbitrary
chosen and equal = = 1m. Spatial derivations are approximated by MUSCL
scheme (MUSCL -Monotone Upstream-centered Scheme for Conservation Lgwshere
the uxes at the control volume interfaces are calculated directly by forwat or backward
extrapolation of solution vectorQ depending it is positive or negative ux contributions
respectively. Generally, formula for splitted uxes calculation follows:

F @ 1=2j)=F Q. %;j;mi 1.

2

Fi+1=2))=F Qi

i+

G (5 1=2)=G Qi_j ;M

(3.38)
i3

G (5 +1=2)=G Q.. ...;m

|
i+ 3 B+3
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wherem represents all geometric members included in body- tted coordinates transfor
mation, i.e. metric coe cients. The subscriptsi 1=2,i+1=2,] 1=2 andj +1=2
in expressions (3.38) represent control volume interfaces as noted adofxtrapolated
values of solution vectorsQ are obtained by help of second order approximations (here
only for direction):

Qi+%;j = Qi +0:5(Qy Qi 1)

Q. 1 = Qir1j *0:5(Qis1y  Qiszy)
where againi  1,i,i1+1, i +2 represent indexes of control volume centers and+ %
index of right control volume face in direction. Analogically is valid for direction.

(3.39)

. d /j/+1/2) \

>t o i, j) \

Figure 3.4: Control volume interfaces

3.5. Boundary Conditions and Contour Pressure De-
termination

Boundary condition on airfoil contour is imposed in inviscid part of ow solver.
Boundary condition on airfoil contour is given by zero ow through airfoil contar, or
by existence only the tangential velocity on contour. Mathematically, this boundyg
condition can be written by the following:
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v M M) A=0 (3.40)

where v is uid velocity, %, is prescribed velocity of boundary (airfoil contour),» is
transpiration velocity resulted from boundary layer existence, andi is unit normal
vector on airfoil contour. Transpiration velocity represents e ect ofboundary layer
thickening, and actually by transpiration velocity boundary layer model is coupled with
inviscid ow model. Transpiration velocity model is derived in [23] for incompressible
ow under the name equivalent sources. With the same procedure the expression for
transpiration velocity for compressible ow can be derived:

d( eUe )
Vi = ———=
eVt dS
wherev; represents transpiration velocity magnitude in direction perpendicular to airfoil

(3.41)

contour, displacement thickness (de ned by eq. (4.9)), and is curvilinear coordinate
going along airfoil contour from stagnation point to trailing edge.ue and , are velocity
magnitude and density at the boundary layer edge. The equation (3.41) represents the
strength (mass ow rate per unit area) of additional out ow due to the boundary layer
existence. Transpiration velocity is separately calculated for upper and lowsurface
from stagnation point of airfoil. In Fig. 3.5 the transpiration velocity vectas are shown
perpendicular to upper surface of airfolil.

Boundary condition (3.40) can be rearranged by derivating it, which gives following
equation:

Dv A D(w% + %)
Dt Dt
First member in equation (3.42) represents left hand of momentum equation in ditemn

of unit normal f:

Dn
A+ (VY W% %) E:O: (3.42)

B—? A= }gradp A (3.43)

When equations (3.42) and (3.43) are combined, new momentum equation in direction
of unit normal to airfoil contour follows:
DA D(* + ™)

Ot v % ™) T A =gradp *: (3.44)
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Stagnation
point

X

Figure 3.5: Transpiration velocity on airfoil surface

In equation (3.44) boundary layer e ect is coupled with inviscid ow solver by tanspi-
ration velocity. Equation (3.44) can be expressed on airfoil contour tealculate pressure
gradient in normal direction. Determining pressure gradient on airfoil contour, pesure
on contour can accuratelly be determined from pressure in adjacent coritnplumes.
Pressure on contoump, can then be calculated by:

PL=p —-gradp A (3.45)
where p, is pressure in rst control volume center adjacent to airfoil contour, and e
half came from the fact that length of volume cell in direction is equal = 1m (see
g. (3.6)). The same is valid for direction where  =1m.

Equation (3.44) should be transformed to appropriate coordinate system. Compdet
calculation of inviscid ow solver is made in body- tted curvilinear coordinates (,

, ). is transformed time which is equal to physical tima. Grid around airfoil is
C-type grid generated by condition that coordinate lines = konst. (see Fig. 3.1) are
perpendicular to airfoil contour. Line = konst. coincide with airfoil contour. According
to these conditions, transformation of equation (3.44) into body- tted coatdtinate system
gives following equation (complete derivation of boundary condition is presented in
appendix A.):
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X

Figure 3.6: Pressure in the control volume adjacent to airfoil contour

( %px2+yz =%p(xx tyy)+
J U—z(yx Xy )+qi(yx Xy )txy y x +
X%+ y? X2+ y2 (3.46)
)
tyve Xvy )y (u x) x (v y)+JI(vixy VyXx)
In equation (3.46), velocity U is covariant velocity on = konst. side of control vo-

lume de ned according to expression (3.27) andl is Jacobian de ned according to equ-
ation (3.4). Metric coecients X ,y,X ,y, X ,y are grid constants where indexes
represent derivation with respect to indexed values. Grid velocities aregesented by
membersx andy . Last member in equation (3.46) take into account unsteady behavi-
our of coupling mechanism through time derivation of transpiration velocity components
Vix and vy, . From equation (3.46) one can directly calculate pressure gradient in direction
perpendicular to airfoil, namely @ p=@

On the outer domain boundaries, characteristic boundary conditions were used.
With such boundary conditions, the ow is concerned as locally one-dimensional and de-
rivations along boundaries can be neglecte@)=@ ! 0). From generalized Riemman
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invariants [29] for hyperbolic system of equations, expressions valid alodgturbance
propagation direction can be derived:

C(;—? =0 along C°: 3—),[( = Vhorm
(3.47)
Voorm ddp_ alon C : dx _ v a
dt adt 9 Tdt ™™

where S is entropy, a is local speed of sound andg,., IS local velocity perpendicular
to outer domain boundary respectively. C® and C represent three characteristics of
disturbance propagation on outer domain boundary. With assumption of isentropic ow,
last equation in (3.47) can be transformed to the following:

d dx
a(R )=0 along at = Viorm @ (3.48)

whereR are Riemman invariants

2a
R = Vnorm —:L: (3.49)
Characteristic equation (3.49) is used to update variable values on the domain boumnga
in the new time step. For two-dimensional case number of variables equals four, namely
, U, v, p. Because of that, also four independent equations are needed. For subso-
nic in ow on outer domain booundary, where velocity component normal to boundary

Viorm < 0, following expressions are valid:

R+
R

R™(1)
R (F)

(3.50)
Viang = Viang(1 )

pr=pr(1):
In equation (3.50) symbolsl and F represent free stream value and ow eld value of

interior domain respectively. viang is uid velocity along outer domain boundary and
pr is total pressure. In Fig. 3.7, the uid velocity components on the outer domain
boundary are showed. In the same way as for in ow, for subsonic out ow on outer
domain boundary where velocity component in normal direction to boundarynom > 0,
following expressions are valid:
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Y [m]

Figure 3.7: Velocities at the outer domain boundary

R+
R

R™ (F)
R (1)

(3.51)
Viang = Viang (F)

pr = pr(F):
Again, symbol F represents that variables are locally extrapolated fromterior domain,
and symboll represents that variable values are calculated from free stream value.



4 | Boundary layer

In this chapter, the integral compressible boundary layer equations used in the
viscous-inviscid coupling are presented. Along with this equations, the relationships
for closing the system of integral boundary layer equations are also pressht There
are several descriptions of boundary layer implemented in the literature, like integj bo-
undary layer equations and di erential boundary layer equations. In this work intel
boundary layer description made by Drela and Giles [16] is used.

4.1. Boundary Layer Concept

In the ows at high Reynolds number or with very small viscosity uid, complete
ow eld can be divided in the two regions. First is thin region close to viscous wall
called boundary layer where viscous forces are dominant, and velocity gradientrmal
to wall (@u=@1s very large. Second is region away from boundary layer where inertial
forces are dominant and viscous forces are negligible, that is where velocitydieats are
negligible. The simpli cation of such limiting ow cases is rstly shown by Prandtl [24].

In [30] it is shown the assessment of members in Navier-Stokes equations oo t
dimensional case, in the limiting ow case when Reynolds number Rel . After
the assessment of the order of magnitude of members in the momentum equations in
direction along and perpendicular to viscous wall follows:

@u @u_ @p. 1@u @ @u
“ax '@y~ @x Re@% @y

(4.1)

28
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1 @v @v _ @p 1 @v 1 @v
rRe "@x '@y = @y RZ@X Re@y

In equations (4.1) and (4.2) superscript represents normalized quantities. Coordinate

4.2)

x along viscous wall is normalized by characteristic length which is much bigger than
boundary layer thickness, usually the airfoil chord lengthc is taken. Coordinatey
perpendicular to viscous wall is normalized by boundary layer thickness Velocity u
in direction of viscous wall is normalized by maximum velocity in the boundary laydd
in the same direction, while velocityv is normalized by maximum velocity in boundary
layer V in the direction perpendicular to viscous wally. Pressure is normalized byU 2.
When the Reynolds number goes to high values, the members with coe cientsRe
and 1=Ré€? in equations (4.1) and (4.2) tend to zero. From this assessment follows
that dominant momentum transport is along wall direction (4.4) and from momentum
equation in normal to wall direction (4.5) follows that there is no pressure changéoag
normal to wall direction. Such system of steady boundary layer equations deriveg b
process Ré 1 is given in equations (4.3) { (4.5) which are called Prandtl's boundary
layer equations. Here, the coordinates and y are along and perpendicular direction of
wall boundary respectively.

@Qu @v _
@ @y ° (@3
@u @u_ @p @u
“ex Y ay @x ey *4)
@p
= = 4.5
oy (4.5)

The equations (4.4) and (4.5) show apparent reduction in complexity with respeabt
the Navier-Stokes equations. From the momentum equation (4.5) follows that psesge
in boundary layer is independent of direction normal to the wall, that is the pressure is
constant across the boundary layer height and equals to the pressure of outerisgid
ow. The boundary conditions for the system (4.3) { (4.5) is given by:

y =0 ! u=0;v =0
y 'l ! u(x)= ugx)

(4.6)
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whereu, represents the normalized velocity of the ow at the outer boundary layer edge.
The system of boundary layer equations (4.3) { (4.6) is of parabolic type. This ba
good property that outer inviscid velocity eld ue(x), which dictates the boundary layer
behavior, has the in uence only on the ow downstream. This means that boundary
layer equations can be solved by marching procedure.

The Prandtl's equations are derived without the in uence of the wall curvature.
In [31] it is shown that the wall curvature has no e ect as long as the curvature thus is
bigger than the characteristic length, that is much bigger than boundary layer thickres

. In this work viscous-inviscid method is applied on airfoils which usually have leading
edge with large curvature. Usually such geometry is con ned only in the small length
of airfoil chord. Because of that property, the integration of boundary layeequations
is not started at the stagnation point, but is postponed 5% of airfoil chord tegth.

In many practical applications interest is not in velocity distribution within boundary
layer, but in integral variables that change with coordinate along wall boundary. Such
integral variables are obtained by integrating the momentum equation over thedoindary
layer thickness. Such approach is employed also in this work.

4.2. Boundary Layer in Transonic Flow

In transonic ow over an airfoil the pocket of supersonic ow appears which iset-
minated by a shock-wave. Through shock-wave, pressure and density undergo a sndde
increase. Also, shock-wave has foot point in the boundary layer on the airfoirface,
and the pressure rise in the boundary layer has big impact on its evolution. Depending
on its history at the station under consideration, a boundary layer shows a more ok
strong tendency to separate from the airfoil surface. The parameters thatt@emine the
station of separation are the Reynolds number of the ow, surface geometrpughness
and the distance from the boundary layer origin [32]. This tendency is greatly enhanced
on a convex surface, because of the destabilizing pressure gradient in the ovwagdrom
the surface, whereas the opposite pressure gradient on a concave surftafalizes the
boundary layer by compressing it. This is the normal situation in supersonic ows.

When a shock wave intersects the boundary layer, its strength decreasesastily as
it proceeds into the layer, and it becomes a Mach line at the streamline where the ow is
sonic. The high pressure behind the shock wave provides a steep adverse pressads-g
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ent that makes itself felt upstream through the subsonic portion of the layer. &nsition
to turbulent boundary layer or ow separation may result, depending on the intensity
of the adverse gradient, that is, on the intensity of the shock.

Intuitively, it is logical that the thicker the subsonic portion of the boundary layer,
the farther upstream the e ects of the adverse gradient will be felt. Also@ u=@xyear
y = 0 will be small for a thick subsonic portion and hence a small adverse gradient (small
shock intensity) will su ce to cause ow separation. In general, a laminar boundary
layer will have a thicker subsonic portion than the turbulent layer.

The consequences of transition that are of practical importance are the follmg:

Since @u=@\y is greater for the turbulent than the laminar layer, the shearing
stress = (@u=@y will increase greatly through the transition region,

There will be corresponding increase in the heat transfer rate at the wall,

Flow separation will be delayed becauseu=@\yis greater in the turbulent layer.

4.3. Integral Compressible Boundary Layer
Equations by Drela

The boundary layer equations and additional relationship employed in the viscous-
inviscid method of this work are taken from the work of Mark Drela [14] wholiained
excellent results for steady transonic ows. The boundary layer equations in irgeal
form which will be solved in this work are the well-known von Karman integraleuation,
which represents the momentum equation,

d G
ds 2
and kinetic energy equation, also known as shape parameter equation

H+2 MaZ ———; (4.7)

H _2c, HCo 2, H du

ds > H W ds (4.8)

The variable s represents one-dimensional curvilinear coordinate along airfoil contour
and index e represents values of variables at the boundary layer edge. The variable
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s originates from stagnation point and goes separately on upper and lower aitfside
toward trailing edge. In equations (4.7) and (4.8) the variable is introduced because
the two coordinatess and have di erent origin and di erent length. The variable s is
physical coordinate while the coordinate is not. The boundary layer equations (4.7)
and (4.8) are valid for steady ow and such are used in the viscous-inviscid method
developed in this work.

The integral variables in equations (4.7) and (4.8) are de ned as follows:

displacement thickness

2 u
= 1 — d 4.9
™ (4.9)
0
momentum thickness 2
= 1 Y Yy (4.10)
Ue Ue
0
friction coe cient )
Ci= — (4.11)
eue
kinetic energy thickness
2 u 2! u
= 1 — —d (4.12)
0
density thickness 2
= 1 — Y4 (4.13)
e Ue
0
dissipation coe cient
1 2 @u
Cp = —d: 4.14
T3 @ (4.14)

0

Also, the shape parameters are de ned as follows:

H=—; H = —; H = —: (4.15)
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The momentum and shape parameter equations (4.7) and (4.8) are valid for both
laminar and turbulent boundary layers, as well as for free wakes. These equaticostain
more than two independent variables and hence some assumptions about the additional
unknowns will have to be made. There are four additional unknown variable€;, Cp,

H , H . All closure equations are expressed, among others, in terms of kinematic
shape parameter which is de ned with constant density across the boundary layer.
Compressible and incompressible velocity pro les have nearly the same shapes which
suggests that in compressible ow the additional closure equations should be based on
the kinematic shape parameter, which depends only on velocity pro le. Whit eld [33]
proposed an empirical expression fdi in terms of conventional shape parameter and
boundary layer edge Mach number:

H 029M
K = —aé: (416)
1+0:113M&
This parameter is used for both laminar and turbulent ows.
For laminar ow, closure equations are de ned as in [14]:
Kinetic energy shape parameter
H, +0:028M
_ Hy +0:028 G (4.17)
1+0:014 M&
where 8 )
2 1:515+0:o76(HkH—4) ; He< 4
H, = K 5 (4.18)
He 4
3 1515+ 004k Dy s g
Hy
Friction coe cient (wall shear coe cient)
S 7:4  Hy)?
3 0:067 + 0:01977u : He < 7:4
Cf — Hk 1
Re -5 = 14 2 (4.19)
? 0067+0:022 1 - . Hy > 7:4
H¢ 6
Dissipation coe cient
8
<N . 55 .
2C 0:207 + 0:00205(4 H . He< 4
Re 20 = (4 Hy “ (4.20)

© 0:207 0:003H¢  4)° ; Hy > 4
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Density thickness shape parameter

0:064
H = ———+0:251 MaZ 4.21
Hk 0:8 € ( )
Expression (4.21) for density thickness shape parameter will be used for bdgiminar
and turbulent ows.
For turbulent ow, closure equations are derived on the fact of two layer struare.

For turbulent ow, closure equations are de ned as in [14]:

Friction coe cient (wall shear coe cient)

: 1:33Hk H
FCr = O:: o +0:00011 tanh 4 1 (4.22)
IOglO Fc
where
Fo= 1+0:2Ma ™ (4.23)
Kinetic energy shape parameter
_ H, +0:028 Mg (4.24)
1+0:014 M&
where
S 4 1.6 (Ho Hy)™®
1505+ —+ 0165 p— -2 K H <Ho,
Re Re Hy
Hi = 4 8004 In(Re )
%1:505+%+(Hk Ho)? § - +0:007 2k He>Ho
- H Ho+ ——
“ T n(Re)
(4.25)
and
400
Ho=3+ %; (4.26)
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Dissipation coe cient (non-equilibrium)

2Cp _ C 4 12
_G 4 1, 2 |
H 2 m Lt3tgcd W (4.27)

where shear coe cient is calculated from the lag equation:

dC

cgs S42cl c¥ (4.28)
and expression for is equal
1:72
= 315+ A 1 (4.29)

Shear stress coe cientC is non-dimensional quantity de ned by

C = —m 4.30

7 (4.30)

where u%0is Reynolds stress. Non-dimensional slip velocitys and the equilibrium
shear stress coe cientC , in equation (4.24) are de ned by

= 1 (4.31)

and

(4.32)

4.4. Solution Procedure for Boundary Layer
Equations

The boundary layer equations (4.7) and (4.8) employed in this work were solved by
fourth order Runge-Kutta method. The two equations contain two dependent varides
and H , and four additional unknown variablesC;, H, Cp, and H . These unknown
variables are calculated by the additional relationships. The additional relationships,
which are used to close the system of equations, are written in the sectio.4
The input values to the boundary layer equations are uid velocityue(s) and Mach
number Mag(s) distribution at the edge of boundary layer, which is a function of distance
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from stagnation point along airfoil surface. This distributions are output of invisid part
of ow, taken at the position of airfoil surface.

Integration of the boundary layer equations starts from the initial solution fo the
at plate in laminar ow. The boundary layer variables for the initial solution were
obtained from Blasius [34] solution:

Boundary layer thickness r
s
=5 = 4.33
0 (4.33)
Displacement thickness r
=1:7208 — (4.34)
Uy
Momentum thickness ro
=0:664 —- (4.35)
U;
Friction coe cient 0:664
C= —— 4.36
"= Re (4.36)

where Reg represents Reynolds number with reference lengthmeasured from the le-
ading edge to the certain point along plate.

The main spatial nodes for the integration of boundary layer equations along
coordinate coincide with the position of control volume side centers at airfoiugace
(see Fig. 4.1). At these nodes (nodasandi + 1 in the g. 4.1) the values of variables
uU. and M. are overtaken from the inviscid ow at the airfoil surface. For more accate
integration the distance between two main nodes is divided into twenty subinterig(not
shown all in the g. 4.1). The integration procedure is the same for subintervals der
the main nodes, but the values from the inviscid ow are interpolated from main nodes
to the subinterval nodes.

The boundary layer integration is started at the 5% airfoil chord to avoid thestag-
nation point and big curvature (small radius) in the vicinity of the leading edge. The
solution at this distance is assumed to be equal solution of Blasius for at plate. Afte
this point starts the boundary layer model of Drela.

In Fig. 4.2 the algorithm for the boundary layer equations integration is presente
This algorithm shows the integration by fourth order Runge-Kutta method betwen two
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Figure 4.1: Boundary layer main stations and subintervals

spatial stations in the boundary layer. The algorithm starts with the known values$or
H, C at the starting station. Also, the values from the inviscid solver for both stéons
are known, namely values at the boundary layer edge Maue,  and due=ds. In the
second and the subsequent steps of Runge-Kutta method the variable is known value
instead ofH. This is because the derivative H =ds is known, by which the increment
of H at the interval midpoint (the second and the third RK step) and the interval end
(the fourth RK step) is obtained. As for the other closure relationships the value df
is required, that variable have to be calculated from the relationships (4.18) and.gb)
for laminar and turbulent ow respectively. As the variable H, can not be explicitly
expressed, the iterative procedure for the determination ¢fy, from (4.18) and (4.25) is
employed, namely the bisection method. After one cycle of Runge-Kutta method, the
values of boundary layer variables at the subsequent station is obtained.

In the whole integration procedure the transition methode” is implemented. The
method determines the position of transition, and according to this corresponding réla
onships for laminar or turbulent ow are employed. The transition method is described
in the section 4.5.
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Y

1.RK | 0,H,C,,Ma,,u,,p., du.lds

2.RK 0,H",C.,Ma,,u,,p,,dulds
3.RK 0,H",C.,Ma,,u,,p,.,dul/ds [«
4. RK 0,H",C,,Ma,,u,,p,,dul/ds |=
Y VY _
ITERATION FOR ;’_
H, FROM H; i
(BY BISECTION) %]
\ AR | %
* NO
do dH" dC.
ds’ ds ’ ds
YES
VALUES AT NEXT
NODE
0.H*,C..H

Figure 4.2: The algorithm for the integration of boundary layer equations

4.5. Transition

The method for determination of the onset of transition is derived from a spatial
ampli cation theory based on Orr-Sommerfeld equation [35]. This method is also known
as €' method. The Orr-Sommerfeld equation describes the growth and breakdown of
the disturbances in the shear layers. The growth of these disturbances is responsible
for the onset of the transition in the boundary layers. The method determines the
amplitude of the disturbances by the integration of disturbance growth rate, fromhe
point of instability. The transition occurs when the amplitude grows by more than a
factor & = €°. The exponentn can be di erent from 9, actually it can vary between 7
and 11 depending mainly on free stream turbulence and surface roughness [14].

In [14] the equation for the ampli cation ratio n is derived:

m(H)+1

1
S I(H) = (4.37)

dn, . _ dn
&)= gre (H)
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where
dn g 2
dRe. =0:01 f24H 37+2:5tanh[L5(H 3:1)]g°+0:25 (4.38)
s du " (H 4 ’ 1

eUe 2 6:45H 1407
S H2 '
The ampli cation ratio n is a function ofs, and the equation (4.37) can be integrated

I(H) = (4.40)

downstream from the point of instability s:

Z S
dn
n(s) = —ds: 4.41
CREN~ (4.42)

At the position of instability s, the Reynolds number referenced by momentum thickness
Re is equal to its critical value Re = Re ,. This critical value can be calculated from
the following expression:

1:415 20 3:295
= - : - " + +0: .
log,oRe , 01 0:489 tanh 01 129 01 0:44Q (4.42)

The integration of the equation (4.37) is nished when the ampli cation ration re-
aches the valuen = 9, and then turbulent formulation of boundary layer equations is
active. The changeover to the turbulent ow is made suddenly without gradual tran-
sition. The changeover from laminar to turbulent correlations has a little e ect on lhe
overall development of the boundary layer [14].



5 Results

In this chapter numerical method results will be presented. The main goal of presen-
ted test cases is to demonstrate that contour pressure determination by inparation
of transpiration velocity into momentum equation works and gives comparable nass.
Also, here will be shown that unsteady viscous-inviscid coupling gives results that are
comparabale with RANS solution and experimental data. All test cases calculationgwe
performed on computer with two processors each at 2.4 GHz and 4 GB RAM. Contgle
source code is made in Fortran 95. First, computational grid will be presented aadso
grid convergence for NACA0012 airfoil will be performed. It is assumed thatnsilar
convergence results will be obtained for NLR7301 and NACA64A010 airfoils, whiahe
also used for evaluation in this work.

The steady results were made for three types of airfoils, namely NACA0012, NACA-
64A010 and NLR7301. These airfoils have di erent character of pressure dibtrtion
and shock wave intensity and this is a challenge to presented viscous-inviscid congput
tional method. The steady test cases were selected from experimental aksts to cover
transonic and subsonic compressible ow. The test cases without strong shock wave
were used to show good performance of transition prediction algorithm. The unaty
results were made for two types of airfoils, NACA 0012 and NACA64A010. Thesas-
teady test cases were selected from experimental datasets to ca@pearance of strong
shock wave.

40
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5.1. Computational Grid

For all numerical calculations of inviscid ow model the structured grids of C-type
are used. All grids are generated by the computational code developed in the Instiut
for aeroelasticity in Gettingen, which is part of DLR organization (Deutsche Zentrum
fur Luft- und Raumfahrt). The grid generation is performed by the solution of Passon's
equation according to Steger and Sorenson [36]. Details of this elliptic grid generat
can be found in [37] and [38]. The grid is generated with the perpendicularity condition
of coordinate lines on the airfoil contour and also on the outer domain boundary. This
condition simpli es the application of boundary condition equation on airfoil, and facili-
tates the numerical calculations. Between many parameters used in the grid geaten
it has to be mentioned that the parameter for rst and last control volume hight in
direction is 0.5 and 70 percent respectively. Such setting is used for eachegated grid.

An example of 2D C-type grid of NACA0012 airfoil, which is generated by elliptic
grid generator, is presented in Fig. 5.1. The close view of the airfoil contoisrshown in
Fig. 5.2.

a0l oy
! <
Rt
S
20F =\t
> 0F
| il
Yl
i
a0k III:'
%0
X X
Figure 5.1: Computational grid around Figure 5.2: Close view of grid around air-
airfoil NACA0012 obtained by elliptic grid foil NACA0012 contour

generator
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5.2. Grid Convergence

In this section a series of solution convergence tests for several deat computati-
onal grids were made, for steady and also for unsteady cases. Convergerststwere
made with inviscid solver for di erent grid densities and for di erent distances fom
airfoil to outer domain boundary. On the basis of these tests, appropriate grid datys
and distance of outer domain boundary from airfoil were chosen, in order to giveidyr
independent solution taking into account required level of accuracy of the methowith
such selected grid the subsequent numerical results were obtained. The test isdua-
ted on ve di erent grid densities and three distances between airfoil and outedlomain
boundary, according to table 5.1.

Table 5.1: Tested computational grids

DISTANCE OF AIRFOIL TO
OUTER DOMAIN BOUNDARY

10 chord lengths

NUMBER OF CONTROL VOLUMES

GRID 100X30 ;

100 control volumes in direction
30 control volumes in direction

40 chord lengths

80 chord lengths

GRID 160X30 ;
160 control volumes in direction
30 control volumes in direction

10 chord lengths

40 chord lengths

80 chord lengths

GRID 160X60 ;
160 control volumes in direction
60 control volumes in direction

10 chord lengths

40 chord lengths

80 chord lengths

GRID 240X60 ;
240 control volumes in direction
60 control volumes in direction

10 chord lengths

40 chord lengths

80 chord lengths

GRID 320X60 ;
320 control volumes in direction
60 control volumes in direction

10 chord lengths

40 chord lengths

80 chord lengths

In Figs. 5.3, 5.5, 5.7, 5.9 and 5.11 the convergence tests of normal force @ent
are presented for steady ow solutions around airfoil NACA0012. Calculations we
performed for Mach number Ma = 077 at angle of attack =1 , and for grid densities
and distances between airfoil and outer domain boundary according to table 5.1. The
steady solution is obtained by unsteady calculation of non-moving airfoil within time of
nine unsteady periods. Normal force coe cient is obtained by integration of counur
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pressure around airfoil, and represents pressure force perpendicular to alirfinord.
Normal force coe cient is calculated according to the following expression:
Z, «

Ch = . (Co.  Cpu)d P (5.1)
whereCp,_ is pressure coe cient on lower sideC,y is pressure coe cient on upper side
of airfoil, c airfoil chord and x is local coordinate going from leading edge along airfoil
chord.

In Figs. 5.4, 5.6, 5.8, 5.10 and 5.12 the solution relative error for grids with datces
10 and 40 chord lengths from airfoil to outer domain boundary is presented. The rile
error is di erence between solutions for the grids with 10 and 40 chord lengths atite
grid with 80 chord lengths to outer boundary. Each gure represents di erent gd
density according to table 5.1. In these gures the di erence is represented asrpent
of the grid with 80 chord lengths to outer boundary.

In Figs. 5.3 - 5.12 the solutions and solution errors for the grid with 10 chord lertgt
show similar nature independent of the grid densities qualitatively and also quantita-
tively. The steady solution for normal force coe cient, for grids with outer boundary
at distance of 10 airfoil chords and all presented grid densities, has deviationcaib
10 percent relative to solutions for grids with outer boundary at distance 40 an80
airfoil chords. The solution for distance 40 chord lengths show small deviation, smaller
than 3 percent, for grid densities 100X30 and 160X30. For the grids 160X6@,0X60
and 320X60 and the same distance of 40 chord lengths, the solution show negligible
di erence, smaller than 1 percent. Variation of computational grid density givesp-
proximately equal value of normal force coe cient in steady ow, for one distancef
outer domain boundary. The bigger in uence on the converged steady solution has the
number of control volumes in direction of coordinate.

From Figs. 5.3 - 5.12 it can be concluded that steady numerical calculations are grid
independent for grids with distance of outer boundary from the airfoil greater tha40
airfoil chords. From the same gures it can be concluded that steady solution achey
its constant value with grids that have 60 and more control volumes in direction of

coordinate. Taking into account that the method developed in this work should
give results that are comparable with high accuracy methods but should give it in the
reasonable time, the selected grid for steady calculations is the grid with 160ntol
volumes in direction, 60 control volumes in direction and distance of 40 chord lengths
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from airfoil to outer domain boundary.

0.251
0.2 —
0.15}
o
0.Lf
0.05} 100X30: 10
- - — - —- 100X30: 40
[ ~—-o—-— 100X30: 80
O ¢ | | | |
0 2 2 6 8

Period

Figure 5.3: Grid 100X30; grid convergence test for steady solution for NACA0012 airfoil at
=1 ,Ma=0:77; 10, 40, 80 are chord lengths from airfoil to outer boundary
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Difference "80-10"
——»— Difference "80-40"

1 1 1 1
4 6 8

Period

o\\\|\\\|\\\
N

Figure 5.4: Grid 100X30; di erence between solutions for distances 10 and 40 chord lengsh
and solution for distance 80 chord lengths, in percent of constant nest slution (80 chord
lengths); NACAQ012 airfoilat =1 , Ma=0:77

0.25[
0.2
0.5}
o
0.1 B
0.05 160X30: 10
: ~ — - —- 160X30: 40
: ——o——- 160X30: 80
OF 2
1 1 1 1
0 2 ) 6 8
Period

Figure 5.5: Grid 160X30; grid convergence test for steady solution for NACA0012 airfoil at
=1 ,Ma=0:77; 10, 40, 80 are chord lengths from airfoil to outer boundary










































































































































































































































































































































































































































































































































































































































