Geometric structure of generalised gauge field
theories

Grewcoe, Clay James

Doctoral thesis / Disertacija
2021

Degree Grantor / Ustanova koja je dodijelila akademski / strucni stupanj: University of
Zagreb, Faculty of Science / SveuciliSte u Zagrebu, Prirodoslovno-matematicki fakultet

Permanent link / Trajna poveznica: https://Jum.nsk.hr/urn:nbn:hr:217:474161

Rights / Prava: In copyright /Zasti¢eno autorskim pravom.

Download date / Datum preuzimanja: 2024-04-24

L STE U2
S EN 2

72
< £,
& %
=) - , . ..
N % Repository / Repozitorij:
7% ET: Repository of the Faculty of Science - University of
) ey Zagreb
% &
< N
(@) €

L
Ay \
0. MATEMF;“

DIGITALNI AKADEMSKI ARHIVI I REPOZITORILII



https://urn.nsk.hr/urn:nbn:hr:217:474161
http://rightsstatements.org/vocab/InC/1.0/
http://rightsstatements.org/vocab/InC/1.0/
https://repozitorij.pmf.unizg.hr
https://repozitorij.pmf.unizg.hr
https://repozitorij.unizg.hr/islandora/object/pmf:9725
https://dabar.srce.hr/islandora/object/pmf:9725

Anmee

MMM
Rfiflangs
QUG

B e

University of Zagreb
Faculty of Science
Department of Physics

Clay James Grewcoe

Geometric Structure of Generalised
Gauge Field Theories

DOCTORAL THESIS

Zagreb, 2021



Anmee

MMM
Rfiflangs
QUG

B e

University of Zagreb
Faculty of Science
Department of Physics

Clay James Grewcoe

Geometric Structure of Generalised
Gauge Field Theories

DOCTORAL THESIS

Supervisor:
dr. sc. Larisa Jonke

Zagreb, 2021



University of Zagreb
Faculty of Science
Department of Physics

Clay James Grewcoe

Geometrijska struktura teorija polja s
poopcenim bazdarnim simetrijjama

DOKTORSKIRAD

Mentorica:
dr. sc. Larisa Jonke

Zagreb, 2021.



SUPERVISOR

Larisa Jonke obtained her PhD in theoretical physics at the University of Zagreb. She
was a postdoctoral researcher at the Ludwig-Maximilian University in Munich, Julius
Wess chair, as an Alexander von Humboldt fellow. As a visiting scientist she worked
at University Bonn, Leibniz University Hannover and LMU Munich. Currently, she is a
senior scientific associate and head of the Quantum Gravity and Mathematical Physics
Group at the Division of Theoretical Physics, Ruder Boskovi¢ Institute.

Her research interest focuses on theoretical and mathematical physics, more specifically:
generalised geometry; sigma models; matrix models; field theories on non-commutative
space; random matrices; integrable models and low-dimensional field theories. In the course
of her research she has co-authored 50 research papers with over 750 citations. She was the
PI of two projects funded by the Croatian Science Foundation (CSF) and a member of the
Management Committee of the COST action “Quantum Structure of Spacetime” and a
member of the Steering Committee of the ESF research network “Quantum Geometry and
Quantum Gravity”. She taught two undergraduate courses at the University of Zagreb and
supervised several students and postdoctoral researchers. She also served as an external
expert for CSF, the Irish Research Council (for Science, Engineering and Technology)
(IRCSET/ IRC) and the Italian Ministry for Education, University and Research (MUIR).



I would like to sincerely thank my supervisor dr. Larisa Jonke for
her guidance, support and understanding. Furthermore, I am
grateful to all of my colleagues at the Division of Theoretical

Physics and in particular to my fellow PhD comrades. Finally a
big thanks to Adam and all my friends and family.



ABSTRACT

Generalised gauge field theories are interacting field theories with a gauge symmetry
generalised beyond the standard Lie algebra case. Such theories have become increasingly
important in modern physics, especially high energy physics as the search for a consistent
description of quantum gravity makes these generalised symmetries unavoidable. Two
theories we shall analyse in particular are the Courant sigma model and double field
theory. They are relevant in the understanding of dualities and symmetries with higher
form gauge fields. The aim of this thesis is to explore deeper the relation between the two
and to embed them into the appropriate framework for studying higher gauge symmetries
— Ly-algebras. This will be broken down into three parts. The first dedicated to delving
deeper into the BRST symmetry of them and exploring how the known classical projection
procedure relating them appears on the BRST level. It is at this point that we explicitly
see the necessity of the strong constraint for double field theory to be covariant. Having
understood the BRST structure and knowing that the Courant algebroid, the geometric
structure behind the sigma model, is an L.-algebra we are motivated to see how the
full field theory fits into this framework. This is the second part. In it we construct the
L.-algebra for the Courant sigma model in such a way that all physical data can be
expressed using the objects and operations defined by the algebra itself. Then the intimate
relationship between L., and the Batalin-Vilkovisky formalism is utilised to obtain its
BV/BRST formulation. Finally, in the last part, we go back to double field theory and
embed its geometric structure, the DFT algebroid, into L., much the same way as the
Courant algebroid is. However, because of the section condition of double field theory this
cannot be done as is, given that the cohomological vector in this formulation squares to
zero only upon applying the section condition. In order to get around this we turn to the
well known but extremely rarely used extension of L..-algebras — curved L..-algebras. It is
precisely this curving that encapsulates the strong constraint violating terms and restores
the existence of the cohomological vector. We finish off with a sigma model built upon

this new curved algebra that brings about the section condition as an on-shell requirement.

Keywords: L..-algebra, Batalin-Vilkovisky, Double Field Theory, Gauge symmetry,

Courant algebroid.



PROSIRENI SAZETAK

Teorije polja s poopéenim bazdarnim simetrijama integralni su dio moderne fizike,
posebice fizike visokih energija s obzirom da potraga za kvantnim opisom gravitacije ¢ini
takve poopcene simetrije nezaobilaznima. Mi ¢emo se fokusirati prvenstveno na dvije takve
teorije: Courantov sigma model i dvostruka teorija polja (DFT). Obje teorije motivirane
su teorijom zatvorenih struna i pojavnosti tzv. T-dualnosti u njoj. Cilj ovog rada jest da
istrazi dublje vezu medu ovim dvjema teorijama te da ih smjesti u formalizam prilagoden
visim bazdarnim simetrijama — formalizam L.-algebri. Ovo ¢e biti napravljeno u tri dijela

detaljnije objasnjena u nastavku.

BRST simetrija Courantovog sigma modela i dvostruke teorije polja.
Roytenberg je u [18] pokazao da je BV akcija Courantovog sigma modela, ovdje nad

dvostrukom baznom mnogostrukoséu:

Sc[X, A, F] = / p(FadX? + L ATAAT — p? ((X)ATF 4 + 1T (X)ATAT AR,

T[]Ss

gdje su:

XA — XA+FTA+tTA+UTA7
Al =+ AT 4Tl 4 plel
Fu=va4+ts+Fs+ X4,

BV superpolja, u mjera na T[1]X3, 7 invarijantna metrika grupe O(2d, 2d) te p i T funkcije
od X. Indeksi oznaceni slovima s pocetka abecede oznacavaju tangentne vektore i 1-forme
na odredisnoj mnogostrukosti A,... = 1,...,2d, a iz sredine abecede f, o.o=1,...,4d
vektore vektorskog sveznja nad odrediSnom mnogostrukoséu sa strukturom Courantovog
algebroida. Ova akcija preko BV zagrade takoder definira poopéenu BRST transformaciju
komponentnih polja. U izvoru [45] je bilo pokazano da postoji projekcija s udvostrucenog

Courantovog sigma modela na DFT:

p+:A'—>A+EA,

1
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gdje su:
AL =1(AT£09"Ay),

komponente dobivene mijesanjem vektorskih i kovektorskih komponenti opcéeg prereza stan-
dardnog Courantovog algebroida novom strukturom 7, O(d, d) invarijantnom metrikom.

Ovakva projekcija daje za BV akciju DFT-a:

SDFT[Xa A+7 F] = /

s M(FA dX* + iy ALdATL = (p) " 1(X)ALF 4 +
3

+ L7y (X)AL AT AK )

Medutim, BRST transformacije su takoder projicirane sto znaci da iako sve — komponente
iSCezavaju to ne znaci da njihove BRST varijacije takoder moraju iSceznuti. Naprotiv,
transformacija i polja i duha superpolja A_ ne iScezava sto namece pitanje konzistentnosti
projekcije. Naime, moramo osigurati kako BRST transformacija nece vratiti ono Sto je
projekcija unistila tj. moramo zahtijevati QA_ = 0. Ovaj dodatni zahtjev implicira

fiksiranje duhova t i v:

Vag = %@AJK(X)E_{_E{:,

tA = @AJK(X)A_’J_Gf -+ %8B@ALMFTBEiE¥.

novom funkcijom ©. No ovime ponovo imamo problem ekvivalentan prvotnom osim
sto duhovi ¢t i v nisu fiksirani trivijalno kao komponentna polja A_. Dakle moramo
provjeriti samosuglasnost ovakvog BRST transformacije ovako fiksiranih duhova s BRST
transformacijama naslijedenim iz Courantovog sigma modela. Rezultat jest uvjet na
funkciju © iskazanu kroz iScezavanje dviju struktura koje zovemo R i S dane relacijama
(2.2.39) i (2.2.38). Vratimo li se na bazdarnu razinu i izra¢unamo varijaciju jednadzbi
gibanja s obzirom na projicirane varijacije DF'T-a, vidjet ¢emo kako su one kovarijantne

samo do na tzv. jaki uvjet:

D404(-+) =0,

gdje je u zagradi bilo kakav produkt polja, odnosno na razini teorije svjetskog volumena:
oM )Fy=0.

Courantov sigma model i L-algebre.

Sada zelimo konstruirati Courantov sigma model koriste¢i L.,-algebre. Teoriju polja
L.-algebri mozemo razdijeliti na tri L., razine. Prva algebra je simetrijska i sadrzi samo
algebarske elemente koji opisuju strukturu vrsti polja kakva ¢e se pojaviti, tu osnovnu
simetrijsku algebru zovemo L. Zatim algebarske elemente Zelimo pretvoriti u polja koja

poprimaju vrijednosti u simetrijskoj algebri. To napravimo na nacin da konstruiramo novu

1ii
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Lo-algebru, L', tenzorskim produktom simetrijske algebre L i de Rhamovog kompleksa
diferencijalnih formi Q°(M). No mozemo i¢i i dalje jer nam L., opis omogucuje da
konzistentno napravimo i prosirenje na BV opis teorije. Za potrebe toga prelazimo na
trecu razinu Lo.-algebri, L, koja je tenzorski produkt L’ i komutativne algebre C*°(L'[1])
koja uvodi stupnjeve duha. Stoga sve Sto nam treba za potpun opis teorije je pocCetna
simetrijska L..-algebra definirana gradiranim vektorskim prostorom L =L; & Lo P L_; i
preslikavanjima pu:

L, > pn ()1 l(l)n 15 (o) : a" ' 10, "'aan_lpall(lo)

l“1

I—O = Nn(l(l)la s yn— 17 (-1) (1)1 l(l)n 1Y%ar " " aanflpa(]l(—l)an[(]7

l(l)l l?{an 20as Oy, 0ap” 1l —l)blI
am 2 a o Oa, Tkl O)IZ )277

' ?Tigaal' +0a, 0 Trx o 1 l(o)s

) =
) =
Lo (- l(l)m 2,1( :l)
=) P (Layts - Laym—2, L)1, Loy2)
0)3) =

L2 Nr(l(l)la oo laye— 37l(0)1, 02> [(0)3

Ovakvim izborom dobijemo upravo akciju (4.B.1) i BRST transformacije (4.B.2)—(4.B.13)
kakve slijede iz AKSZ pristupa. No kako znamo da je Courantov algebroid [52] takoder
L.-algebra pitamo se kakva je veza izmedu algebre tog geometrijskog objekta ciljane
mnogostrukosti i algebre same pripadne teorije polja. Ovo je ostvareno morfizmom L -
algebri, dakle kolekcijom preslikavanja ¢ takvih da ¢uvaju L., strukturu. Ovaj morfizam

je konstruiran i njegove komponente iznose:

¢1(h) = X*h,
1(e) = X"e »
o1(f) = d
B i) = X B BBy )]
bilhi, ... hig,er,e9)q = X (W% - h{20,, - - 5%72(77”6[115@65])) ,

¢z’<h17”- i—1) )a - _X*(hal c hal 04y - aaz 1a f)

za 1 > 2. Ovdje je p tocka bazne mnogostrukosti Courantovog algebroida oko koje

razvijamo i koja je takva da je njena koordinatizacija dana s x = 0.

DFT algebroid i zakrivljene L. -algebre.

Zanimljivo je istraziti kako geometrijska struktura, analogna Courantovom algebroidu,
dobivena prethodno opisanom projekcijom odnosno DFT algebroid, ulazi u formalizam
Lo.-algebri. Naime, fundamentalna razlika pri prijelazu iz Courantovog u DFT algebroid
jest jaki uvjet definiran gore, zbog njega se naivni pokusaj konstrukcije L.-algebre lomi

u trenutku zahtjeva relacija homotopije. No bez relacija homotopije to nije konzistentna

iv
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algebra pa stoga autori [59] to nazivaju Le-algebrom do na jaki uvjet. RjeSenje prob-
lema jest uvodenjem poznatog, ali vrlo rijetko koriStenog prosirenja zvanog zakrivljene
L..-algebre. Kljucna razlika jest u postojanju novog konstantnog preslikavanja pg koje

modificira sve relacije homotopije dodatnim ¢lanom:

o (=1 i (po, by -, i) = 0.

Upravo je ovaj ¢lan zasluzan za moguénost opisa struktura koje ne zadovoljavaju jaki

uvjet. Pogledamo li relacije za Courantov algebroid vidimo zasto:

(poD)f =0
plei, ealo — [p(er), ple2)] =0
Jac(eq, e, €3) — DN (e1,e2,e3) =0

sve desne strane ovih relacija is¢ezavaju i sve slijede iz relacija homotopije pripadne L -
algebre. No u slucaju DFT algebroida te iste desne strane relacija, sada sa strukturama
koje odgovaraju DFT algebroidu, vise nisu nula ve¢ imaju netrivijalan doprinos. Upravo je
ta netrivijalna desna strana proizvod postojanja dodatnog ¢lana u relacijama homotopije
zakrivljenih L..-algebri. Stoga definiramo strukturu L, formulacije DFT algebroida (u

minimalnom slucaju), opet definirajuéi prostor kao L_; & Lo @ Ly te preslikavanja:

m(f) =D,

pz(e1, e2) = [er, e2],

pa(e, f) = (e, Df),
ps(er, ez, e3) = N(eq, ea, e3),

ps(po, €, f) = e, Df] — Die, Df),
1o, f1, f2) = 2(Df1, D f2),
pa(po, €1, €2, e3) = DN (eq, eq, €3) — Jac(eq, €9, €3),
15 (po, €1, €2, €3, €4) = 3(DN (€1, €2, €3), 1) — 3(Jac(ey, €2, €3), €4) +

+ antisymm.(1, 2, 3,4),

gdje antisymm. oznacava sve potrebne permutacije kako bi se postigla potpuna anti-
simetrija u 1, 2, 3 1 4. Sada preostaje samo pitanje interpretacije jakog uvjeta. Naime,
znamo da primjenom jakog uvjeta DFT algebroid pada nazad na Courantov algebroid
(sada nad neudvostru¢enom mnogostrukoséu). Znamo za oboje njima pripadnu L., for-
mulaciju stoga kao i u slucaju Courantovog sigma modela trazimo vezu medu njima

kroz L..-morfizam. Ovaj morfizam smo konstruirali te je dan sljede¢im komponentnim
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preslikavanjima:
o1(f) = %f’M
p1(e) = G‘M,
dapo, f) = 3(DS)]
03110, f,€) = He. DI -
Gs(pio,e1,e2) = [er,ealo| = [erseal| .
)

¢4(M0, €1, €2, €3

= (%N(el, €2, €3) — Ne(ex, €2, 63))‘1\4'

Odnosno dijagramatski:

DFT : L, = C®(M) @ Lo =I(L) ® L,
¢ ¢4 o1 ¢ 4
CA: L, = C®(M) @ Ly =T'(E) ® g .

Na kraju smo iskoristili ovu zakrivijenu algebru kako bismo konstruirali sigma model koji
za odredisnu mnogostrukost ima upravo DFT algebroid. Pri ovoj konstrukciji konstruiran
je kohomoloski vektor pripadan dvostrukoj teoriji polja ¢ije je postojanje implicirala

konzistentnost L..-algebre DFT algebroida:

0
Q=n"5 75+ (P r(X)AT =P Ep = S (X)pp® 5 (XAPATAT) oo

+ (ﬁIMPAI(X)FA — 50" Ty (X) AT AR + AP 0™ oy (X)0pp© 51(X)ATFa +
_ R 0
+ ;gnABZABLIJK(X)nLMAIAJAK> DA +
+ ( - 8EpBJ(X)AJFB + %nAD&g (pc[K<X)8QpCL] (X))AKALFA —
0

— LOpTr e (X)ATAT AR 4 1nABoLZ 0 (X) AT AT AK AL ) -
E

Kako bismo sigma model mogli zapisati preko akcije koja varijacijskim principom vraca
jednadzbe gibanja moramo uvesti novi prostor L_, takav da postoji unutarnji produkt
izmedu L_5 i Ly. Ovo prosirenje je napravljeno na minimalni nacin zahtjevom da svi visi
produkti koji ukljucuju G € L_5 iScezavaju. Maurer-Cartanova akcija dobivena jest:

S[X,A F,G] = /E Gapn™® + Fa NdX? + L AT A dAT — p ((X)AT A Fy +
3

+ 1Ty (X)AT N AT N AR

vi
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s reducibilnom bazdarnom simetrijom reda 2 uzrokovanom postojanjem novog polja, 3-
forme G.
Kljuéne rijeci: L.-algebra, Batalin-Vilkovisky, dvostruka teorija polja, bazdarna

simetrija, Courantov algebroid.
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CHAPTER 1

INTRODUCTION TO GAUGE FIELD THEORY

Field theory occurs in most aspects of theoretical physics in some form or another.
Nowhere as much as it does in high energy physics, where it is the basis for the description
of almost all phenomena. The widely accepted current foundation of high energy physics
is the Standard Model, a gauge field theory based on the U(1) x SU(2) x SU(3) gauge
group. Although extremely successful, it has certain drawbacks, the biggest of which is the
glaring absence of gravity, in that it models three of the four fundamental forces known
today. This large hole in its description of the quantum level of physics today is the main
motivation for many alternate theories that try to integrate gravity into a wider framework
for understanding the quantum physics of nature. The most widely recognised of such
frameworks is string theory with its fundamental shift of elementary objects being not
O-dimensional objects, points, but 1-dimensional (or even higher) objects, strings. However
groundbreaking this paradigm shift is, one still cannot avoid the underlying structure of
gauge field theory. Now even richer in structure and symmetry but nonetheless still a
gauge field theory. Therefore the study of gauge symmetries and the field theories built
upon them remains one of the main interests of high energy theoretical physics, and
mathematical physics.

So, what makes this symmetry so important to field theory and its attempt to describe
nature? If one is to think about the fundamentals of physics at the most basic level
there are essentially two concepts present: the fundamental objects and the fundamental
interaction of these objects. Gauge field theory is constructed to explain the latter. Take
for example the simplest of gauge theories, electromagnetism. Classically, we have charged
particles interacting via an electromagnetic 4-potential that mediates this force. This
4-potential is not in one-to-one correspondence with the physics the particles experience
since there is another potential field that gives the same interaction. This symmetry is
called a gauge symmetry or gauge redundancy. This is why when we calculate interactions

classically, we assume an additional constraint on the potential, a gauge or gauge fixing.
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In electrodynamics the most common such constraints are the Coulomb, Weyl or Lorenz
gauges. However, not all gauges are a complete fixing of the redundancy (such as the Weyl
gauge just mentioned), and leave a remnant symmetry structure. Such gauge fixings are
called incomplete gauges. In chapter 2 we shall in the same manner do a partial gauge
fixing in order to reduce the theories symmetry to be able to relate two field theories of
different gauge redundancies. The same applies to the quantum regime, with one difference.
If we take the most widely used quantisation procedure, the path integral method, in order
to calculate the interaction of particles all physical gauge field (potential) configurations
affect the end result. Hence it is not enough to simply gauge fix the potential, now one
must identify all the field configurations that are gauge equivalent in order to count them
only once. This is a nontrivial problem and one that necessitates the introduction of
special tools such as the Becchi-Rouet-Stora [1-3] and Tyutin [4] (BRST) formalism. This
formalism had groundbreaking implications in the mathematical understanding of gauge
theories and “physical states”, more specifically it introduced the study of cohomologies
into the spotlight of gauge field theory. On the basis of this the more general and advanced
Batalin-Vilkovisky (BV) formalism [5-7] was built. It is necessary in the case of more
general gauge symmetries called reducible gauge symmetries where the gauge parameters
that control the redundancy are not themselves independent. In this case by introducing
just ghosts in the quantum picture one would, in fact, dispose of too many degrees
of freedom and therefore need more ghosts that fix parts of the lower ghosts that are
redundant. This is what the BV procedure introduces, a tower of ghosts, ghosts for ghosts
and so on until all the degeneracies are properly taken care of.

As mentioned above, string theory also comes with a sea of gauge field theories with
generalised symmetries in some sense, therefore one needs BV to handle such cases. One
theory in particular is of special interest to us and will be the focus of most chapters of
this thesis, either directly or indirectly. This is Double Field Theory (DFT) [8,9]. Its goal
is to include a symmetry known as T-duality manifestly into field theory. T-duality is a
symmetry inherent to fundamental objects of an extended nature since it is based on the

possibility of the fundamental object to see the nontrivial topology of spacetime.

1.1 | BRST and BV formalism

Gauge field theories contain by construction a redundancy in their description of
physics. This is an integral part of the theory but presents challenges when one wants
to extract physical data about the system in question. In order to obtain “pure” results,
unaffected by this redundancy, we consider gauge invariant objects as those representing
physical values. Therefore, we can calculate an observable in any gauge and hence have the
freedom to choose the most convenient gauge condition. This changes when one wishes to

quantise a theory as then all possible field configurations must be taken into account and
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therein lies the problem, discerning physically different configurations from those related
by a gauge redundancy of the formulation. It is precisely this problem that the BRST
or, its generalisation, BV methods aim to solve and it is this formalism we present in the
following. To be able to fully grasp the formalism a brief recap on graded geometry is also

given.

1.1.1 | Gauge redundancy

In this section we shall explore the idea of gauge symmetry or redundancy and its
role in field theory. Before moving on to a proper treatment of the subject it is useful

to illustrate this symmetry by analogy with complex analysis. Take, for example, the

+o00 1
/ dx,
—00 $2%—1

and its computation using the theorem of residues (this illustration is due to [10]). First,

integral:

one must extend the space from R to C = R?, and in this the one-form dz/(x? 4 1) has

been generalised to a closed complex 1-form w = dz/(z? + 1). Therefore our integral is

[
Rx{0}

As w is defined at oo but not at points +7 it is really a 1-form on P'C\{#+i},! and since

now:

the integration domain R U {co} is a cycle in P'C\{#:}, the integral does not change
for all cycles in the same homology class. So we may change the integration domain to a

small circle around ¢ that we call I, meaning we have ended up so far at :

+o00 1
/ dm:/w.
—00 $24—1 T

Since I' is arbitrarily small we may expand w in to its Laurent series around ¢:

szj— 1= (‘ > (5)" w”) dw

n=-—1

where we have introduced the substitution w = z — 7. Finally, one can integrate this

relation (around a circle centred on 0) via the residue theorem to obtain:

400 1
/;m $2%‘1dw::7t

So, how does this relate to our problem of gauge symmetry? Let’s break it down into four

steps.

1. Identify the problem: calculate the integral [, w with M an differential manifold

1 PIC denotes the complex procjective line, in other words the Riemann sphere.
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and w a top form.

2. Double the space: embed M as a cycle into a double dimensional manifold N and

generalise w to a closed form 2 on N.

3. Change the cycle: choose another cycle in N that is in the same homology class as

M, one that has a power series expansion of () in its neighbourhood in N.

4. Expand and integrate: expand the 1-form €2 and apply the integration to obtain a

series of the original integral.

The simplified analogy goes as follows: our initial problem is the gauge redundancy of
the path integral, therefore BV extends this space by introducing “antifields” to each
corresponding physical field just like in step 2 of the above example. The requirement
that © be closed (d€2 = 0) is a gauge invariance condition just as we have for gauge fields.
Then in step 3, by changing the integration cycle we are doing a change of gauge that still
produces the same result due to the gauge invariance condition essentially just as if going
to another Lagrangian submanifold. In the end one arrives at the perturbative expansion

of your desired now gauged theory.

1.1.2 | Graded geometry

Before defining the BRST or Batalin-Vilkovisky formalism we need to give a brief intro-
duction to graded geometry as this is the mathematical basis of the formalism (following
mostly [11] and [12], with the help of [13]). The idea of grading can be understood as a
generalisation of differential forms, the essence of which is captured in the commutativity
of the wedge product:

WAX = (—1)P Aw,

where w and x are p and g-forms respectively. The aim is to introduce coordinates on
a supermanifold that anticommute and then extend that from a Z, to an arbitrary Z

grading.

Graded vector spaces. We begin by defining a graded vector space and its related
objects. A graded vector space is the formal sum of a collection of vector spaces {V; }icz, Vi
is called the degree i homogeneous subspace of V. A degree shifted (by n) graded vector
space denoted V' [n] is again a graded vector space with the homogeneous subspaces given

by (V[n]); = Visn. One can also define the symmetric:

O (V) =T*(V)\Lo,
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and antisymmetric (exterior) tensor algebras:

/\. (V) = T.(V)\I/\>

with I the ideal generated by elements v; ® vy — (—1)"1l"2lyy, @ vy and I, by elements
V1 ® vy + (—1)llv2ly, @ vy,

Graded manifolds. Moving on now to manifolds, a graded manifold M is a locally
ringed space locally isomorphic to (U, C*(U) ® O(W*)) where U is an open subset of R"™,
W is a graded vector space and the Z degree is preserved. It is logical to extend now to
graded vector bundles which are, roughly speaking, a formal sum of (ungraded) vector
bundles £ = @,cy E; over M that is itself a graded manifold. A simple example is the
graded manifold T'[1]M with functions on it being equivalent to forms in Q(M). A graded
vector field X on a graded manifold M is a graded derivation on the algebra of smooth

functions on M. Therefore X is a graded linear map:
X : C®(M) = C*(M)IK]
such that it satisfies the graded Leibniz rule:

X(fg)=X(f)g+ (1) fX(g),

for all homogeneous f,g € C*°(M). A special class of graded vector fields are cohomo-
logical® vector fields, degree +1 fields that commute with themselves. This implies the

canonical existence of a graded commutator of vector fields:
(X, Y]=XoY — (-1)X ¥y o X,

that is again a graded vector field, however now of degree |[X, Y| = | X|+|Y|. This means

that a cohomological vector Q:
Q: C*(M) = C*(M)[1],
is a differential on the algebra of smooth functions C*°(M) because:
0=1Q,Q=2Q0Q = Q*=0.

Graded manifolds endowed with a cohomological vector field are called differential graded
manifolds or Q-manifolds for short.

An interesting example is a real, finite dimensional Lie algebra g. The shifted space

2Sometimes called homological, although this is usually reserved for the degree -1 case.
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g[1] has a natural cohomological vector field () which is essentially the Chevalley-Eilenberg

differential on Ag* = C*°(g[1]). This can be seen from the fact that g being a Lie algebra

has a bracket defined by the set of structure constants C*,;:
e, €j] = Ckijeka
where {e;} is a basis on g. We define @) to be:

Q= ;C’kijxixjaik,
where {z'} are (graded) coordinates on g[1] (dual to {e;}). Now if one were to calculate
(@, Q] they would obtain the Jacobiator corresponding to the bracket defined above (ex-
pressed through the structure constants), thus the requirement that ) be cohomological
is equivalent to [-,-] being in fact a Lie bracket i.e. satisfying the Jacobi identity. At
this point it is interesting to explore what happens in this example if: one changes the
base manifold from a point to a nontrivial manifold therefore transforming g into a vector
bundle F, or allows the space to have (in general infinitely many) different types of struc-
ture constants and be fully Z graded. The first case corresponds to Lie algebroids (vector
bundles that have a bracket and anchor map to the tangent bundle that satisfy the Jacobi
and Leibniz rules) if @ is cohomological on E[1], see [14]. The second is more relevant to
our discussion in chapter 3 and beyond, since this is in a one-to-one correspondence with

Lo.-algebras as is further explained in section 3.1.2.

Graded symplectic geometry. So far we have constructed graded manifolds and the
special cohomological vector, now we add another structure integral to our story: graded
symplectic structures. A graded symplectic form on a graded manifold M is a homogeneous
degree k two-form w that is closed with respect to the de Rham differential and is non-
degenerate. By non-degenerate we mean that w taken as a map to the cotangent bundle

induces an isomorphism of vector bundles:
w:TM — T kM.

Thus we define a graded manifold M with the additional structure of a symplectic form
w to be a symplectic graded manifold or P-manifold (M,w). To clarify nomenclature we
mention also symplectic and Hamiltonian vector fields that are defined as those vector

fields X along which the Lie derivative of w vanishes and those that contract the graded
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symplectic form into an exact 1-form:?

EXw =0
txw = —dH

where H is called the Hamiltonian function. If a graded symplectic manifold is also
equipped with a symplectic cohomological vector field () this is called a differential graded
symplectic manifold (dg symplectic manifold) or, more recently, a QP-manifold. As a

symplectic form w defines a graded Poisson bracket (also know as a Gerstenhaber bracket):

{f7g} = nga

where Xy is the Hamiltonian vector field corresponding to the function f. It can be
shown that ) of a QP-manifold will always be Hamiltonian except in the specific case of
|w| = k = —1. In the case when k # —1 one can write the cohomological vector using the

Poisson bracket with the corresponding Hamiltonian function as:

Q:{Sv'}u

and therefore the nilpotency of ) becomes:

(@, QLf = {{5,5}, f},

implying {5, S} must be a constant. By doing some degree counting one may notice that
function S is of degree k+1 (since the bracket is of degree —k), this makes |{S, S}| = k+2

implying if k£ # —2 one necessarily has:
{S,S}=0.

This famous expression is known as the classical master equation if one can identify S
with the action functional. Examples of such QP-manifolds are Poisson manifolds (k = 1)
and Courant algebroids (k = 2) which will be explored in more detail in section 2.1.1.
QP-manifolds are integral in the AKSZ construction [15] of topological sigma models such

as the Poisson sigma model [16,17] or Courant sigma model [18-20].

1.1.3 | BV algebra and cohomology

A quick recap of classical field theory is given before moving on to BRST or BV in

order to see where precisely the need for these more advanced methods arises. Sources

3We would like to caution the reader that conventions vary in the sign of the rhs for Hamiltonian
vector fields between mathematics and physics oriented literature.
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include [10], [11] and [21] (for a classic reference see also [22]).

Classical Field Theory. The Lagrangian approach to classical physics states a classical

field theory is specified with three ingredients:
1. a spacetime manifold M;

2. a space of fields F, generally the space of sections of some bundle over M with the

structure of an infinite dimensional manifold;

3. an action functional S : F — R.

An additional requirement on this action functional is that it is local in the sense that S

can be written as:
S[d)] = / L(£>J;} )7
M

where j7¢ is the n-jet of field ¢. The classical physics of such a system is completely
captured by the critical locus of S: Crit(S) = {¢ € F | dS[¢] = 0}, or, stated in the
vernacular of physics: the principle of least action. In the variational principle this leads
to (in cases where the boundary does not contribute) the Euler-Lagrange equations the
solutions of which constitute Crit(.S).

In order to transform this theory from the classical to the quantum regime one intro-
duces the concept of path integrals.* In the most basic sense the path integral formalism
gives the expectation values of an observable in the following way. We are given the
classical data of the theory, so a manifold M, space of fields F and action functional S.
We want to calculate the expectation value of observable O that is a function O : F — R,

the principle of path integrals says this is given by:

1

©) =4

| 0(6)exp i1 Do,
where exp %S [¢] D¢ is a measure on F and Zg is the partition function:

/ exp %S[gzﬁ] Do.
r

Normalising by the partition function makes this a probability measure, however, as F is
infinite dimensional rigorous mathematical treatment of this approach is still in progress
in the community. Nonetheless if one ignores the problems of infinite-dimensionality (as
we shall) this approach is very successful.

The procedure outlined above works if the critical locus is non-degenerate, which is not

the case if the system has symmetries such as those stemming from a gauge redundancy.

4There are other possibilities to quantise a theory, however, the path integral method makes dealing
with symmetries the simplest and relies on the Lagrangian formulation of classical physics that we focus
on in this work.
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This is tackled by introducing a gauge-fixing, however, this is not trivial to do. Essentially
what one needs to do is restrict the integration to the subspace of only gauge inequivalent
field configurations i.e. reduce the integration domain to F/G where G is the group of

gauge transformations.

BRST. BRST is a method of quantising or gauge fixing gauge theories. It cannot handle
all kinds of gauge symmetries and is superseded by the BV formalism. Nevertheless we
begin with the idea of BRST as this is the basis on which BV is built upon.

The framework is as follows. We embed the manifold of classical fields F into the
0 degree body of a (Z-) graded manifold Fgrgr. This grading is what is usually called
the ghost number meaning physical fields have ghost number 0. Additionally Fggrsr is

endowed with a cohomological vector field and measure that is assumed to be @Q-invariant:

for any function f on Fprgr (for more details on this see [23]). BRST is related to the
classical case by two conditions: first is that the classical action is a BRST cocycle i.e.
QS = 0, and the second is Fpgrsr is a resolution of F/G or in other words the zeroth
cohomology of Fggrgr is isomorphic to the space of functions on F/G. The gauge fixing is
done by a choice of gauge fixing fermion W which is a degree -1 function on Fgrsr, then

for the path integral we have:

/ exp %Suz/ exp £(S + QW) p,
FBRST FBRST

that holds because of the invariance of the measure. By requiring the zeroth cohomology

to match F /G we ensure each gauge orbit is counted only once in the integral.

BV. The Batalin-Vilkovisky procedure is a generalisation of the BRST formalism in that
to each field an additional antifield is attributed. We shall now define this construction.
A BV manifold is a P(—1)-manifold or a graded symplectic manifold of degree —1 with a
measure compatible with this symplectic structure in such a way that locally it is just the
coordinate Berezinian measure. Usually we take the BV manifold to be of form 77 [—1]M.

This measure defines a divergence as:

/MXfuz/MdivuX-fu,
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with X f understood as the differential action of vector field X on functions f on M. With

this divergence one can now define the BV Laplacian as:®

NIl .
Aufz( g)fdlvu{f, -}

Its important to note that the Gerstenhaber bracket and Laplacian are not independent
even though they are usually included separately in the definition of a BV algebra as a

Gerstenhaber algebra with a compatible Laplacian in the sense of:

A{f, g} = {Af. g} + (=) F Ag}

A Lagrangian submanifold £ is in the graded case defined as in the ordinary case, as
a submanifold on which the symplectic form vanishes and that has maximal dimension.
When we take the BV manifold 7%[—1]M there is a special Lagrangian submanifold given

by a gauge fixing fermion of degree -1, in local Darboux coordinates {z°, m;r 36

4= o)

A Lagrangian will always have a measure induced from the measure on the BV manifold.
The main result of this formalism are the two following statements (due to [6] and [24]).

If Af =0 and £ and £ are homologically equivalent Lagrangians then:

/Lflm:/ﬁ,flw;

/ﬁfﬂczo-

This theorem assures us that integrating over differently gauge fixed actions does not

if fis A-exact then:

change the result.

We now have all the ingredients necessary to construct a BV gauge field theory. We start
with the classical information (M, F, Sq), then through the above explained procedure
obtain the BRST fields Fgrst and identify this with the M manifold on which we built
up our BV manifold:

Fav = T*[1]Farst-

This induces the aforementioned antifields, in essence the fibre coordinates on Fgy. The

remaining unknown is the BV action functional. For the scope of this thesis we shall only

5The measure x will only be written in the subscript of A in this definition to emphasize its origin but
will later be omitted for brevity.
6 A dagger in superscript will always physically mean the corresponding antifield.

10
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consider the zeroth order in the formal power series of S as a function on Fgy:
S =Sy + Sih+ Seh* + -+,

since we are not explicitly interested in quantum calculations that follow once one knows
Sp. Thus from now on we shall by Sgy denote Sy for which the following must hold in

order to be consistent with the classical action:

SBV|.FBRST = SC]

Remembering BV is an extension of BRST means that we inherit the cohomological BRST

operator () that can now be expressed using the Gerstenhaber bracket as:

Q = {SBV> : }7
that makes the BRST invariance of the action:

the classical master equation again (equivalent to the requirement that QQ be cohomological).
Therefore the main challenge becomes finding a BV action Sgy that satisfies the classical
master equation. Notice that we have obtained the master equation just as in the previous
section for QP-manifolds, however, it is important to emphasize that in the previous
case it arose as a geometrical consequence of construction, whereas now it has appeared
as a separate requirement since this is not a QP-manifold. In fact it could not be one
since it was shown that the QP compatibility allows the cohomological vector to be both
symplectic and Hamiltonian in the cases when the degree of the graded symplectic structure

is different from —1, the precise case we have in BV.

1.2 | Double field theory

Double field theory, an attempt to make T-duality a manifest symmetry of field theory
[9,25-27], is a special field theory of focus in this thesis and onto which all the above
machinery will be applied. Thus, in this section we shall briefly go through the motivation
for double field theory, namely T-duality, and its relation to the split orthogonal group
that constitutes the foundation of the formulation of DFT. Then a short description of
DFT is given introducing objects such as the generalised metric before going into a change
of formalism by swapping the information contained within the generalised metric with
that of a generalised vielbein. The section ends with the basics of the flux formulation

needed in later chapters for the correspondence to the algebraic structure called a DFT

11
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algebroid.

1.2.1 | Foundation

T-duality. In the simplest sense T-duality is the physical equivalence of sigma models
over a background with a circle dimension of radius R and 1/R. For example, this can
most easily be seen in bosonic string theory (covered in most string theory books e.g. [28]
but here following the approach of [29] and [30]). There one can show that 26 spacetime
dimensions are needed for the theory to be consistent, implying 22 of them need to be
“hidden” somehow. This is done via the process of compactification, in essence, by making
these dimensions small compact subspaces such that they cannot be observed directly
(at least at energy scales presently available). The simplest such subspace is a circle of
radius R and this will make our example. Take the target space to be M = R?* x S and
worldsheet 3 parametrised by coordinates (7, 0). The 25th component (corresponding to
the circle direction) of the target coordinates of ¥ understood as maps X : ¥ — M is

then required to satisfy:
X®(r,0+7) = X>(1,0) + 21 Rm,

where m € Z is the winding number. By calcualting the Fourier modes of the string one

can obtain the Virasoro generators and arrive at the mass spectrum of the string:

s (n\? (mR\?
(3] + (5

the dots indicating terms irrelevant to the compactification and following observation,

and n € Z the momentum excitation. This expression is completely agnostic to the
substitution: /

8
<> d R+ —
n m o an R

with o/ € R a dimension —2 constant parameter inverse to the string tension (up to 2).
This is T-duality. One can replace the circle S' with a different one of inverse radius
and the physics (other than the switching of winding and momentum modes) would not
change. This means that if we have coordinate X2® on the first and X5 on the second,

the duality becomes the equivalence:
X25 <~ X25.

Double field theory is a realisation of a field theory over a doubled space (spanned by
coordinates x and %) such that this doubled nature has T-duality manifestly between the

two sets of coordinates.

12
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O(d, d)-symmetry. Our aim now is to see how a T-duality as described above generalises
to O(d, d) symmetry. Continuing with string theory, and in addition to [29] also following
[9] and [31], closed strings must satisfy the level matching condition, a constraint stemming
from the reparametrisation invariance of the worldsheet in the o direction. In the more
general case of the compactified space being an n-torus i.e. M = R26=" x T™ the level

matching condition becomes:
N — N = piwia

with N and N the number operators, and p and w the momentum and winding operators.

If N =N =1, for example, this condition implies the weak constraint:

8181( ' ) = Oa
where the dot indicates any one field. This comes from the fact that p; = —i0; and
w' = —id" by analogy. One must take care not to confuse the weak constraint that is

a physical requirement with the strong constraint of DFT that is just an artefact of the
formulation, as we will see later. However, the form can be deceiving as it has the same

expression:

the difference being in the argument that is now any product of fields as opposed to the
weak constraint that had only one field acted upon. Coming back to the level matching

condition, one may combine these winding and momentum operators into a 2d vector (in
W'
v =
pi

. 0 1
N —N =1v"nv  where 77:< d).

bosonic strings d being 26):

making the condition:

1z 0
Written in this form the relevant term in the string Hamiltonian becomes:
H > WH(G, B)w,

where H (G, B) is the generalised metric depending on the background metric G and 2-form
Kalb-Ramond field B:

G- BG'B BG!
H(G,B) - ( ) |

~G'B G

13
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Its inverse is given by:

H! =nHn.

Both the level matching condition and the Hamiltonian must be invariant under a T-
duality transformation which we take to be an invertible d x d matrix O. Therefore we
say:

v=0T,

implying v7nv = v OnOTv, meaning for the level matching condition to be invariant O
must satisfy:
OnO™ =1.

Remember that 7 is an off-block diagonal unit matrix so can be transformed into the block
diagonal form diag(1l4, —14). Hence O defines an element of the split orthogonal group
O(d,d). This transformation reflects on the generalised metric as well, this can be seen

by the second claim that the Hamiltonian must be invariant:
VI H(G, By = vTOH(G, B)O™,
defining the transformed metric as:
H(G', B') = OH(G, B)O".

There are two points to emphasise, first, since the momentum and winding numbers are
integers the group is over the set Z, and second, the physical symmetry itself is actually
O(n,n) as there are only n compactified dimensions that can dualise. As was shown
the symmetry is formally extended to O(d, d), however, another extension is made with
regards to the first observation, namely O(d, d) is extended from the integers to all of R.
This is the group double field theory will be based upon, occasionally denoted O(d, d, R)

for clarity.

1.2.2 | Frame formulation

In order to make the description of DFT and O(d, d) symmetry more in line it is useful
to introduce a more covariant notation. First one needs a basis of O(d, d) such that the
invariant metric 7 takes the off-block diagonal form above. The coordinates on which this

metric can be used to raise and lower indices are given by:
Ta 0°
X 4 == ) 8 A — .
x® 0,

14
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Notice the index A =1,...,2d is doubled putting on an equal footing both the original
coordinates and their duals. These coordinates now transform with respect to an O(d, d)

transformation O in the following way:
X" =0%5X".

The field content i.e. the generalised dilaton (containing the dilaton and determinant of
the target metric) and metric (containing the target space metric and B-field) are O(d, d)

scalars and symmetric tensors of order 2:

d'(X') = d(X)
Hap = O° AOP g H .

‘H is symmetric from the fact that 1 defines its inverse by raising the indices:
HAP = n*“n"PHep  and HAPHpe = 6.

DFT defined in terms of H and d has a gauge symmetry generated by the generalised Lie
derivative:

LgAA = {BéBAA + AB(‘L@B - ABaBgAa

with A and £ generic O(d,d) vectors and ¢ understood as the gauge parameter. The
commutator of two gauge transformations induces the gauge algebra closure by the C-

bracket of DFT up to terms controlled by the strong constraint:

[Léu Liz] = L*[[&,ﬁzﬂ (1'2'1)

L
strong constraint

as will be seen in chapter 2. Taking cue from general relativity one can replace the
generalised metric by introducing frame fields (Refs. [27,32-34]). Hence, the fundamental
fields become the generalised dilaton d and the generalised vielbein £4 with I =1,...,2d
being the flat indices. A convenient choice for the flattened metric is that it coincides with

the O(d, d) invariant metric n making the bein precisely an element of the O(d, d) group:

. 0 1
Ny = ErE, nap = . (1.2.2)
1g O

It is important to note here that even though 7 and 7 have formally the same form its
indices give away their different nature, later this will become even more important to
distinguish as one will end up defining the curvature of the underlying L..-algebra with

the other just a structure constant. The choice of vielbein induces a flattened generalised

15
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metric:

s 0
SIJ = ( ) )
0 Sij

where i,j = 1,...,d are the indices split by 7 and s are two flat Lorentz O(1,d— 1) metrics
that satisfy:
Hap =E4E St

Having defined the vielbein we are now able to construct two objects or “generalised fluxes”

with which we can construct an O(d, d) scalar action:

Frixk = 35[11435&1351(]3,
Fr=E"2048,5E 5 + 2614 0ad,

that satisfy the Bianchi identities:”

g[IAaA]:JKL] - %ﬂIJM}—KL]M = 27IJKL
EXADL Frcrs + 2652 0aF ) — FE Fiery = 215 (1.2.3)
EMOnTF —YF Fr+ LF R Fk =2

The action defining DFT is now:
S = /dX exp(—2d) R(E,d), (1.2.4)
with R:

R = (S — i) (262 0uF; — FiFy)
+ FroFiun (_%ﬁILﬁJMﬁKN + iSILﬁJMﬁKN _ %SILSJMﬁKN> 7 (1.2.5)

playing the “role” of both the spacetime Ricci scalar, dilaton kinetic term (rescaled to
incorporate the metric determinant) and B-field strength H term of supergravity as a low

energy effective action:
St = / dev/~Ge™* (R +4(99)* — LH?),
to the worldsheet string theory action:

Sws = i [ drv/a((Gug™ + iBue”)0uX10,X7 + a'oR®)).

"Underlined indices are skipped in the antisymmetrisation.

16
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where R and R® are the spacetime and worldsheet Ricci scalars, and we have performed
a Wick rotation to Euclidian signature on the worldsheet. Relations (1.2.4) and (1.2.5)
do not assume the strong constraint as will not be assumed throughout this thesis unless
specifically stated. Additionally, in the remainder we shall drop the dilaton field for

simplicity, see [35] for a geometric description of the dilaton field.

17



CHAPTER 2

BRST SYMMETRY OF DOUBLED MEMBRANE SIGMA
MODELS

Double field theory (DFT) [9,26,27,36], seen as an attempt to realise the T-duality of
closed string theory in section 1.2 manifestly, is at the level of low-energy supergravity based
on a generalised geometry of a tangent bundle extended by 1-forms [37,38]. This generalised
tangent bundle is then equipped with a bracket, a symmetric bilinear form and a map
to a tangent bundle defining the structure of Courant algebroid [39-41]. The symmetric
bilinear form defines an O(d, d) structure relevant for T-duality on a d-dimensional target
space, while the symmetries of the generalised tangent bundle unify diffeomorphisms and
2-form gauge transformations of the Kalb-Ramond field.! Moreover, the properties of the
Courant bracket are used to systematically determine background fluxes of string theory
and their Bianchi identities [42,43].

Furthermore, in Ref. [18] Roytenberg used graded geometry to show that given the data
of a Courant algebroid one can uniquely construct the Batalin-Vilkovisky (BV) master
action, Sgy of section 1.1.3, for a membrane sigma model which is a first-order functional
for generalised Wess-Zumino terms in three dimensions. (See also Refs. [19, 20, 44] for
earlier work in the same direction.) Therefore, the aim of this chapter is to connect the
BV knowledge of the Courant sigma model with the known [45] classical projection that
produces a sigma model over a doubled target that is identified with the DF'T sigma model,
and check these two are compatible.

The chapter is based mostly on [46] and is split in two parts: the first that recaps the
Courant algebroid and sigma model theory, and the second that introduces the projection

and applies it to the first part.

IThese are not, however, all of the elements of O(d,d). In addition to diffeomorphisms and B-field
transformations one has factorised duality transformations and S-transformations, though these will be
ignored.
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Chapter 2. BRST symmetry of doubled membrane sigma models

2.1 | Gauge and BRST symmetries of the Courant sigma

model

The Courant sigma model belongs to a general class of topological sigma models of
AKSZ type [15] satisfying the classical master equation. In this particular case one can
show that the conditions for gauge (or more generally BRST) invariance of the Courant
sigma model and the on-shell closure of the algebra of gauge transformations follow from the
classical master equation and correspond to the axioms of a Courant algebroid defined in
section 2.1.1. Membrane sigma models were subsequently used for a systematic description
of closed strings in non-geometric flux backgrounds [42,45,47-49].

The gauge transformations of the DF'T membrane sigma model were obtained in [45] by
projecting the standard gauge transformations of a Courant sigma model over a doubled
target base manifold. However, the latter is the antifield zero sector of the classical
BV action constructed using the AKSZ procedure. The master action is defined over a
graded manifold in terms of superfields (fields of the same total degree) whose components
include the classical fields, ghosts, ghosts for ghosts and antifields. The classical gauge
transformations lift to the BRST transformations of the superfields as shown in sections
2.1.2 and 2.1.3.

2.1.1 | Courant algebroid

To begin we outline the definition of a standard Courant algebroid (due to [39,40])
following [50]. A standard Courant algebroid is defined over £ =TM & T*M, where M
is a d-dimensional manifold. The resulting generalised vector stems from the generalised
bundle E: A = Ay + A € I'(E) where we have separated the vector part Ay € I'(T'M)
and one-form part Ap € I'(T*M).

Let E — M be a vector bundle. Define an antisymmetric bracket of sections of
the bundle, [-,-]¢c : ['(F) @ I'(F) — T'(E), a non-degenerate symmetric bilinear form,
(,):T(E)®T(E) — C*(M), and, finally, an anchor map, p : E — T'M. This quadruple
(E,[-,-]c, (-, ), p) defines a Courant algebroid [40] up to some compatibility conditions
discussed below.

A Courant algebroid allows for two types of operations, the antisymmetric Courant
bracket or the Dorfman derivative [51]. The Courant bracket can be obtained as an
antisymmetrisation of the Dorfman derivative. In the case of a standard Courant algebroid
(the focus of this section) the bracket can be explicitly stated in terms of the vector and

form parts of the sections:

[A, Ble = [Av, Bv] + L4, Br — Lp, A — 2+ d(va, Bp — tp, Ar),
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and can be further twisted by T'(Ay, By) where T is a closed three-form. The Dorfman

derivative is this case is given by:
AoB = LAB = [Av,Bv] + »CAVBF - LBVdAF'

It is obvious the Courant bracket is a generalisation of the Lie bracket and the Dorfman

derivative of the Lie derivative. As for the pairing:
<A, B> = %(LAVBF —+ LBVAF),

one can immediately see the O(d, d) symmetry in the structure since:

(A B = (4 Ap) (fd 15) (Z) |

where the matrix is the O(d, d) metric that we denote 7j;; and the indices I, J go from
1,...,2d.> The three ingredients added to the bundle (the bracket, pairing and anchor)
must satisfy five compatibility conditions. The first is the Jacobi identity for the Courant
bracket,

[[A, Blc, Clc + cyclic = § D([A, B¢, C) + cyclic, (2.1.1)

where the differential operator D : C*°(M) — I'(E) is defined by
(Df, A) = 1 p(A)F, (21.2)
for any A, B,C € I'(E) and f € C*°(M). Second is the Leibniz rule for the bracket:
[A, f Blo = [ [A, Blo+ (p(A)f) B— (4, B) Df, (2.1.3)
third the homomorphism property of the anchor with respect to the bracket:
plA, Ble = [p(A), p(B)], (2.1.4)
fourth is the fact that Df is in the kernel of the anchor:
poD=0 <= (Df Dg)=0. (2.1.5)

This condition becomes key when going to the DF'T case as it will contain most explicitly

the strong constraint of DFT. The fifth and final property is the compatibility between

2The hat on 1) will always denote that the O(D, D) metric acts on vectors of the algebroid bundle (in
this case E). This is in opposition to 7 that will appear later and will also be an O(D, D) metric but one
that acts on tangent vectors of the base manifold. One must be careful as D can mean both d or 2d, the
difference should be clear from context and the range of the corresponding indices.
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Chapter 2. BRST symmetry of doubled membrane sigma models

the Courant bracket and the symmetric pairing,
p(C) A, B) = (IC, Ale + D(C, A), B) + (A,[C, Blo + D(C, B)). (2.1.6)

It is important to note that although given five, only three are in fact independent require-
ments and one only really needs the Jacobi identity, compatibility and any one of the rest.
Roytenberg and Weinstein [52] showed three properties of a CA that will become useful

later.

Property 2.1.7. In a Courant algebroid E with anchor p, differential D and Nijenhuis
operator Ne(eq, ez, e3) = 3([e1, ea], es) + cyclic, the following three identities hold for e; €
['(E):

1. [e,Df] = D<€an>;
2. No(ey, €2, Df) = jpler, el f,

3. (Jac(eq, e, €3), e4) + antisymm.(1,2,3,4) =
= —2([eq, ea], [e3, e4]) + antisymm.(1,2,3,4),
where antisymm.(1,2,3,4) indicates all terms needed for the antisymmetrisation of

ey, €, ez and ey.

Let’s introduce a local basis for the sections of E, e/ where I = 1,...,2d. The
structures defined thus far (bracket, pairing, anchor and derivation) produce the following

coefficients in this basis:

p(e)f =" p% 10,
Df =D;fel = p*0.fe.,

with a = 1,...,d the tangent bundle index. In this local basis the five abstract properties

become the following constraints on the functions p®; and Tk

A" e’ =0, (2.1.8)
P 1 0up® s — p° Oup’r — T PPk Trry =0, (2.1.9)
4pa[L 8aT]JK] +377MN TM[[J TKL}N - 0 (2110)

It is instructive to mention the correspondence between a Courant algebroid and
QP2-manifolds [53] (for a pedagogical exposition see [54]). Recall from sec. 1.1.2 that
a QP2-manifold (also called a differential graded symplectic manifold of degree 2) is
defined by the triplet (N, Q,w) with the base manifold usually taken to be of the form
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N = T*[2]T[1]M. The @ is a cohomological vector field on N (a vector of grading one
that squares to zero) and the P corresponds to the graded symplectic structure w of degree
2 that induces a graded Poisson bracket on C*°(N'). The triple is a QP2 manifold if the

two structures are compatible in the sense that:
£Qw =0.

The manifold A is charted by three types of coordinates: degree 2 coordinate F, coming
from the cotangent bundle fibre shifted by two, two degree 1 coordinates (one from the
shifted tangent and one from the shifted cotangent bundle) that can be combined into one
double coordinate A’ and a degree 0 coordinate of the base manifold z*. The Q-structure

defines a degree three Hamiltonian function © via:
Q =16, },
where { -, -} is the Poisson bracket induced by the symplectic structure:
w=dX*dF, + i, dA'dA’. (2.1.11)
The requirement Q?> = 0, therefore, yields the classical master equation:
{6,06} =0,
which in turn yields (2.1.8) - (2.1.10) in local coordinates when
O = p%(z) F, A"+ 3 Tryx (x) AT A7 AR (2.1.12)

This choice of Hamiltonian function gives the following cohomological vector field [54,55]:

0

OF,
0

oF,

O )
Q= —pal(x)AI% + 01 p® () Fy = 4 0up"1(x) F, AT +

‘oAl
0

+ %ﬁIJTJKL(fE)AKALﬁ + 50Ty (x) AT AT AR

(2.1.13)

2.1.2 | Courant sigma model as a reducible gauge theory

First we discuss the gauge symmetries of the Courant sigma model for a membrane
worldvolume 33, defined over a doubled target space M. We immediately start with a
doubled target space M since later in the chapter our procedure will require this of us,

however, everything stated within this and the next section holds for any base space. The
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action functional for the classical model is:

Sc[X, A, F] = /Z 3<FA AAXA + LipATA AAT — p? 5 (X)AIA Fi + LT3 (X)ATA ATA AR

(2.1.14)
where A = 1,...,2d is a target space index, I= 1,...,4d is the bundle index and we
have considered scalar fields as components of maps X = (X4) : ¥3 — M, 1-forms
A € QY(33, X*E), and an auxiliary 2-form F € Q%(33, X*T* M), and locally we consider
the generalised tangent bundle E = TM @ T*M. The fields (X4) = (X% X,) are
identified with the pullbacks of the coordinate functions, X¢ = X*(z%) and X, = X*(Z,).
The symmetric bilinear form of the Courant algebroid over E corresponds to the O(2d, 2d)-

5= (775) = 0 g
n Nij lyy 0 )

not to be confused with the O(d, d) metric n that acts on sections of T'M that will appear

invariant metric

later. p4 j are related to the components of the anchor map p : E — T'M and T} are
related to a general twist of the Courant algebroid, generating a generalised Wess-Zumino
term. For a local basis (e;) of E, they are related to X* ({e}, [e, ex])), where (-,-) and [-, -]
are the non-degenerate symmetric bilinear form and the bracket of the Courant algebroid
over E respectively.

The action (2.1.14) is invariant under the following infinitesimal gauge transformations
[19]

Sen X =pte, (2.1.15)
5(6 t)AI = dEI —+ ﬁINTNjR-AJEK — ﬁIJij ta, (2.1.16)
5(qt)FA = —dty — 8,4ij Aj ANtg — EjaAij g+ %EjaATij Af A Ai, (2.1.17)
where €l is a scalar gauge parameter, dependent on the worldvolume coordinates, and

t4 is an additional one-form gauge parameter. These transformations define a first-stage
reducible gauge symmetry, typical for gauge theories that include differential forms with
degree larger than one [22,56]. For completeness, and although this is simpler to do
directly in the BV formalism, it is instructive to check the gauge invariance of the field
equations of the model and the closure of the algebra of gauge transformations. Varying
(2.1.14) with respect to Fj, Al and x4 respectively, we find the field equations:*

DXA =25 —dx4 - p ;AT =0, (2.1.18)
DAT = {17 35 = dAT — §TK pt Py + L/ Ty 5 AT A AT =0, (2.1.19)

3Both the Courant (and later DFT) algebroid differential and equations of motion are denoted with a
calligraphic D, however, due to their completely different nature it should be obvious from context what
is implied.
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DFy = 55 = dFa + 0ap” g AN A Fg — 204Tj; AT AAR AAL =0, (2.1.20)
Let us now examine how the field equation (2.1.18) transforms. We find:
Seny DX = e 0ppt ;DX — 7K p jpP gt + €/ AR (207 g Opp™ 5y — 0" 5 Ty 1)
where underlined indices are not antisymmetrised. This directly implies that:

, (2.1.21)
, (2.1.22)

whereupon the field equation transforms covariantly. Next we examine the transformation
of the equation (2.1.19) and obtain:

SenyDAT = =A™ (04Tg 10X AT — 0ap" 4 t1) ADXA + 7T ;X DAY +
+ 277[K< Pt 50aTin i — P kOaTx g1, — 3TKR[N77RPTJL]P) VS

where we used the condition in (2.1.22). We observe that the field equation transforms

covariantly provided one more condition holds, namely:
3p" 50Tk — P 504 Ty, — 3Tieau™ Tipyp = 0. (2.1.23)

It is then easily confirmed that transforming the field equation (2.1.20) does not produce
any further conditions. Moreover, the three conditions (2.1.21), (2.1.22) and (2.1.23) are
precisely the local coordinate expressions for the three independent axioms of a Courant
algebroid.

Closure of the algebra of gauge transformations gives:

A A _J
[5(6171&1)75(627152)})( =0 j €2
6{2 = nIJTJKLE{{Eé
where we used the condition in (2.1.22) to define €15. Furthermore we have:

[5(61,751)7 6(62,t2)]A] = 5(612,t12)A 77 aATYJKLEI DXA
tio4 = 8ATMj 61 62A + 25Ap e 6[1 9B,

where we used the conditions in (2.1.22) and (2.1.23). The closure on the field F; does not
introduce any further conditions. Therefore we conclude that the Courant sigma model is
gauge invariant on-shell, provided that Eqgs. (2.1.21,2.1.22,2.1.23) hold. (Sometimes this

is referred to as a reducible gauge theory with an open gauge algebra.)

24



Chapter 2. BRST symmetry of doubled membrane sigma models

2.1.3 | The BV action and BRST transformations

On-shell closure of the algebra of gauge transformations implies that the natural de-
scription of the gauge symmetries for the Courant sigma model is the BV/BRST formalism
(for physics-oriented reviews, see [22,56]). In particular, one can construct the classical

master action [18]:

Sc[X,A,F] = /T[l]zsu (FA dX* + L ATdA7 — p* 5 (X)ATFu + %Tm(X)AfAJAk> 7

(2.1.24)
where 1 = d®0d®0 is the Berezinian measure on the graded manifold T'[1]33 spanned
by coordinates (o*, 6*) of degrees (0, 1) respectively, d = 60, is the superworldvolume
differential and superfields (in the sense of [57]) include the classical fields (X, A, F), ghosts
(€,t,v) of ghost numbers (1,1,2) and antifields:

XA = XA 4 A 4414 4 t4) (2.1.25)
Al = 4 AT 4 lTAL 4 el (2.1.26)
F4 :UA—i-tA—}—FA—FXL. (2127)

Here X4, Al , F 4 are superfields with total degree 0, 1, 2 respectively, where the total degree
of a field ¢ is the sum of its ghost number gh(¢) and its form degree deg(¢). Antifields
are denoted by a dagger T and we have gh(¢) + gh(¢") = —1 and deg(¢) + deg(¢') = 3.
The conditions given in Eqgs. (2.1.21), (2.1.22) and (2.1.23) are obtained directly from
the classical master equation {Sc,Sc} = 0, where the bracket arises from the target
manifold symplectic structure of type (2.1.11). Setting all ghosts and antifields to zero
in the master action (2.1.24) reproduces the Courant sigma model (2.1.14), while the
BRST transformations of the classical fields give the gauge transformations as in (2.1.15)—
(2.1.17). For completeness and as a comparison for chapter 4 we present here the BRST

transformations of all the fields,

Qv X" = pe, (2.1.28)
QuvAl = del — A pA sty + T AR EE — 41705 " F1By 4 + LTI OpT o FIBR (L
(2.1.29)

QpvFa=—dts — aApjjBEIFB — aAprAItB + %aATfjf(EIAJAK +
+ %aATijﬁKﬁeijATﬁ — 8AprﬁfjA}’UB + %GAaBﬁchfFTBFTCeva —
— 8A83pCfFTBEItC + 8AaB,OCjFTBAIU(j — %aAaBachijTBFTCEIGJEK +
+ é@AaBTijtTBeIeJeK - %aAaBTijFTBAIEJEK - 8A83pcftTBerc,
(2.1.30)

QBVGI = ﬁIJij Vg — %ﬁ[‘]TjkfjﬁKeL, (2.1.31)
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Qpvta = dvg — 8Apr61tB + 3Aij Alvg — %8ATij-EIEJ AR 4+ 0A83p0f FtBelyn —
— 10405T; ji F1P el X, (2.1.32)

Qpvvs = —8AprerB + éaATfjf(EIEJGK. (2.1.33)

Note that one needs to introduce a ghost for ghost v because we are dealing with a first-
stage reducible gauge theory, or said differently, there are “gauge invariances” for gauge

transformations as expected in gauge theories that include higher differential forms.

2.2 | Gauge symmetries of the DFT membrane sigma model

In reference [45], the starting point of this whole chapter, a DFT membrane sigma
model was proposed beginning from a Courant sigma model defined over a doubled target
spacetime and adopting a suitable projection. As was seen in section 2.1.1, for Courant
algebroids the bundle over a base manifold is extended (“doubled”), while in DFT one
doubles the coordinates, i.e. the base space. In order to be able to relate the two we had to
start from a large Courant algebroid defined over a manifold spanned locally by the set of
doubled coordinates { X, X,}. This naturally introduces an O(2d, 2d) structure indicating
that a suitable projection to a subbundle with O(d, d) structure is due. This projection,
demonstrated in section 2.2.1, was identified and all Courant algebroid structures were
projected accordingly to DFT structures; for instance, the characteristic C-bracket of DF'T
(1.2.1) is obtained in this way from the Courant bracket of the large Courant algebroid.
The properties of this bracket were analysed and used to define a DFT algebroid that will
be of great importance later. Moreover, the flux formulation of DFT was used to identify
the components of the anchor map in section 2.2.2 and with these data a DFT membrane
sigma model was defined in 2.2.3. This worldvolume theory is gauge invariant only under
a certain condition which corresponds to the strong constraint of the target space DFT.

It was shown in Ref. [58] the classical master action of the large Courant sigma
model can be projected to the corresponding DFT action for projected superfields. This
action does not satisfy the BV master equation (1.1.1) and cannot be constructed using
AKSZ theory. This is an expected result, since already at the classical level the DFT
membrane sigma model is gauge invariant only up to the worldvolume analogue of the
strong constraint, and therefore one cannot expect BRST invariance of the full action.
Here we complete this analysis by explicitly constructing the BRST transformations for

all projected superfield components in sec. 2.2.4 of the full DF'T membrane sigma model.

22.1 | DFT algebroid

The question that naturally arises is if one can provide a geometric description of DF'T

symmetries based on the C-bracket, before reducing the theory by imposing the strong
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constraint. Our starting point for this section is the collection of properties corresponding
to a standard Courant algebroid from sec. 2.1.1 and their modification in the case of
double field theory.

Projection procedure. To make this connection of DFT to a Courant algebroid, one
must first double the target space of the canonical Courant algebroid. Therefore, we begin
with a doubled target space manifold M with local coordinates! X = (X4) = (X, X,)
and define a large Courant algebroid (E,[-, -]c, (-, - ), p) over a vector bundle over this
doubled target space M:

E=TM=TM&T*M.

Now, we introduce a splitting on the large section:

AL =1 (A"£7"A,), (2.2.1)

1
2
and anchor:

(p2)%s = p™y £ Nyr p™ (2:2.2)

The O(d, d) metric 7 on E is used, relating their standard and dual parts. The generalised

tangent bundle is thus split into two subbundles:
E=L,aL_,

where L is the bundle whose space of sections is spanned locally by eF. A general section

of E can thus be written in terms of L, and L_ parts:
A=ALef +Ale;. (2.2.3)

In order to obtain a DFT structure one first observes the indices of the fields are 2d-
dimensional. This is resolved by a projection to the subbundle L, of E through the

bundle map:®

Under the projection, the components AL in the generalised vector (2.2.3) vanish, and

we rename AL = A’. This is a new generalised vector that is in fact a DFT vector [59].

4Throughout A, B,... =1,...,2d and a,b,... = 1,...,d are indices that correspond to double and
standard spacetime respectively, while Latin indices from the middle of the alphabet I, J,... =1,...,2d
and 7,7,...=1,...,d are reserved for bundle indices.

5We shall denote this subbundle L in sections where the projection procedure is not under consideration.
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Additionally we shall need the inclusion map:
t: Ly — F
and a composition map of the inclusion and projection maps:
a=1topy: E— F.
The projection acting twice on the standard Courant bracket,

p+([a(4), a(B)]c) = [A, B

produces precisely the C-bracket of DF'T vectors (see e.g [60]). The same on the generalised

Lie derivative,

p+ (Laga(B)) = LaB,

yields the generalised Lie derivative in DFT. The closure of the gauge transformations

(1.2.1) is controlled by the strong constraint,
B oa(---)0p(---) =0, (2.2.5)

for all fields of DFT and we shall not assume it unless explicitly stated. In the case of a
Courant algebroid, the question of the strong constraint becomes moot, as the Dorfman
derivative automatically satisfies condition (1.2.1). Finally the bilinear pairing is defined

simply from the pairing on the large Courant algebroid by inclusion:

(P+(A),p+(B))r, = (a(A),a(B))p. (2.2.6)

The explicit relation between DFT algebroid structures and the flux formulation of double

field theory using a local basis is reviewed in the next section.

Definition and properties. Now we focus our attention to the global properties of a
DFT algebroid and, therefore, with respect to the construction above, we are ready to
formally define a DFT algebroid.

Definition 2.2.7. Let M be a 2d-dimensional manifold. A double field theory algebroid
is a quadruple (L,[-, -], (-, ), p), where L is a vector bundle of rank 2d over M equipped
with a skew-symmetric bracket |-, -] : (L) @ T'(L) — I'(L), a non-degenerate symmetric
form (-, ) :T(L)@T(L) — C>®(M), and a smooth bundle map p : L — T M, such that:

1. (Df,Dg) = ; (df,dg);

28



Chapter 2. BRST symmetry of doubled membrane sigma models

2. [er, fea] = fler, ea] + (P(el)f) es — (e1,e9) Df;

3. (les, er] +Dles, e1), e2) + (e1, [e3, ea] + Dies, e2)) = ples){er, €2);

for all e; € T'(L) and f,g € C*(M), where D : C*(M) — T'(L) is the derivative defined
through (Df,e) = 5 p(e)f.

From axiom 1 it follows that a pairing on the bundle L induces a symmetric pairing
on T M that is actually a para-Hermitian metric on the doubled configuration space
(see Refs. [61-65] for the description of double field theory in terms of para-Hermitian

manifolds, and more generally in terms of Born geometry):

n:TMxTM— C®(M)

. M 5 (2.2.8)
n = 3napdX” VvVdX?7,

or, in other words, an O(d, d) metric with components:

0 o
— i 2.2.9
NAB (52 O) ( )

Here we introduced the symmetric tensor product vV v = u ® v + v ® u, in analogy with
the more standard wedge product. Since nap is invertible it also defines a symmetric

2-vector:

Nt TEM x T*M — C°(M)
L (2.2.10)
n=45n""0aV 0p.

The action on functions is defined via the natural contraction with 1-forms:
0 Ndf) = tyrdf = n*POafOp.

Additionally, we define the action of the symmetric 2-vector 7! on a section v = v494 of

(T M) using the Schouten-Nijenhuis bracket for symmetric vectors [66] as follows:
nil(v> = [77717 U]SN == UABaAUCaC V 83.

We would now like to further explore the structural data of the DFT algebroid. First,

one notices that Im(D) is not in the kernel of map p:

(poD)f = 5n ' (df). (2.2.11)

Next, one can show that map p is not a homomorphism:

plers e2])(f) = [p(er), p(ea)](f) = = SCp(er, €2) f,
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SCyler,ea) f =gnlpler), n ' (df)(ple2))) — (1 <> e2),  (2:2.12)

where the second bracket on the lhs in the first line is the standard Lie bracket of vector
fields, and we introduced a shorthand notation for the rhs. Furthermore, the bracket does
not satisfy the Jacobi identity, moreso than the Courant algebroid as even if we were to
include the D exact term into a modified Jacobi identity this would still be broken. In

fact we have:
Jac(eq, ez, e3) = [[e1, e2], €3] + cyclic = DN (eq, g, €3) + SCyac(er, €2, €3), (2.2.13)
where A is the Nijenhuis operator defined by:
N (e, e2,e3) = 5 ([e1, e2], e3) + cylic, (2.2.14)
and we introduced the shorthand notation:%

SCJac(ela €2, 63) =

o { (= olea)) (npler)) + 17 (plen)) (nlple2)) + [p(er), plez)])ples) | + eylic,

Here we defined the inverse of the anchor map p~! : TM — L as shown in the following

commutative diagram:

L — "
Tp—l Tp* 1 fopl=plon,
M —— T*M
where the map 7 : L — L* is induced by the DFT algebroid symmetric form.” The
existence of the inverse map p~! is due to axiom 1 of definition 2.2.7 and the relation of
the anchor to the generalised bein in DF'T, as reviewed in section 2.2.2.

Finally, in analogy to three further properties of a Courant algebroid (Property 2.1.7),
the following properties of a DFT algebroid will prove useful later in chapter 5.

Property 2.2.15. The following identities hold in a DFT algebroid:
1. 2(e1, D(e2, Df)) — 2{ex, [ea, Df]) = p(Df){e1, e2) + SCp(er, e2) f,
2. N(ela 627Df) - ip[[ehe?]]f = _%SCP(GDGQ)JC)

3. N([er, e2], es,€4) + (DN (e1, €2, €3), €4) + antisymm.(1,2,3,4) =
= %<SCJac(€1, €9, €3), e4) + antisymm.(1,2,3,4).

6Compared with definitions in [45], here we included Z7;x 1 in the definition of SCj,., see sec. 2.2.2
for more details.

"In a slight abuse of notation, we denote the bilinear form and the map it induces with the same letter,
both for / and 7.
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Proof. To prove property 1 we apply axiom 3 of Def. 2.2.7 to obtain p(Df){e1,es) +
pler)(e2, Df) — ple2){e1, Df) = 2{ea, (e1,Df)) + 2(e1[Df,ez]) + 2(Df,[e1,e2]). Then
by the definition of D the last two terms on the lhs become the commutator of vector
fields [p(e1), p(e2)] on f. Finally, using (2.2.12) twice we obtain the desired relation. For
property 2 first plug in the definition of the differential and Nijenhuis (2.2.14) to ob-
tain —g([er, e2]) + 3([Df, e1], e2) — 3([Df, e2], e1), then use property 1 on the last two
terms and definition of D again to merge them into the commutator of vector fields as
in the proof of the previous property, and finally use the broken homomorphism identity
(2.2.12) to yield the rhs of property 2. Lastly, the proof for property 3 is to be done
in two parts, first by (2.2.14) the rhs becomes 3 (Jac(er, es, €3), e4) + 2([e1, e2], [es, ea]) +
(DN (€1, €9, €3), e4)+antisymm.(1,2,3,4). Then, by the Jacobiator identity (2.2.13) this be-
comes 3 (Jac(ey, €2, e3), e1)+2([e1, €2], [e3, €a]) —(SCuac(e1, €2, €3), €4)+antisymm. (1,2, 3, 4).
The second part is to express the first two terms using SCj,., to show this we start
from (Jac(eq,ez,e3),e4), by (2.2.13) and the definitions of D and N this becomes
(SCyac(er, €2, e3), e4) + gplea)({[er, e2], e3) + cyclic). Plugging in axiom 3 into the sec-
ond term, summing over antisymm.(1,2,3,4) and applying (2.2.13) to eliminate terms
with DN again, yields:

2(Jac(eq, eg, €3), e4) + ([e1, e2], [es, ea]) — %<SCJ3C(61, ez, e3), e4) +antisymm.(1,2,3,4) = 0.

Multiplying this relation by 2/3 and substituting back completes the proof.

Comparing these identities with Property 2.1.7 one will notice they coincide if poD = 0,
SC,(e1,e2) = 0 and SCjac(eq, e2,e3) = 0, all three of which hold in a Courant algebroid.
Property 3 is worded slightly differently but as can be seen from the proof the source of
this property is the same. Therefore, the rhs of all three properties contain the strong

constraint violating terms.

2.2.2 | Relation of the DFT algebroid with the flux formulation of
DFT

Here we review the correspondence between the structural data of a DFT algebroid

and double field theory [45, 50|, using a local basis. Starting from definition 2.2.7 of

a DFT algebroid, we relate the 2d-dimensional base manifold M spanned by {X%},

A =1,...,2d with the doubled configuration space of double field theory spanned by
{z% Z,}, a=1,...,d. Axiom 1 of definition 2.2.7 implies:

it AP, = B, (2.2.16)
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Using the Leibniz rule, i.e., axiom 2, one can show that the bracket on a general section
E!(X)e; € T(L) is the C-bracket of double field theory:

[Er, Bo]” = pr (BY 0aB — §7" Eff 0aBok — Ey < Ey) + 7" Ty BLEY, (22.17)

while axiom 3 evaluated in a local basis imposes the antisymmetry of T in all three indices.
Relation (2.2.16) enables us to identify the components of the anchor map p with the
generalised bein £ of the flux formulation of DFT (1.2.2):

ﬁIJgAISBJ — UAB'

Moreover, properties of the bracket (2.2.12) and (2.2.13) written in a local basis produce:

20" 110p" ) — P M Ty = necp® 109" 5, (2.2.18)
377MNTM[JKT]L]N + 4PA[L84TJK1} = ZJKIL, (2.2.19)

where:
Zrkr = 377AD”BE770F,0D[[8E,0AJ pEKangL}. (2.2.20)

By direct comparison with the expression for fluxes and their Bianchi identities in double
field theory, given as (see (1.2.3)):

Frix = 38[1A8A5JB5K]B>
30N Farg Fron + 460 0uFwen) = 4Z k11,

we observe that the twist of the bracket 7' can be identified with the 3-form flux F of double
field theory and Z;x;;, = 4Z si1r- The origin of the totally antisymmetric tensor Zj
has been explained in [45], where it has been shown that at the level of the corresponding
3d DFT sigma model one can realise this term as a Wess-Zumino term on an extension
of the membrane worldvolume to four dimensions, as in [67]. However, this distinction
is not crucial in the present context, and in the remainder Z;;x is packaged into SCj,,
together with the rest of the strong-constraint breaking terms appearing in the expression
for the Jacobiator of the C-bracket (2.2.13).

2.2.3 | DFT membrane sigma model

As shown in Ref. [45] and above one can define a DFT algebroid structure and a
corresponding membrane sigma model starting from a large Courant algebroid over a
2d dimensional space M by applying a suitable projection. In particular, we considered

sections A of the large Courant algebroid E, decomposed in a suitable basis (see (2.2.1)
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and (2.2.2)), and projected (2.2.4) to the subbundle L, spanned by the local sections (e} ).
Projection of the symmetric bilinear form (2.2.6) of E, leads to the O(d, d) invariant DF'T

metric:®

(A,B)g = 17 ;ATB = 7,,(ALB] —A'B?) — 7,A'B) = (A, B),..

1
2

This works for general Courant algebroids over M with anchor p*; = (p?,, p47), yielding
the C-bracket (2.2.17):

[A, BY = (p)*r (A'0,AB” — 1" AX04Bxc — (A ¢ B)) + Ty’ ATBY,

in terms of the map p, : L, — TM with components (p+)?; = p?; £ 7;xp*, and T

chosen as:

Trix = Tk =3 <AIJK + 3B ke + 3C " M Ay + DLMNﬁ[[LﬁJ[MﬁK}N) ,
(2.2.21)

where A, B, C and D are the components of T} ;:

(A Br®
Tiip = (CIJK o] (2.2.22)

Using these projected data the following DFT membrane sigma model was proposed:

Sprr[X, A, F] = /

paES

(Fa N dXA + iy AN AT = (p )"y AT A Fa 4 3T ATA AT A AR

(2.2.23)
Next, in parallel to the flux formulation of DFT [27,33,34,68-70] a parametrisation of the
p+ components is taken such that they coincide with the generalised vielbein as stated in
2.2.2. Relation (1.2.2) then implies they satisfy:

A5 (p) 7 (p4) P = P, (2.2.24)

which is to be compared with the condition in (2.1.21). Moreover, the following set of

infinitesimal gauge transformations was proposed:
5.XA = ph e,
(SEAI = dEI + ﬁINTNJKAJEK,
0 Fn = —€’04p"  Fp + €’ AN N A0, Tcry.

8Denoting A, = A and B, = B.
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It was shown the action (2.2.23) is invariant under these transformations provided:

20" 1L.08p™ vy — PO PP ) = P i K T, (2.2.25)
3021k 0aTarnn — pANOATwarnr — 307 Tppae Trns = 0. (2.2.26)

However, these conditions are not sufficient; one needs to additionally impose the following
constraint:
par 0% p* e Fg = 0. (2.2.27)

This is the way that the strong constraint of the target space DF'T appears in the world-
volume theory. To see this we expand d4(---)Fy = 9,(---)F* + 0*(---)F, and notice
that if nothing depends on X® the second term vanishes automatically and the first term
due to F® being conjugate to X*. The opposite holds for the same reason. However
since the expression is O(d, d) invariant the statement holds for any solution to the strong

constraint.

2.2.4 | Projecting superfields
The classical action (2.2.23) is lifted to the full action in terms of superfields [58]:”
Spet[X, A4, F] = /T . n(FadX? + Ay ALdA] — ()" (X)ALF 4 +
3

+ 3T (X)ALATAY), (2.2.28)

where in comparison with (2.1.24) we used the structures (p4, T, 1) of a DFT algebroid
and projected the superfield A — A :

AL =+ AL AL 40,

by setting the A_ and e_ to zero, an operation whose consistency will be addressed below.
Next, we project the BRST transformations of the superfields of the large Courant sigma
model (2.1.24). By splitting and projecting the BRST transformation of the field Al , one

obtains:

QuvAl = el — 50" pid b+ 0" oy ALl — 50" 0ap2 , Fvp +

+ %ﬁIJaATJLMFTAEJLF€f7 (2.2.29)
QpvAl = %TA]”Pf‘J ta+ 30" 0k ALE + %ﬁ”aAPZFTAUB + iﬁ”aAQLMJFTAEiE%
(2.2.30)

9Writing 4 subscripts explicitly again.
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and for the ghost field el

QB\/E:"_ = %ﬁljpﬁJ’UA — %ﬁILTLJKEiEf, (2231)
QB\/EI_ = —%ﬁIJPéJ’UA — iﬁILGJKLGiﬁf, (2232)

up to terms containing A_ and e_ on the right-hand sides of the above equations; such
terms will eventually drop out by setting the corresponding fields to zero, but this has to

be done in a consistent way. The quantity 07,k is defined as:

Oric = —Aryx + 377L[KBIJ}L - 477L[IBJ]KL - 377L[I77MJOK]LM - 477KL77M[10J]ML +

+ ﬁKLﬁIMﬁJNDMNLa

with A, B, C' and D being the components of T} ;5 in (2.2.22).

The requirement that the projection onto L, be well-defined with respect to the BRST
symmetry means that the transformations of A_ (2.2.30) and e_ (2.2.32) must vanish.
Therefore, setting QpyvA_ = Qpve_ = 0 leads to the fixing of the ghost fields ¢4 and va:

Va = —%UABUNMPJEM@JKNEiEf = %@AJK(X)GiEfa (2.2.33)

tA e GAJK(X)A:’]_E{: + %8B@ALMFTB€iE{:_4. (2.2.34)
We used the fact that p?; satisfy (2.2.24), since one can write:
0 =n"p"0" 5 =" (pts08 = 02 50")) .

Fixing of the ghosts t and v is a consequence of choosing the map p, in such a way
that it satisfies (2.2.24). Recall that the anchor map of an exact Courant algebroid has a
kernel (2.1.5); in the standard case of the projection to the tangent bundle it is all of the
cotangent bundle. However, a DF'T algebroid is different and this can be seen as follows.
Choosing the above parametrisation for p,, this map has no kernel and therefore we have
to fix the symmetry associated to the gauge parameter ¢t that came from the Courant
algebroid where the map had a kernel instead. As we have the fixed ghosts t4 and vy,
their BRST transformations must be consistent with those coming from the master action
(2.1.32) and (2.1.33). Applying the BRST operator on (2.2.34) one obtains:

Quvta = 05O 4k Qv X PALEY + 047k QuvA e + 047k ALQpvel +
+ 105000 AL Quv X PFICel el + 2050 4 Quv P el el —
- aB@ALMFTBQBVEifi\_/[
= Ousxdel el + 10504 DX el el + i(ﬁJLng@AjlaB@CKM +

+0p (QﬁJL@AJITLKM — 280®AMIP$K — ﬁJLpJCrL@Aﬂ@CKM))FTBefeﬂ‘fei +
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+ (aB@AJLPfK - %@APLﬁPRPfR@BJK + @AMLﬁMNTNJK -

= 101"V Tivicr + 1040 Oy ) Adelel, (2.2.35)
using the BRST transformation for F4:
QpyF™ =DXA — Oppil  FTBEE.
However, the projection of (2.1.32) implies the following transformation:

QthA = dUA — GEaAPSBtC + Af@Aprvc — aATL]KLE_{_EfAi — aAaBngE_iL_FTB’UC —
— %aAaBTKLMFTBEfGiG{\Z
= %aB@AKL'DXBGfEJLF + @AJKdEin +

+ (éag@AKLpr — 8Apr@BJL + %aApr@BKL — aATJKL>Ai€f€_L~_. (2.2.36)
Egs. (2.2.35) and (2.2.36) should coincide. Therefore, the consistency condition is:
BSAJKLA.{_GfEi + 8BSA1JKFTBeieief — %RcAlaB@CJKFTBEiEiEE = 0, (2237)
where,

SaskL = aB@A[JKPEL] — Qun N Tnser) + MNP O ansOprr) — §3ATJKL +
+0ap ;OBK 1) (2.2.38)
RApi = 0" pt Ok + 2050 k. (2.2.39)

The same can be done for ghost v4 and we obtain:
Sasxrelelel =0. (2.2.40)
Fixing function © 4,5 (X) by setting:
R 5 =0, (2.2.41)

in (2.2.39) can be shown to imply S4sx7 = 0 meaning conditions (2.2.37) and (2.2.40) are

automatically satisfied.
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225 | Projected gauge transformations

Once we consistently projected all components of the superfields we obtain the following

set of gauge transformations:'’

5€XA - pAJ€J7
5€AI = dEI + (I)IJKAJEK,
0. Fy = —d(O4 5 AT %) — ! 0,pP 1 Fp + €’ AKX N AY 04Tk 1y — Oap® kOnLy),

where we defined:
o' i = "™ (Tvx — 20" NOask)- (2.2.42)

Note that the gauge variation of F)4 now includes trivial gauge transformations proportional
to the equations of motion.
As we did for the Courant sigma model case, we examine the transformation of the

field equations obtained by varying the action (2.2.23) with respect to Fiq, AT and X4

respectively:
DXA =dX4 - pt, AT =0, (2.2.43)
DAI dAI 1 IKp KFA + 27’] KTKJLAJ VAN AL = 0 (2244)
DF, =dF, + aAp w AN N Fp — 20,Typ A7 NAK A AR = (2.2.45)

The gauge transformation of the first field equation gives:
6. DX* = ' 0pp” ;)DXP + €/ AR (20" x0pp™ 5y — p NPV ies). (2.2.46)
Therefore, the first condition from the covariance of the field equation is:
20" (k0pp™ s — p NPV ks = 0. (2.2.47)

If we compare this expression with the DF'T fluxes obtained by twisting the C-bracket
(2.2.25) and (2.2.42), we obtain:

Ours(X) = _QUBAPC[KaBPCJ]a (2.2.48)

which is precisely the fixing (2.2.41). Next we check the transformation of the field equation
of A’ and obtain:

(SE'DAI = ﬁIN(ﬁATNJK - %0ApBN®BJK)eKDXA VAN AJ + ﬁINTNJKEKDAJ +
+ %ﬁINﬁKAM A AM (3,0A[K34TMM']N - PANaAT[KMM’] - 377PJTP[MM'TK}NJ) +

OFrom now on we denote A, = A and drop all other + subscripts.
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+ iﬁINpAJﬁJLpBLEK (®AKNFB + G)BMN@AM’KAM VAN AM,) . (2249)

Here the underlined contribution is highlighted for later reference, as it would vanish in
the case of a Courant algebroid. We see that the gauge variation of the field equation of

A is covariant provided that:
302 (kOaThinr v — p*NOATenine — 30" Topurns T = 0.

This is one of the local coordinate expressions for a DFT algebroid. However, due to
(2.2.24), the last line in (2.2.49) does not vanish, thus there is an additional obstruction.

Let us look at this obstruction in more detail:

AN pt it pP e (@AKNFB + OpuNOarnrk AY A AM’) =
= ﬁINEK (T]AB@AKNFB + @BMNT]AB@AM/KAM N AM/) . (2.2.50)

The first term in the parentheses can be rewritten using (2.2.48) as:
PO axnFp = —2paic0” p* N Fs,

which vanishes due to the already imposed condition (2.2.27). The second term in the

round brackets gives explicitly:
Oannn Ok = Mappepnd® p npoprd " K,

again after using (2.2.48). This term has precisely the form of the DFT strong constraint.

What about closure of the algebra of gauge transformations? On X“ we have:

[5€1a 552]XA = pAJEiI27

I _ gl K L
€9 = P kre €,

where we used the function (2.2.42) and condition (2.2.47) to define ;5. On A we have:

[0cy, 0y ] AT = 00, AT — 0407 jice] K DXA +-

€12

+3 (q)IN[M(I)NJK] - pA[MaA(I)IJK}) el el AM

where we used (2.2.47) and (2.2.26). The last line vanishes identically using (2.2.47), thus
we have the on-shell closure of the algebra of gauge transformations. However, we obtain
consistent gauge transformations of the field equations only after applying the strong

constraint, c.f. the underlined term in Eq. (2.2.49).
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23 |  Summary

We have shown how to construct the gauge symmetry of the DFT worldvolume action
by projecting the superfield components and BRST transformations of a Courant sigma
model master BV action defined over doubled space. We obtained that the algebra of
gauge transformations closes on-shell. However, the field equations transform covariantly
only upon the use of a constraint, which is the analogue of the DFT strong constraint.
This is in accord with the statement that the target space DFT action is invariant under
the generalised diffeomorphisms only after using the strong constraint. Our approach
establishes this result at the level of the worldvolume theory. To further our understanding
of the underlying symmetry and relation between Courant sigma models and DFT we need
to introduce the concept of L..-algebras. The remainder of our work will be dedicated to

the exploration and application of precisely this structure.
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CHAPTER 3

INTRODUCTION TO Lo-ALGEBRAS

Once we include higher-degree gauge fields in our physical models, it is, in general,
necessary to extend the standard description of symmetries based on Lie algebras and Lie
groups to higher structures. Higher gauge fields appear naturally in string theory [28],
but one can embed this generalisation into the standard field-theoretical framework, e.g.
Refs. [71]. A systematic approach to these higher structures can be formulated using
Lo.-algebras [72, 73], and recently, it was proposed that L..-algebras could provide a
classification of perturbative gauge theories in general [74]. In this chapter (following
mostly [75] and [76] unless otherwise stated) we shall briefly review the basic definitions
and properties of L..-algebras following the conventions of [76]. The relation to other

conventions, used for example in Ref. [74], is given in Appendix 3.A.

3.1 | Formulations of L.-algebras

Lo-algebras can be formulated in terms of graded algebras or coalgebras.! Each formu-
lation has its benefits and drawbacks however in this thesis we shall mostly focus on the
algebraic counterpart. In order to provide a complete understanding, a brief introduction
to the coalgebra formulation is provided. Before moving on it is important to note that
the dualisation between algebra and coalgebra does not go both ways in the case of infinite
dimensional vector spaces. This will not be of concern to us as in all physical cases the
vector spaces of interest are topological spaces where one can restrict to continuous duals

for which the double dual is indeed the original space. (See discussion in e.g. [77].)

!The history of development of the concept together with relevant references is given in https://
ncatlab.org/nlab/show/L-infinity-algebra#History
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Introduction to L..-algebras

3.1.1 | Algebra formulation

Lo.-algebras. An L.-algebra or strong homotopy Lie algebra (L, y;) is a graded vec-
tor space L with a collection of higher products that are graded totally antisymmetric
multilinear maps

i Lx---xL—L.
\_‘ty_/
1-times

of degree 2 — ¢ which satisfy the homotopy Jacobi identities:
Z ZX(O’; ll, ce 7li)(_1)kﬂk+1(ﬂj(la(l)y ceey lg(j)), lo-(jJrl)’ ce ,lg(i)) = 0; (3.1.1)

j+k:i o

VieNy, Vi,....Liel.

Here x(o; 14, ... ,1;) is the antisymmetric Koszul sign that includes the sign from the parity
of the permutation of {1,...,i}, o, ordered as: (1) <--- <o(j)and o(j +1) < -+ <

o(i).? By graded totally antisymmetric map we mean

wile ol by ) = (=)l ),

where |[,,] is the degree of element [,, € L. By careful observation of expression (3.1.1) one
notices index ¢ is an element of the naturals including 0. This inclusion of zero may seem
trivial but produces a non-trivial extension called curved L..-algebras. As this subtlety is
integral for the discussion of chapter 5 we will treat it separately. We restrict to the case

i # 0 for now. It is instructive to explicitly write the first three relations in (3.1.1):

i=1: m(ml) =0.

This relation states the map p; is a differential on L.

i=2: (ol b)) = pa(pr (b)), bo) = (= 1)1 s (s (1), 1),

From the second relation it is obvious the map p; is a derivation with respect to the

graded 2-bracket ps on L, while the third relation:

i=3: pu(ps(l,la, 13) = pa(pa(ly, l2),13) — (_1)“2“[3'#2(#2([17l3)a ly) +
+ (=)D ) (1 (1o, 13), 1) — pa(pa (B, Lo, 13) +
+ (=)Wl g (g (1), 1, T5) — (= 1)l o (44 (1), 04, 1),

is the Jacobi identity for a 2-bracket us up to homotopy given by u3. Should the maps p;

for ¢ > 3 all be zero one would recover the standard differential graded Lie algebra. It is

2Permutations ordered in this way are conventionally called unshuffles.
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important to notice that when 7 # 0, since the map y; is a differential,® the elements of

the graded vector space L = @, Ly form a cochain complex:
.LL,CLLHIL...

Therefore one can use the additional properties of a cochain complex with differential 1,
if considering flat L..-algebras such as for the construction of homotopy transfer (e.g. [77]
and [78]).

Maurer-Cartan elements. A special subset of elements called the Maurer-Cartan
(MC) elements of L.,-algebra L are elements of homogeneous subspace L; satisfying the

generalised Maurer-Cartan equation:

> iz, .. ,x) =0, x € Ly,
and denoted MC(L) = {z € Ly | 3, § pi(w,...,2) = 0}. These will become important
when we move on to field theory as MC elements are the building blocks of MC homotopy
theory. MC elements are additionally of great importance when examining curved L..-
algebras as there is a fundamental difference in that for curved algebras MC(L) can be an

empty set. One can see this if we expand the MC equation explicitly:

Mo +H1($) + %M2($,$) + = 0,

from this it is obvious that x = 0 is no longer a solution in the case g # 0. Therefore
if L is flat we always have at least one element in MC(L) namely 0 € MC(L). So curved
L..-algebras that have MC elements constitute a special subset of curved L..-algebras.
This subset is important as such algebras can always be “flattened” i.e. one can always
uniquely construct a new L-algebra that has vanishing py. The construction, generalising
that of Getzler [79] for differential graded Lie algebras, is as follows. Identify the MC

elements x of (L, u) then define a new Ly-algebra (L, 1) with the same spaces and maps:

0 i=0,

Hi = ZneNﬁMn(L...,L ) i=1,

i else.

The key fact that fi; squares to zero stems from the fact that (L, u) is an L.-algebra i.e.
that products p satisfy the homotopy relations.

3Why this is not so when 3 is allowed to be 0 will be shown in chapter 5.
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Tensor L. -algebras. An important class of L.-algebras that are relevant for our
construction in the following are induced by the tensor product of an L.-algebra with a
differential graded commutative (associative) algebra. Let (L, u) be an L..-algebra and
(A, d) be a differential graded commutative algebra with product m that is associative.
Define L as:

L=@A®L), where AdLl)= P AL,

kEZ i+j=k
and maps i by:
o |deid+ideow i=1
i =
m; Q else.
One can show (|~_, ft) is an Le-algebra since fi satisfy the homotopy relations (3.1.1). With
respect to L a homogeneous element [ € L has degree given as the sum of its L and A
degrees: |I|; = |l|a + |I|L.
For example, we can take the de Rham complex on a manifold M, (Q*(M),d) and
tensor it with an L. -algebra to again obtain an L..-algebra (L', u}):*

L= (M, L) = P (ML), QML) = @ (M
keZ i+j=k

with higher products:

g @) =day @1 + (=Dl @ (1), (3.1.2)

pilag @1y, ..., 0, @1;) = (—1)° OO WL wary ll’“l(al N Nag) @ il .o ),
Viz2, ap,...,0; € Q (M), b,...,l; €L

(3.1.3)

The signs above can be understood as a consequence of the fact that the tensored algebra
does not “see” the individual degrees of the underlying algebras, only the sum. Therefore
one needs to compensate for the mixed terms in the exponent of —1 that make the illusion

of A degrees graded commuting with L degrees.

Cyclic L, -algebras. There is an additional structure one can (but does not have to)
add to an L..-algebra: an inner product. We say an L..-algebra (over R) together with

an inner product i.e. a graded symmetric non-degenerate bilinear pairing

<') '>L LxL— R, <ln7lm>L = (_1)|lnHlm|<lm7ln>La

4In the Lo tensor product hierarchy defined in the next section and used throughout this thesis L’
will always mean an L,-algebra obtained by tensoring with the de Rham complex.
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that satisfies the cyclicity condition:

(b pallay - By = (— 1) DAl T Wl gy (314
Vi € N,

is a cyclic Ly.-algebra. These will be of importance to all field theories that have an action

functional description.

Lo.-morphisms. A morphism between two Lu-algebras (L, fi;) and (L, z;) due to [S0]
is a collection of homogeneous maps ¢; : L x ... x L — L of degree 1 — i for i € Ny which

are multilinear and totally graded anti-symmetric and obey:

Z Z (_1)kX(0-;l17--'7li>¢k+1(ﬂj(la(l)u---7la(j))7l0(j+1)7--'ala(i)):

j+k=i c€Sh(j3i)

= 2 a2 xesh L) (ol B (3.1.5)

ki+-+kj=i  oeSh(ki,....kj—1;i)

X (¢k‘1 (lcr(l)a s 7la(k1)>7 s 7¢k’j (lcr(k1+...+kj,1+1)7 s 7l0(i)))a

where x(o;ly,...,1;) is the graded Koszul sign and ((o;1ly,...,1) for a (ky,..., kj_1;7)-
shuffle ¢ is given by

- ) ; koot By
C(U; lq,... ,li) = (_1)21<m<n$j kmk""'zin:ll km (G=m)+3 77 (1=km) ket mot |la(’€)|,

Expression(3.1.5) is easier understood in the context of L..-algebras as coalgebras shown
next. An isomorphism of L..-algebras is an L..-morphism with invertible ¢; maps. How-
ever, as this is in most cases overly restrictive, one defines a weaker L., quasi-isomorphism
that requires only the homologies be isomorphic. These are of interest as two quasi-
isomorphic algebras correspond to phisically equivalent theories (for a pedagogical exposi-

tion see e.g. [77]).

3.1.2 | Coalgebra formulation

L..-algebras. A coalgebra A (over the field of real numbers) is a vector space dual to a
unital associative algebra. (see e.g. [81]) It is endowed with a coproduct A: A - A® A

and e : A — R such that A is coassociative:
(id® A)A = (A ®id)A
and e is a counit:

(id®e)A=id and (e®id)A =id.
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An L..-algebra is a coalgebra (©O®V, A) with a codifferential D : ©*V — ©°®V of degree

1 that satisfies the coLeibniz rule and squares to zero:
AD = (D ®id)A + (id® D)A and D?=0.

where O*V = @y~ OV indicates the symmetric tensor algebra. In order to show
the connection to the algebraic formulation of the previous section we define the shift
isomorphism s : V — V[1]:

s ATV = OV (3.1.6)

The codifferential can be decomposed as D = >~;cy, D; and induces the algebraic product

i via the shift isomorphism as:

pi = (—1)70 Vs~ 0 D, 0 551, (3.1.7)
where the sign stems from:

id® — (_1)%i(i—1)8®i o (8—1)®i7
since swapping shift maps produces a sign.

Lo-morphisms. A morphism ® of degree zero between two coalgebras (A, A) and
(A’; A’) is a morphism of coalgebras ® : A — A’ if it is compatible with the coproducts in
the sense:

AP = (P DA.

As an L.-algebra is a codifferential coalgebra one can construct an L,,-morphism as a
morphism of coalgebras with the additional requirement that morphism ® be compatible

with the codifferentials in the following way:
®D = D'D.

As for the higher products, we can construct the components of morphism ® in the algebra

formulation using the shift isomorphism s by:
O; = (—1)%i(i_1)3_1 o ®; o s,

where @} is the component of ® that maps to the V' subspace of ©® V" and takes arguments
from O V.
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3.2 | Maurer-Cartan homotopy theory

Now that we know what L..-algebras are we need to explore how they interplay with
physics, more specifically, field theory. This is known as Maurer-Cartan homotopy theory.
It is based on the interpretation that the solutions of the equations of motion are L.,
Maurer-Cartan elements of the underlying L..-algebra. This can then be expanded to the
BRST and BV extensions of the gauge field theory. In the following we shall explore both
the classical and BRST/BV levels of an L, gauge field theory.

3.2.1 | Classical theory

Within the framework of L.-algebras one can define a generalisation of the Maurer-
Cartan (MC) equation as follows. Take (L', u}) and an element a € L’y which we call a

gauge potential. One defines the corresponding curvature as:

fzp’l(a)%—lyg(a,a)%—---:Zl,u;(a,...,a). (3.2.1)

2 = !
The generalised or homotopy Maurer-Cartan equation is then f = 0.

Gauge transformations of gauge potentials a and their curvatures f are given by:

1
Oep@ = Zi—'ugﬂ(a,...,a, o), (3.2.2)

>0 7°

1
Seof = ;Eugﬂ(a,...,a, f, o), (3.2.3)
where ¢g € Lg is the level 0 gauge parameter. If a theory contains higher gauge symmetries
we will have higher (level k) gauge parameters c_j € L_g, k > 0, with infinitesimal gauge

transformations given by:

e p1Cok = Z,ll,ugﬂ(a, G, C ). (3.2.4)
=0 °*

One can show that the algebra of gauge transformations closes up to terms proportional
to the curvature f. In this respect, the MC equation can be interpreted either as an
equation of motion or as a constraint on the kinematical data of the theory. If we choose
to think of the MC equation as dynamical, the next question is if there exists an action
from which this MC equation follows by variational principle. The answer is yes if it is
possible to define a bilinear pairing compatible with the L.-algebra structure i.e. if the
algebra can be made cyclic.

If we have a tensored structure like (L', i) then (L', 1}) is cyclic provided (L, p) is cyclic
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and M is an oriented, compact cycle. The induced inner product is then
<O./1 ® ll, o X l2>|_/ = (_1)\042”11\ /M (0%} VAN (6D) <l1, lg>|_. (325)

An inner product defined in this way allows us to write the action whose stationary point

is the MC equation:

Swucla] =) it 1)!(a, pe(a, ..., a)). (3.2.6)

It follows from the homotopy Jacobi identities (3.1.1) that this action is gauge invariant
with respect to the variation of field a as given in (3.2.2).

Bianchi identities can also be defined in terms of L..-algebras as:

Z Atisa(aa f) =0, (3.2.7)

z>0

satisfied simply by the homotopy relations. However, in the case when one has a cyclic
algebra i.e. an action functional then it can be related to Noether’s second theorem (see

e.g. [82]) by the fact that d,, is a variational symmetry of Syc. This is easily seen from:

1 /
0= 5COSMC = Z 5(500% :ui-i-l(a’ cee 7&)> = <5Coa7 f)?

>0 7°

and by comparing with the Noether theorem:
(5coa)¢fi = diV,

producing the divergence div. On the other hand:

1 1
<560a7 f> - Z 7<:U’§+1(a7 sy @y CO)a f> - Z 7<M;+1<a7 s @ f)? CO>7
>0 o >0 U
where we have used the cyclicity condition (3.1.4) and fact that the cyclic product is
graded commutative. Therefore, we obtained the Bianchi identities and see that it is
equivalent to the Noether theorem in the case where we have a cyclic product (because

then the integral of the divergence vanishes).

3.2.2 | Batalin-Vilkovisky theory

To introduce the Batalin-Vilkovisky formalism into a homotopy theory we consider a

cyclic Ly-algebra (L, g, (-, - )1) with |[(-, - )| = —3. The truncation (in that the complex
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stops at 1) of the L..-algebra to include fields and ghosts:

Lerst = P L, (3.2.8)

i<l
is the BRST complex. In terms of our classical picture of the previous section this is the
field content of complex (4.1.3) truncated after L’y as higher spaces do not correspond
to fields if one reinterprets (higher) gauge parameters as ghost fields. Generally, given a

graded vector space V, coordinate functions are maps:
€*:V = R such that £%(v) = £*(v715) = 0%,

with degrees: |£%| = —|v| = —|7,]. We use the convention that the degree-shifted graded
vector space V[k| has vectors of degree |v| — k, which implies the coordinate functions will
then be of degree |£*| = —|7,| + k. As is customary we will write the fields as contracted

coordinate functions,

§ =&, £* € C°(L[1]), 7. € L.

They are useful as one can write L,-algebra objects in a basis independent form. Therefore,

the L..-algebra of interest is:
Lirst = C(Lprst[1]) ® Lprst

A few slight modifications must be made for this tensor product algebra; C*(L[1])
can be understood as a differential graded commutative algebra with trivial differential
therefore fi; only has the second term in (3.1.2), and since the pairing on L itself can have
a non-zero degree k = |(-, - )|, 1, ¢ € C>*(L[1]) will additionally graded commute with

the pairing producing a second sign. The cyclic inner product thus decomposes as:

(GO, EG® l2>£ — (_1)/’€(\C1|+|42|)+|C2Hlll(CICQ)U17 1)L (3.2.9)

L as a tensor product space has elements with a bi-degree, the ghost number or degree in
C*(Lprst[l]) and Le-degree or degree in L, and as an L.-algebra they have a single L
degree being the sum of its bi-degrees. The L degree of all contracted coordinate functions
of fields is then 1. Therefore we can combine all gauge fields and ghosts into a single

contracted coordinate function superfield:

ABRST = a + Z C_;.

120
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The action of the BRST operator QQgrsr is then:

1.
(QQBRSTABRST = — ) Z.*,Mi(aBRSTa ..., @BRST). (3.2.10)

izl 7

In this truncated L..-algebra however, Qgrst is in general only nilpotent up to the Maurer-
Cartan equation. Since this violation of nilpotency stems precisely from the truncation, by
extending this complex to all homogeneous subspaces (essentially letting i € Z in (3.2.8))
one regains () as a homological operator again, this is the BV complex.

In the language of field theory this is simply a reformulation of the requirement for
BV in open algebra gauge cases, in other words this is nothing more than the addition of
antifields for every physical and ghost field. We associate these antifields a' and c x (kB >=0)
to each gauge or ghost field. The BV superfield is then also by extension a combination
of all the gauge and ghost fields, and antifields:

a=a+a + (c;+ ).

120

The curvature of a is as in any L.-algebra given by:

1.
fzzam(a,...,a). (3.2.11)

i1 7

Realising the operator ()py simply reduces to QJgrsT When a is truncated, implies Qgy
is defined as in (3.2.10) with a the full BV superfield. This means we have the action of

(pv given by
Qpva = —f, Qpvf = 0. (3.2.12)

From this it is obvious that ()gya will contain the classical gauge variations:
QBva = Ogoa + - - Qpve_r, = (-0, cp+ -

where k£ > 0 and equations of motion:

Qpval = —f+---

The function Sgyv on Fgyv defined as:

Spyla] = ;m(a,ﬂi(a,...,a)>£, (3.2.13)

is the BV extension of (3.2.6) called the Maurer-Cartan-Batalin-Vilkovisky action
or BV action for short. For details see [76].
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APPENDIX

3.A | Conventions

We provide a short dictionary between conventions of [74] and [52], and [76] that we

use. The first difference is that degrees are inverted as shown in table 3.A.1 where by

E_z‘ <~ I—z
il =i-2 & |u|l=2-1i
Table 3.A.1

Change of degrees between conventions.

o we indicate the conventions of [74] and [52]. The second, and much more important,

difference is in the homotopy relation that states:

Z Z X(U; lla s 7li)(_1)kj/jk+l(ﬁj(l0(1)’ SRR lU(j))> lo(j+1)a s 7lo(i)) = 07
Jjt+k=i ©
notice the kj in the exponent of —1 as opposed to just k in (3.1.1). The relation to our

convention (other than degree inversion) is given by an additional sign:
39G-1;
py = (=127,

this sign compensates the difference between the homotopy relations (up to an overall sign
dependent on ¢ that goes away since the right-hand side is zero). However, as the sign
of p changes so will the expressions for the Maurer-Cartan equation (3.2.1), homotopy
action (3.2.6):

_y3ili-1)
Suclal :Z( 1)

W(@ fi(a, ... ,a))e,,
i>1 :
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and others, precisely as stated in [74].
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CHAPTER 4

COURANT SIGMA MODEL AND L,-ALGEBRAS

A very general mathematical framework that encompasses the generalised concepts of
symmetry discussed in this thesis is that of L..-algebras. As we have seen in the previous
chapter L..-algebras are a generalisation of standard Lie algebras in which the failure of the
Jacobi identity for 2-brackets is controlled by higher 3-brackets, the failure of higher Jacobi
identities for 3-brackets is controlled by 4-brackets and so on. The exact relations between
higher brackets defined on a graded vector space are given by the defining homotopy
relations of the L..-algebra.

It has been shown that using the L..-algebra framework one can bootstrap consistent
gauge theories [83]. Choosing initial data of the theory in the form of 1- and 2-brackets
one can bootstrap higher brackets using the homotopy relations of an L..-algebra and
thus find consistent, gauge invariant theories defined by their equations of motion. This
is reminiscent of the deformation of a free gauge theory into an interacting one in the
BV/BRST approach. There one starts with a free, kinetic part of the action and its gauge
symmetry and adds systematically all possible interaction terms consistent with BRST
invariance, see review Ref. [84] for more details and references. This is relevant as the
Courant sigma model was also constructed this way in [19].

As we know from chapter 2 the Courant algebroid defines a membrane sigma model
and its BV/BRST action known as the Courant sigma model. However it has been shown
by Roytenberg and Weinstein that the algebraic structure of a Courant algebroid can be
described as 2-term L.-algebra [52], inducing one to wonder what the L., structure of
the sigma model is and how it relates to its algebraic counterpart.

Therefore, in this chapter we would like to embed the intersection between background
fluxes of closed strings as seen in previous chapters and in [42,45, 47-49], gauge (or
BRST) symmetries of the Courant sigma model and axioms of a Courant algebroid into
an L..-algebra structure. Similar ideas in the context of topological open membranes were

discussed in Ref. [20] and the general discussion of L.-algebra structures for AKSZ models
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(as QP-manifolds) was already presented in the original paper [15]. We shall explicitly
construct the L.-algebra structure for the classical Courant sigma model and then show
how to extend this construction to include the full BV/BRST action. In section 4.1 we
shall construct the L..-algebra for the classical Courant sigma model, including fields,
symmetries and the action functional. Moreover, we shall demonstrate how homotopy
identities naturally generate the axioms of a Courant algebroid in the form of coordinate
expressions. It is important to note that at the classical level we are discussing two
different L..-algebras, the L., gauge algebra (L, p;) and the tensor product algebra of
L.-algebra-valued de Rham forms (£2°(3s,L), i) (see discussion in sections 3.1.1 and
3.2.1). Next, we shall present the full BV/BRST action for the Courant sigma model
reproducing Roytenbergs result [18] by explicitly constructing the L..-algebra, this one
including the complete BV/BRST complex. In section 4.3 we present the mappings or
Loo-algebra morphism between the Courant algebroid L..-algebra and the gauge algebra

(L, pt;) we constructed for the Courant sigma model. This chapter is based on [75].

4.1 | L for the classical Courant sigma model

The Courant sigma model has been constructed in Ref. [19] starting from Chern-
Simons theory coupled to BF theory in the BRST formalism, and in Ref. [18] using the
general construction for AKSZ topological sigma models [15]. The BV/BRST structure
was described in section 2.1.3 and defined by action (2.1.24) As a quick reminder the

classical part of the membrane action is (2.1.14) on a, generally, undoubled manifold:

S[X, A, F] = EgFi/\dX"Jr%ﬁUAI/\dAJ—piI(X)AI/\FZ-+%T”K(X)AI/\A"/\AK, (4.1.1)
where i = 1,...,d is the target space index and I = 1,. .., 2d the pullback bundle index.!
As in the doubled case we have maps X = (X?) : ¥3 — M, 1-forms A € Q'(33, X*F), and
an auxiliary 2-form F € Q2(X3, X*T*M). The symmetric bilinear form # is, again, the
O(d, d) invariant metric, while functions p(X) and 7'(X) are related to the anchor and twist
of the Courant algebroid, as discussed in 2.1.2. The full definition of the Courant algebroid
can be found in section 2.1.1, while structures relevant for our analysis in the context of
L.-algebras will be defined in Sect. 4.3. As discussed in Refs. [18,19,46] and section
2.1.2 the gauge transformations of the CSM mediated by two gauge parameters define
a first-stage reducible gauge symmetry, and the algebra of transformations closes only
on-shell. In the following we shall describe this rich gauge structure using the L..-algebra

framework.

1 As there is no possibility of confusing the bundle index with the target space index, in this chapter
only we shall not use the convention that target space indices start from the beginning of the alphabet.
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4.1.1 | Maurer-Cartan homotopy action

In order to construct the L..-algebra for the Courant sigma model we have to define
relevant physical fields and assign an appropriate L., grading to each one. Starting
from the action (4.1.1), we choose {X? Al F;} as physical fields. In order to associate
higher products to each of the terms in the action we interpret functions p and T as
infinite perturbative expansions in field X via their Taylor series. Therefore the action

has infinitely many interaction terms:?
S[X, A, F] = EBFidXi + 10 ANdAT — ' ATF — X0, p' ATF —
— %XileailaizpilAlFi — e = %Xil o X 0y P ATF — -
+ § T ATAT AR + X1 0, Ty ATAT AR 4
+ 5 X1 X209, 0, T ATAT AR +

b e X X0, 0, Ty ATAT AR 4 (4.1.2)
all of which must be integrated into the L., picture. Because of this expansion there
will not be a finite number of higher products as every interaction term (of which there
are infinitely many) will require a unique product. Recalling the general construction
presented in section 3.2.1 we know all physical fields a = X + A + F' are elements of
L'y, their curvatures or equations of motion f = fx + fa + fr of L'y, gauge parameters
co = €+t of L'y and level 1 parameter c.; = v of L'_;. For completeness, here we
anticipate appearance of “ghost for ghost” gauge parameter v that becomes relevant only
in the BRST setting. Thus the complex on which we base the construction of the L.-
algebra is therefore:

"'—>L/,1M%1L/0M—1>LI1M—1>L/2%"'. (413)

To obtain expressions in the form of action (4.1.1) or (4.1.2) we must decompose L’ into
the de Rham part °(X3) and the algebraic L., part L. Since we have three types of fields

we shall define L with three homogeneous subspaces to form the following complex:

L, 55 Ly &5 Ly (4.1.4)

2In order to make such long expressions more manageable the shorthand f(0) = f and df } o = 0f for
any function f of X evaluated at 0 is used, additionally, the exterior product of forms will be implied
with A suppressed. If the full function is meant the argument will be explicitly written.
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Therefore, the classical field content is given below:

a=X+A+F Q33 L) @0 (I3,L) ®Q%(23,Ly),
cp=€+1te€ 90(23, Lo) S5, 91(23, |__1)7 (415)
cC_1 =0V E 90(23, L_1)7

and shown in the following table:

/ / /

O T O O A T

h. gauge gauge physical equations Noether
parameters parameters fields of motion identities
L,1 Vi tz E DE
M1 \L
Lo el Al DA!
pd
Ly Xt DX?

Once we placed fields in their appropriate homogeneous subspaces, we have to define
all the products. Note that the physical field A lives in the pullback bundle X*F and there
is no natural structure defined on its sections; in particular the bracket of sections A is
not the Courant bracket. Thus one can think of L..-products as defining relations for the
relevant structures on sections of the pullback bundle. Our selection for the non-vanishing
higher products of L=L; & Lo ® L_; is:

L3 pn Lyt - l(l)n 1, 1(0) A1 Oh - Oi P g (4.1.6)
lll o lEle);zlflail e ain—lpin]l(—l)iﬁu7

I—O > Mn(l(l 1y - )n— 17

Al
n

L 0+ Oy Tric iy Loy

) =
1)
L1 2 tm(Layts - - - z(l)m 2,z( 0 1(0) z;m U2 0 Bi 00 il
Lo 2 P (layts - -y laym—2, 1 2)
0)3)

I——l > Mr(l(l)lw .- l( 1)r— 3al(0 17 0)3 l“ Er)i 3a : alr 58TIJKZ O)ll )2l(0)3a

where n > 1, m > 2 and r > 3, and [;) € L;. We defined the products by comparing the
general expression for the MC action (3.2.6) with (4.1.2), but they can also be obtained
from the (expanded) cohomological vector @) (2.1.13) defined for a Courant algebroid
(up to an overall sign that is irrelevant as it does not change Q? = 0) described as a
QP2-manifold in [53] and the end of section 2.1.1. Tensoring products (4.1.6) with the de
Rham complex using (3.1.2) and (3.1.3) produces for the physical fields:

Hh(A) = dA — ui(A), (4.1.7)
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Wh(F) = dF + uy(F),

and in general with n > 2 and m > 3:

Xy, Xy, A) = =X X0, 8, pi AL
(X1, Xy 1, F) = _Xil...X;n_fll L0 N
(X1, Xpg, Ay Ap) = X0 X020, -0, Ty AN ALY (4.1.8)
(X1, Xy g, FJA) = X0 X220, -8, 0,0 [ATF,
(X1, X, Ay, Ay, Ag) = =X X380, -8, 8T AL A AL

Finally, as we are given the action (4.1.2), we need to define a consistent inner product.
We find that the following choice

<l(0)1,l( 0)2 > = 771Jl(0)1l <l(1)7 l(—l)) = lfl)l(—m, (l(_1), l(1)> = —lf,l)l(l)i. (4.1.9)

satisfies the cyclicity condition (3.1.4). Moreover, it defines the pairing on the pullback
bundle X*F. Having defined all ingredients we proceed to calculate the Maurer-Cartan
action using (3.2.6). From the combinatorics of the decomposition of u (a = X + A +
F,...;a = X+ A+F) and the fact that all higher products of physical fields are symmetric

in ¢/ we obtain:
woa,...;a)=nu (X,...., X, A)+nu, (X,..., X, F) + %n(n— Dul(X,..., X, A A) +
+n(n— Dy (z, ..., X, F,A) + gn(n —1)(n —2)u,(X,..., X, A A A).
(4.1.10)

Making use of this decomposition and (3.1.3) the Maurer-Cartan homotopy action (3.2.6):

SvelX, A, F] = (dX, F) 4+ $(A,dA) + > (A, g1 (X, ..., X, F)) +

n=0

P LA pa(X, XA A),

n=0

defined by products (4.1.6) and the cyclic inner product (4.1.9), indeed corresponds to the
desired action (4.1.1) or (4.1.2). One can also calculate the equations of motion (3.2.1):

fi=dX — Z %unﬂ(X,...,X,A),

n=0
fo :dA—I— Z%Mn-}—l(Xw"vX?F) +%Z%Mn+2<X7"-7X7A7A>a
n=0 n=0

Ja=dF — Z %an(Xa---,

n=0

X, F,A) =55 L a(X, . X, A AL A).

n=0

56



Chapter 4. Courant sigma model and L.-algebras

With the aid of (4.1.6) it becomes obvious that these indeed correspond to the equations

of motion of action (4.1.1) or (4.1.2) (see section 2.1.2 as a comparison):

DX'=dX' — p';(X)A7, (4.1.11)

DA" = dA" — " p? J(X)Fj + 10" Ty (X) AR AR, (4.1.12)

DF; = dF; + 0ip’ ) (X)AF; — £0,T1 5 (X)AT AT AR, (4.1.13)
412 | Gauge symmetry

Moving on now to homogeneous subspaces L'y and L'_;, they contain gauge parameters

e and ¢, and v, respectively. The gauge variations (3.2.2) are:

5(6,t)X = Z %Mn_t'_l(X, e ,X, 6),

n=0

5(6’15)14 = de — Z %/.LnJrl(X, N ,X,t) —+ Z %,un+2(X, e ,X, A, 6),

n=0 n>0

5(6,t)F = dt+ Z %MH-FQ(XM”)X?A?t) + Z %Mn_i_Q(X,...,X,F,E) +

n=0 n=0

+33 Ly s(X, . X A Ae),

n=0

which corresponds to the standard gauge variations of the Courant sigma model as shown

in section 2.1.2 or the original ref. [19]:®

Sen X' = p's(X)e, (4.1.14)
5(e,t)AI = dEI + ﬁIJij(X)tj + ﬁIJTJKL(X)AKEL, (4115)
5(e,t)Fz' = dti + 8inJ(X)Ath - 8iij(X)€JFj + %&TUK(X)AIAJEK. (4.1.16)

We are left with the higher level 1 gauge transformations of parameters € and ¢:

51}6 = Z %Mn—&-l(Xa"'?Xan)a

n=0

Ot = dv + Z %/,Ln_i_Q(X, X A ),

n=0
obtained using (3.2.4), which, using (4.1.6), give:

5o’ = =" pl 5 (X)v;,
5vti = dUi + 8iij(X)vjAJ.

3As commented in appendix 4.B a careful comparison to expressions (2.1.15)—(2.1.17) shows some sign
differences here. This is nothing more that a difference of convention and can be rectified by a parameter
redefinition ¢ — —t.
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It is perhaps worth noting that while these higher transformations have no meaning in
classical field theory and are just algebraic, they suggest more structure which becomes

relevant as we move towards quantisation and the BV/BRST formulation of the model.

41.3 | Homotopy identities

One crucial element of our construction of L has been so far omitted, namely the
homotopy Jacobi identities (3.1.1) of products (4.1.6). To see what constraints these
conditions place on our theory we shall calculate them explicitly now. As a reminder we
state the first three identities of (3.1.1) again:

pa (pa(ly, 12)) = pa(pa (h), I2) — (= 1)1y (a (12), 1)
(sl 1o, 13)) = pa(pa(ly, 1), Is) — (= 1)1l g (o (14, 13), 1) +
+ (=)D g (s (12, 1), 1) = pas(pa (1), o, ) +
+ (- 1)Ih\llzl s(ui(ly), Iy, ls) — <—1)|l3|(|ll|+|12|)M3(M1(l3>,ll,lg).

The products (4.1.6) give the following conditions for some of the first three identities:*

1=1": [=1n): trivial
[ =1l : trivial

L=l = Aoty =0

i=2: lig=Iln,lae: trivial
lia =1y, o : trivial

80" 1p"5) =0
2071100 1 — praei™MET L1 =0
1OiP g — P MM LIJ =

11,2 = l(l),l(—l) :
11,2 = l(0)1> l(o)2 :

00" p5) =0
30'140,Tpcyy — p' 10, Tanc — 3Ty (a™ M Tpepn = 0

=
=
_ . ' i i AML _
lip =), l-1) : = 2011050 ) — p'mf)” "1y =0
lio =11, l—1)2 =
=

1=3: l1,2,3 = l(O)ly l(0)27 Z(U)?’ :

In general, for arbitrary ¢ > 1 we have at most seven nontrivial homotopy identities
of which only three are unique, as we show explicitly in Appendix 4.A. These three
sets of homotopy conditions for the higher products are actually all terms in the Taylor
expansions of the axioms of the Courant algebroid (taking /(1); = X;) of which each order

must hold separately (compare with (2.1.8)—(2.1.10)). Classically, these follow from the

4As before underlined indices are not antisymmetrised.
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gauge invariance of the action (4.1.1) (as seen in section 2.1.2 eq. (2.1.21)—(2.1.23)):

" p' (X)) 1 (X)
207 1(X) 80" 1 (X) = p'a (X)M T (X)

30'14(X)0iTpcy (X) = p' 5 (X)0Tapc(X) — 3Ty ka( X)) M Tpep (X) =

Y

0
0, (4.1.17)
0

As expected, all these identities “live” in the L’s space, the space of Bianchi identities
(3.2.7) as they are equivalent to the homotopy relations. These are in turn equivalent to
Noether identities of classical field theory because of the existence of inner products (4.1.9)
(see discussion at the end of sec. 3.2.1). In the worldsheet approach to non-geometric
string backgrounds, these conditions were seen to originate from generalised Wess-Zumino
terms giving expressions for fluxes and their Bianchi identities. The ‘non-geometric’ here
means that the string background fields defined over overlapping open neighbourhoods
are patched using diffeomorphisms, and gauge and T-duality transformations. In the
Loo-algebra formulation of the CSM, the expressions for the corresponding fluxes and their
Bianchi identities result from higher gauge symmetries encoded in the homotopy relations.
The benefit of this interpretation is that one knows how to extend the obtained classical

expressions to the full BV/BRST action, as we discuss in the next section.

4.2 | Lo for BV/BRST Courant sigma model

Moving away from our classical results and going towards quantisation one encounters
the need for BRST symmetry. BRST at the most trivial level is the promotion of gauge
parameters to (propagating) ghost fields. For certain gauge theories this is not enough and
one must introduce more fields (often called antifields) to be able to quantise, this is the
Batalin-Vilkovisky procedure. The Courant sigma model is one such theory as its gauge
algebra is open (see e.g. [46]), one could also see this from the existence of a higher gauge
parameter in the classical L., picture of the previous sections. In the next two sections
we shall give an overview of how to discover BV/BRST within L, following section 3.2.2
and then use this to calculate the generalised BRST transformations and BV action for

the Courant sigma model.

421 | Maurer-Cartan BV for the CSM

In BRST quantisation gauge parameters € and ¢t become ghost fields, however, since the
gauge algebra is a reducible one the higher gauge field becomes a scalar ghost-for-ghost
field: v.° As stated in the previous section to complete the BV formalism we extend
this BRST complex with the antifields corresponding to each BRST field. Following the

5Denoted the same as the gauge parameter they originate from.
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construction of sec. 3.2.2 we assign these fields to the three L.-algebra (L, y;) spaces as

shown in table 4.1.

Qe L_y Lo L,
P N
N~ 7 79 0// /\
oY N o8 \ 4 SR
0}\()/\ ;s}\\cs\\/ %\\0‘\\’
0 v € X ~
)
37
&0
¢
1 t A Ff
/ﬂ»
7 %
o0 7
2 F Af il »
7w
> V4
v \
YN
\\C/
3 Xt et ol
Table 4.1

Degrees of fields.
Therefore the complete BV field content is (the number in the square bracket indicates
the fields’ ghost degree):

a = X + A + F c Q (23, Ll)[ ] ) Q (23, L())[O] ) Q2<E3, L_l)[O],
al = X1+ AT+ FT € Q3(33, L) [—1] @ Q*(Z3, Lo)[-1] @ Q' (23, L) [-1],
co=¢€—+t€Q(Ss,Lo)[1] ® QN (S5, Ly)[1], (42,1
c.1=v €N (3, L1)[2],
o =€+t € Q324 Lo)[—2] ® Q4(Zs, Ly)[-2],
(

=0t e (25, Ly)[-3],

where fields with the same ghost number are collected. Additionally, these L’ fields can
also be combined into the BV superfield a:

a:a—i-aT—Fco—l—ca—l—c_l—i-cT_l,

of I:—degree 1. There is a slight abuse of notation here as a, af, ¢, cg, c_1 and CT_I have
two meanings: they are elements of L’ as was the case in (4.2.1), however, in a they imply
being elements of C*(L'[1]) ® L" as well, this is for reasons of brevity and the desired
meaning should be clear from context. It is important to notice this is not the superfield
in the sense of sec. 2.1.3 rel. (2.1.25)—(2.1.27), it is simply the collection of all elements
of L degree 1. Using the properties of cyclic inner product for L..-algebras (3.1.4) and
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tensored L.-algebras (3.2.9) and the combinatorics of decomposing a just as in (4.1.10),
the BV action (3.2.13) becomes:

Sav = [ (dX,F) + }(A,dA4) +
#3 (Fn (X XD + AKX A4 )+

=1
+/ _<FT7dt> o <AT7d€> - <tT,d?)> + Z |( o <’UT,/LH+2(X, s 7X77J>€)> -
23 o !

— (1, g3 (X, XS FTv€) — (A s (X, X FL FTL ) +
+ HF psa (X, X T F 0 6)) 4+ (F, psa (X, X0, A)) +
+ (AT, o (X, X FT0)) 4 (€6, g (X, .., X, 0)) +
+ 3t pnss (X, X FLFT€)) — (e (X, .., XL FTA)) +
+ (AT i (X, X)) — (T pa (X, Xt €)) —
—(F, g2 (X, X FY €)= (X (X X)) —
— LT s (X, X e 6 €) — 2 s (XL X P e e ) +
+ 31 ps (X, X A e €) + A (X, X e €)) —
— L4, un+4( , X,FT,FT,6,6)>+%<AT,un+3(X,...,X,FT,6, €)) +
+ %(A nis(X, . X FUA€)) — (AT pnia(X, .., X, A €)) +
+ 2 (FT s (X, X P FT e e,e)>>.

As explained above the explicit writing of ghost bases will be suppressed. Therefore, in all
expressions in which it is not explicitly written it will be assumed (1}, . .., [}) stands for
Cre- G pi(ly, ..., 1%). An equivalent procedure by use of (3.2.10) produces the following
components of curvature f or BV/BRST transformations (3.2.12):
> 1
QBVU = Z n|(:un+2(X7 s 7X7U7 6) + é:u’n—i-3<X7 s 7X7 €€, 6))7

n=0
=1
C?BV€ Z n ( - :un-l-l(X? s 7X,U) - %M’VH-Q(X) s 7X767 E)>a

n=0

<1
QBVX = Z *'[Ln_i_l(X,...,X,E),

QBVt——dv+Z (umx X0, A) = pines(X, X ) —
— fnas(X, . X FT ,v,e)+%un+3(X,...,X,A,e,e)_
_(13/“Ln+4(X7"‘7X7FT767676>>7

> 1
QBvA:dE+Znl(_ﬂn-ﬁ-l(X,...,X,t)+Mn+2(X,...,X,A,E)—
n=0 """
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— /J,H_Q(X, Ce

QpvF' = —dX + Z

7XaFTaU)_éun+3<X7"'7X7FT7€7€)>7

</1’n+1(X '7X7A)_Mn+2(X7"'7X7FT7€)>7

QBVF_dt+Z (:U’TH-Q '7X7t7A)+/'Ln+2(X7“'7X7F76)+

+ Hnt3(X, -
+ Hnt3(X -
+ stnra(X, .,
+ shnra(X, .,

+ MTL—FQ(X? )

QpvAl = —dA+ Y
n=0

- MH-I-Z(X? R
- Mn+3(X7 SRR

+ %,U/n—&-S(X; )

Qput! = —dF + Z

- Qﬂ'n-‘ri’)(Xv SRR

Qpy X' = —dF + Z

— Hnr2( X,
— png3(X, .o,
+ (X,
— Pnra( X,
— Pnra( X,
- %Mn+4(X, Sy
+ gehne(X, o,
—%Mn+5(Xa-~,
— pnga(X, .o
_%Mn+4(X7~~-,
+ %Mn+3(X’ sy

+ §Mn+3(X)"'7X7A7Aa 6) +

X, FV v, A) — pins(X, ..., X, FT t€) +
X, th v, €) + %umg(X, X AT e )+

X? /U7 AT))?

X, FT A €) + (X, .. X, FTUFT ee) +

XJ FT7FT7U) - ;/’Ln+3(X7"'7X7tT7676>>7

(un+1(X XA F (X X FTA) —

X,FT,F*,e)+ﬂn+2(x,...,X,t*,e)>,

X1 0) = fnga(X, ., X, AT ) + pnga(X .

X, FT A€ €) = Spns(X, ..., X, F1 Fl e ee) +
Xt e e €) — %/Ln+4(X,...,X,FT,FT,’U,E) +

1
n'<_élun—l—Z(Xw'-aX)AvA)_Mn‘f‘l(X’""X’F)_

7X7FTat)_

(lj’nJr? '7X7F7A)+%:un+3(X7"'7X7A7A7A)_

X, XT €)= pnys(X,..., X, FT v, AT) —

X, FU T v, €) = pings(X, ..., X, 0", v,€) —
X, AT A €) — pings(X, ..., X, FT t,A) —

X, AN + Ly a(X, X FY FT L e) —
X, FUUA A €) = pines(X, ..., X, t1 t€) +

X, el e €) —i—,unH(X,...,X,v,eT)),

X, F' F ) = Spnsa(X, ..., X, FT,F' v, A) +
X, FUUFT FT v, €) + pngs(X, ..., X, tT,0,A) —

X,FT,AT,E,E) - i,un+5(X7"'7X5FT5FT5A767€>+
X7FT7FT7FT7€7€7€)+%/’Ln+4<X7"'7X7tT7A767€) -
X, F'tl e e ¢) — %/Ln+4(X,...,X,UT,€,€,E) —
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> 01
QBVeT:dAT+ZTl'(_ﬂn-l-l(Xa"'aXaXT)_Mn+2(Xa"'7X7FTaF)+
n=0 """

+ L (X, X P FLFL 0) — (X, X ) —

— naa( X, X 0T 0) F (X, X € ) —

— L 3(X, X FTAVA) = ps (X, X FT Al ) —

— (X, X AT A) F pns(X L X Ae) —

— s (X, X0 e €) A+ s (XL X P R ) —

— pna (X, X Pt e €) — s (X X FT T 0)

+ Spns(X, X P FL F e e) — L a(X X, FT,FT,A,6)>,

Qpvvt = —dt' + Z (i (X, X ) = (X X AT

(X, X P FT FT €) + (X, Xt A) —
— fng2( X, X 0T ) = Tpags(X, . X P FTA) —

— tnas(X, . X, FT,tT,e)).

Introducing our selection for the higher products (4.1.6) and inner product (4.1.9), and
then resumming the Taylor expansions produces the full BV action (relation (2.1.24)
expanded by (2.1.25)-(2.1.27) as obtained by the AKSZ procedure in [18]). The explicit
results are given in Appendix 4.B.

In the next section we would like to relate this L.,-algebra corresponding to the Courant

sigma model with the 2-term L..-algebra for a Courant algebroid in Ref. [52].

4.3 | Loo-morphisms

Roytenberg has shown [18] that given the data of a Courant algebroid one can uniquely
construct the corresponding Courant sigma model. Moreover, Roytenberg and Weinstein
showed [52] that a Courant algebroid can be described as a 2-term L.,-algebra. This
naturally raises the question of the relation between the L..-algebra we constructed for
the CSM and the one defined in Ref. [52]. In order to construct the morphism between
these two algebras we need to extend the L.,-algebra they constructed which essentially
used a graded vector space concentrated in just two degrees, whereas the physical fields
in (L, z;) live in a graded vector space of three homogeneous subspaces. The construction
of this morphism can be thought of as reproducing Roytenbergs result [18] that given the
data of a Courant algebroid one can uniquely construct the Courant sigma model (up to
the additional structure of a measure on the source space) now fully in the L.-algebra

formalism.
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43.1 | Lx-algebra for a Courant algebroid

In [52] it was shown an L.-algebra can be constructed from a Courant algebroid by

starting with the exact sequence (adjusted to match our conventions of degrees):
[_2 N [_1 2> [0 — cokerD

with L_y = ker D, L_; = C®(M) and Ly = T'(E), and ¢ : ker D < C*°(M) the inclusion

of constants as functions. and non-vanishing products:

fuu(c) =

fin(f) = Df,
M2(61, 2) [61762]07 (4-3-1)
fiz(e, ) = (e, Df),
fs(er, ea,e3) = N(eq, ea, e3),

with ¢ € ker D, f € C°(M) and e € I'(E). The space cokerD is not part of the algebra as
no maps lead to it or take arguments from it. The maps are defined in terms of structures
on a Courant algebroid defined in section 2.1.1, i.e.: map D : C*°(M) — ['(E) of rel.
(2.1.2), a skew-symmetric bracket on sections of bundle E over manifold M, a symmetric
bilinear form ( , ) and tensor A (recall the definition in Property 2.1.7) representing the
obstruction to the Jacobi identity of the bracket (2.1.1). In the definition of a Courant
algebroid (see sec. 2.1.1) these structures satisfy five compatibility conditions (2.1.1),
(2.1.3)-(2.1.6) which are in the Lo, formulation contained in the homotopy relations.
However, as the space of constants only appears due to the underlying exact sequence
and plays no nontrivial role in the calculation of the homotopy relations it can be omitted
without any modification. For this reason in the ensuing analysis we drop this space and
the corresponding fi; map from consideration without loss of generality.

To make the connection with our sigma model algebra (4.1.4) and (4.1.6), we must

extend® the chain complex of this algebra by an additional space of degree 1, L, = T,M:

—

s

—
oy

L, B (4.3.2)

where,

, (4.3.3)

is the map p: E — TM and p € M is a point on manifold M. We will denote elements of
Lyby heT, »M. Calculation of the homotopy identities (3.1.1) (for details see Appendix

5In nomenclature of Ref. [74] we have to extend the pure gauge algebra to an algebra including
additional field which will correspond to the field X in CSM. The reason is that the CSM algebra is field
dependent.

64



Chapter 4. Courant sigma model and L.-algebras

4.C) provides the minimal extension to the higher products (4.3.1) necessary to make
(4.3.2) an Le-algebra:

fin(hy .. By e) = Wit hin 29, -0, (p(e))

: n e N, (4.3.4)

where the basis of T,M is the one induced by coordinates z* of a coordinate patch U C M
that contains point p such that z*(p) = 0. It is important to note that this extended algebra
also corresponds to the Courant algebroid as did the original L, formulation since no new
properties, other than the Courant algebroid axioms, were needed. The extended structure
is more natural, however, in case we want to define a Courant algebroid being given only the
Loo-algebra. On the other hand, going in the opposite direction, Roytenberg and Weinstein
showed that if starting from a Courant algebroid one can omit the L; homogeneous subspace
from the graded space and uniquely define the L., structure. Furthermore, the properties

of a Courant algebroid

(poD)f=0
pler, e2]c — [p(er), p(e2)] = 0 (4.3.5)
Jac(el, €9, 63) - D.A/;((fb €2, 63) =0

come out in this form from the homotopy relations of the extended L..-algebra.

43.2 | Ly-morphism from CA to CSM

Now, we shall construct the morphism ¢ to our CSM algebra in a pointwise fashion

ie. p:Lx---xL—L X(0) for o € X3, since the Courant sigma model is only locally
o)=p

defined. We begin analogously to the extension procedure of the previous paragraph

given explicitly in Appendix 4.C. The construction will follow orders of i in (3.1.5).
1=1

To begin, we start by the lowest order of (3.1.5) which encompasses two non-trivial

conditions:

By use of the first equation in (4.1.6) and (4.3.3) the first relation gives:

1(p(e)’

p) = pi1¢1 (6)17
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whereas the second equation in (4.1.6) and (4.3.1) produce:

o1(Df) = =" p's61(f)i-

These two relations imply ¢, to be:

é1(h) = X*h, (4.3.6)
o1(e) = X"e » (4.3.7)
oi(f) = (4.3.8)

where we used (Df,e) = 1p(e)f and p'y = p';({X7} = 0) = p'y({X*27} = 0) and
z'(p) = 0.

1 =2

In this case we have four non-trivial morphism conditions. The first is (I1,ls) = (e, €2):

—@a(fir(er), e2) + da(fi(ez), e1) + @1(fiz(er, e2)) = pr(pa(er, ea)) + pa(gr(er), di(e2))
—p2(pler) o e2)" + ¢a(ple ) 1)’ + X*([€1,€2]0)I‘p = -0 p' ya(er, e2)i +

+ 0 Ty (X er] ) (X7e| )P

By comparison with the Courant bracket:

([er, ealc) = p J(618 el — (‘Ze{) — (4.3.9)

J3 X1 K L
- §P “re(ef Oieay — €5 aieu)ﬁ + 7 " Tikrey eg,

we fix two ¢ maps:

Oa(h, €)' = X*(W'Dre")| | (4.3.10)

daler, e0) = X*(ﬁue[gaegp\p. (4.3.11)

The second condition corresponding to (I1,12) = (e, f) is:
¢1(fa(e, f)) = pa(n(e), f) + da(in(f), €) = pa(da(e), ¢1(f))
X @e DA — alpO)] L i+ HX(DifA) )y~ HX(AD )] )i =
= —0,p ((X*Af)] (X

‘o) .

p

from which we read off:

Ga(h, f)i = =X (W;0:f)] . (4.3.12)

p
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For the third combination of elements we take (I1,1l3) = (e, h):

h) = éa(fis(e). 1) = ur(da(e. 1)) + pa(@r(e), 61(1))
)+ da(p(e)| 1) = (X (Wye)| ) + (Xm0, (X

p

b1 (fia(e,
X*(W0;(p(e)’)

*ep)17

that allows us to set:
¢a(h1, hy) = 0. (4.3.13)

The final relation with (I1,15) = (f, h):

—d2(fn(f), h) = pa(2(f, 1)) + p2(1(f), 41(h)),

is just a consistency check.

=3
Out of the five non-trivial conditions that exist for ¢+ > 3 we begin with the combination
(1,12, 13) = (e1, €2, €3):

$01(fis(er, €2, e3)) — da(fin(er, e2), €3) + d3(fir(e1), ez, e3) + cyclic =
= sta(d1(e1), d1(e2), d1(es)) — pa(@(es), galer, €2)) + cyclic.

This condition implies:
d3(h, er,e2); = X* (WO (ﬁ”e{léieg]))\ . (4.3.14)
The next combination of elements (I1,l2,l3) = (e1, €2, h) gives:

¢3(fir(e1), €2, h) + ¢a(fiz(er, h), e2) + 502(fia(ea, 1), h) — €1 <> ey =
= 1p1(Ps(er, e, h)) + pa(di(es), paler, b)) + spa(di(h), daler, e2)) +
% 3(@1(e1), ¢1(e2), p1(h)) —e1 <+ es.

Expanding this expression and plugging in the previously set definitions for ¢ one can

consistently set:
¢3(e, by, ho)T = X*(hy W2, Dh,e”)| . (4.3.15)

p

The third possibility is for (I1,12,13) = (h, f,e):

G3(fir(f), hye) + ¢3(fir(e), b, f) + d2(fiz(h,e), f) + d2(fi2(f,e), h) =
= p2(91(f), P2(h,€)) — pa(@r(e), pa(h, f)) + ps(p1(h), ¢1(f), ¢1(e)).
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Analogously to the previous cases, here we can set:
d3(hy, ho, £)i = —X* (R hi28;,8;,0; f)jp. (4.3.16)

There are two more combinations of elements with non-trivial conditions: (Iy,1s,1l3) =
(h1, ha,e) and (14,2, 13) = (f, h1, ha), however, these are simply consistency checks that all

other ¢3 can be set to vanish. We state them for completeness:

303(fin(e), b, ho) + da(fia(ha, €), ho) + 561 (fi3(ha, hos€)) 4+ hy < hy =

= 511(¢3(hy, ho, €)) + pa(d1(he), ga(ha, €)) + 5us(¢1(hr), dr(ha), d1(e)) + by < ha,
%¢3(ﬂ1(f), hi,he) 4+ hy > hy =

= 2p1(03(f, ha, he)) + pa(d1(ha), d2(f, ha)) + Sps(d1(f), d1(Ra), dr(h2)) + hy <> ha.

=3

Since the i = 3 case already gives the most general morphism conditions we make the

ansatz for the four possible non-vanishing ¢; mappings as follows:

Y

)p

_,(Nrsef ;e ))

Gi(h, .. hiy,e)t = XH(R) - WD, - 0,

Gi(hi, ... hia,er,ex); = X (R - hi20;, - 0,

$i(hi, .. hioy, f)y = =X (- b5 0y, - 05_,0;f) o’
di(hy, ... hi) = 0.

First of the five non-trivial conditions corresponds to the choice (li,...,l;) =

(hl, ey hi—h f)

(_1)i_1¢i(,al(f)ah'l7'“ 11— 1 Z,un ¢7, n+1(h17--- — naf) ¢1< 11— n+1),---7¢1(hi—1))+

+ perm.

which is automatically satisfied by use of the ansatz.” Next is the combination (Iy,...,[;) =
(h17 ceey hi717 6):

G1(fii(he, .. hici,e)) =3 pn(@1(ha), ..o d1(hoe1), Ging1 (B, - .. hizr,€)) +
n=1

+ perm.

"Here “perm.” will indicate all possible unshuffles of hi,..., h;_1.

68



Chapter 4. Courant sigma model and L.-algebras

that is also automatically satisfied. The third case is ({1,...,l;) = (hy,..., hi_a, f,€):

<_1)i_1¢i(la1(f)7 hlv s 7hi—2> 6) + ¢l(la2(f> 6), h1> ceey hi—Q) +

i—1
+ Z ¢i—n+l(ﬁn(hla sy hn—la 6), hn7 s 7hi—27 f) + perm. =
n=1

Xum(¢1(hl)7 s 7¢l<hm72)a ¢n(hmfl> .

LR hm+n737 f>7 ¢ifmfn+2<hm+n*27 R h‘i727 6)) +
+ perm.

which is obviously satisfied after one resums.

(hh sy hi—27€1;€2)3

The fourth possibility is (Iy,...,1;)

i1
(=1)'¢i—1(fiz(er, €2), b, ... hiza) — ( > Gins1(fin(ha, . b1, €1), hy, .

n=1

.. ,hi_2,62) +

+ perm. — e < 62) =
i i—m+1

=3 > pm(di(m), -, d1(hm2), Sn (1,

ce hm—i—n—?n 61)7
m=2 n=1

Gi—m—-n+2(Pmin—2,-..,hi_2,€2)) + perm. — ey <> ey +

i—1
+ Z o (B1(ha)s - d1(hn—1)s Giema1(Buns - -+ hizg, €1, €9)) + perm.
m=1

This is satisfied by definition of the Courant bracket (4.3.9). Finally, the last condition
for (ll,. .. ,lz> = (hl,. .

S hizz, e1, e, e3) is:

qbi—?(ﬁ?)(el? €2, 63)7 h’17 .

1—2

R hi_g) + (—1)i¢i_1(ﬂ2(61, 62), hl, RN hi_g, 63) + CyCl. +

+ Z Gien1(fn(h1,y ..o hp_1,€1), by o ooy By, €9, €3) 4+ perm. + cycl. =
n=1

X (p1(ha); - .1 (hi—2),fn (i1,

— perm. — cycl. +
i il li—l-n+2

3% S udi(h), e b1 (hiss), n(hy—s,

(=3 n=1 m=1

¢m(h’l+n—37 .-

o shiin—s, €1),0i—i—ni2(Risn—2, . . . ,hi_g, €2,€3)) —
) hl+nf47 el)v

) hm+n+l—5> 62)7 ¢i—m—n—l+3(h’m+n+l—4a ey hi—37 63)) + perm. + CyCI-

where “cycl.” indicates all cycles of ey, es, e3. This is satisfied by virtue of cyclicity and
the properties of a Courant algebroid as in the ¢ = 3 case.
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As is expected all five conditions are after resumming simply all the Taylor expansion
terms as implied by their lowest orders i.e. [ = f, [ =e, (I1,1s) = (e, f), (I1,12) = (e1, €2)

and (l1,ls, l3) = (€1, €2, €3).

44 | Summary

In this chapter we have constructed the cyclic L.-algebra underlying the CSM, and
obtained, by tensoring it with the de Rham complex, the dynamics of the model — the
action, equations of motion and gauge transformations. Finally, since the CSM has an
open gauge algebra we proceeded to finalise the theory with its BV description obtained
in the framework of L..-algebras by introducing a third algebra which includes the ghost
degrees. Using this framework enabled us to obtain the exact BV/BRST transformations
of both fields and antifields in our theory (physical and ghost). Then, we constructed the
Courant sigma model starting from the structures of a Courant algebroid encoded in a
2-term L.-algebra. One has to extend the pure gauge structure of the 2-term L..-algebra
of a CA defined in Ref. [52] to include field dependence. The morphism we constructed
produces all brackets defining the CSM L.-algebra and thus the Maurer-Cartan equations.
However, the MC action requires an additional input and can be constructed only if one

can define a consistent bilinear pairing rendering the CSM L.-algebra cyclic.

70



APPENDIX

4.A | Homotopy identities of CSM algebra

In section 4.1.3 we calculated some of the homotopy identities for n = 1,2,3. Here we
provide the calculation of all homotopy relations for arbitrary n. As was stated, there
are seven possible combinations of elements that produce nontrivial identities. Each

possibility is calculated below.

o (byeeil) = (-l lon)

Pt (Lyts -5 L1, 1=1))) = p2(fta—1(l)1s - -5 Lyn—2, l=1))s Layn—1) + -+ +
+ (=D e (ks - - yneri-1 leny)s bt -5 dynet) +

+ perm. 4 - - -

1 U O O P )y =

= L Oi 0 "1y - 15000 Or P Al + o

+ Ly lé?)_yf__é_@n e 87;n—k—1pj‘]l7(;711)_7f—k U O Oy +
+ perm. 4 - - -

\
Oy -0 (0" ) =0 (4.A.1)

Here “perm.” denotes all possible permutations of I(1)1,...,[1),—1 that are ordered
as required by (3.1.1). All such permutations will have positive sign because the
Koszul sign will exactly compensate the permutation sign since all objects are either
of degree 1 or —1.
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o (L, b)) = Uy, - laym—2, L)1, l(=1)2)

0= ,U/2<,U/n71<l(1)17 =2, l(—1)1), l(—1)2) + -+

+ (—1)k+lﬂk+1(,un—k(l(1)1, o k=1, L)1) Lk - - Lyn—2, L—1)2) +

+ perm. + - - -

0= —@cﬁjﬂ?”lﬁﬂ o lé?ff_zail Oy P il —1y2) —

— U U500 Ou P Uy U 1O 0P i1l 1y —

— perm. — - - -

¢
iy -+ 05, Ok (p' "7 1) = 0 (4.A.2)

In this case “perm.” indicates all possible unshuffles of [(1y1,...,{1)n—2 and also
terms with [(_;); and [(_1)2 swapped. The sign of all terms will be the same for the

same reason as above.

(lla cee 7ln) = (l(l)la cee 7l(1)n—27 l(O)b l(O)Z)

p (e (Lyts - -5 Lyn—2s Loyts Loy2)) = pa(ftn—1(Layts - - - Liyn—2: Lioy1), Loy2) —
— Loy <> loy2 +

+ tiz(pn-1(leyts -+ lm=s Loy L)2) s Lapn—2) + -+ 4

+ (=D g (w1, - Ly r—2s Loy Loy2)s Layn—k—1s -+ Layn—2) +

+ g1 (n—r(L)1s - - Lyn—r—1: L)1), Layn—rs - - > Lyn—2, Lo)2) — Looy1 < Loy2 +
+ perm. + - - -

LU0 - O s Trcan ™ Uiy’ s =

=y Uiy oOi - 0o KO Ll oy — lon < Loz

— LD - O T 1500, 0 iy +
4ot
+ la)l T ZET)_nk__li—lam o zn k— 1p]Klzn . lé’ll)i 26 81" Qa p Ll 0)2
— l 1< l

- l“ lzn)ric li 28i1 o 'ainfk&TJKLnIJl ;f li 177 lZ(ITll)ﬁfzainka T ainfzpill(lg)llé]ﬁ +

+ perm. + - - -
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i3
Oiy -+ 05, ('™ Trgcr) = 0, - -0in_2(2p7[K61piL]) (4.A.3)

As above “perm.” indicates all possible unshuffles of I(yy1, ..., [(1)n—2. Swapping l();
and /()2 produces a sign since the Koszul sign is + but the parity of the permutation

will be flipped, this introduces the antisymmetrisation in the final relation.

. (ll, . ,ln) = (1(1)1, ... ,l(l)n_g, l(g), l(_l))

p (s -5 L2, Loy L=1))) = pa(pn-1(ays - layn-2, L)), L-1)) —
= p2(ptn—1( s - -5 lm—2, 1)), L)) —

— p2(ptn-1(lyrs - - 5 L3, Loy l—1))s Lyn—2) + -+ +

+ 1 (- (Lyts - - -5 Lyn—k—1,L0)) s Lyn—ks - - -5 Layn—2, L(=1)) +

+ (= 1)* 1 (o k(o k=1 1)) L=t -5 Lyn—2, L0)) —

— b1 (P (L) 1s - 5 Layn—t—2: L0)s L=1))s Lyn—t—1s - - - > L()m—2) +

+ perm. + - - -

_58)1...[2;)—;_251.1. . L0 kP mt g ~l{§) =

— 4

+ly .lK <_gi1 ...gz’n)—;—; Oy 05, lpiKlzrf)—:_k... 12 8,8, 05 o0+
1 Uk 1O O P M U 00, "'@nszJMK??UJr
+l(1)1 ) lzrll)rf—;—Qa'il” In—k— 28p]Kl%11)7’1]/€ li 177 ZT); 2a azn k— 1...8in—2p7;=]nlj) +
+ perm. 4 - - -

I3
Opy Oy (P "™ Targi) = 0;y -+ ain_Q(Qpi[J@ij}) (4.A.4)

As above.

o (Lo ln) = (Uays - layn—3, Loyts Loyz, Loys)

pa(pn Ly -5 lmss Loy Loy, Loys)) =

= (—1)k+1,uk+1(,un—k(l(1)1, .. 7l(1)n—k—27 l(0)17 l(o)z), l(l)n—k—h sy l(l)n—?n l(o)g) -
= et (P (L) 1s - 5 Lyn—t=15 L)1) L=t - - > Lyn=3: Loy2: L0)3) —

= M1 (n—r(L)1s - - - Lyn—i=3: Loy, Loy2s L0)3) s Lyn—r—2, - - -, Layn—3) +

+ perm. + - - -
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— 13y 50 - iy 0T apcp’ ™ 80l =
A Loyl y2loys
.(_lzl ...gzn):; Oy -0, IPAllnnk L Zn 5500, i Tipe +
+ 1y lzrf)nk 200 Tiapn®™ lzn)}k 271 ZET)S 30y On Trpen™ +
L U s O 0T ascl (s U3 Oh s O ") +

+ perm. 4 - - -

i}
Opy -+ 0, 4 (p' 70 Tapc — 3p' 140 Tpcry + 3Tyrian™ " Tperr) = 0 (4.A.5)

For reasons above, the graded Koszul sign induces the antisymmetrisation of

loyt, Loy2 L0)3-

L4 (ll, ‘e ,ln) - (l(l)la ‘e ,l(l)n_g, 1(0)1, l(o)z, l(_l))

0 = =1 (-t (Lyts - - lyn—t—15 L)1), Lyn—ies - - - > Lyn—35 Loy2: l=1y) +

+ (=DM g1 (e (L)1, - -5 Lynet—1 L)) s Layntes - « - > Layn—ss Loyt Lioy2) +
A+ (=) " g1 (ks -+ Laynet—2: Loyt Loy2) s Layn—its - - - Lynss L—1)) —
— M1 (=t (L) 1s - - -5 Lyn—t—2: Loy, L =1))s Lyn—i—15 - - - 5 Lyn—3s L0)2) +

+ perm. 4 - - -

0=+l

(e OB R k0, 0O+
+ lan " .lzal;rf:liflail Oy 1,07177[” D "12711)7?738%4@ w0, 0Ty +

+ lﬁ)l T llel)_vf—_li—28%1 T aln k— QTJKLnIlerll)ric Ii 1 lzn)_vj)—38in—k—1 T 8Z~n73pj[ +

+la)1 o lzalfrf:lianll o 87'77, k— 2akp]Kll 7nk Ii 1’ lzrll)r? 38% k=1 " aln SapkL) +

+ perm. + - - -

Y
Oy -+ 0y 0 (0 " Tyre — 20" O’ 17) = 0 (4.A.6)

As above.
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o (I, l) = (w5 L yn—a, Loy, Loy2s Loyss Loya)

0=+ fip1 (e (Lens -+ Tty L)1) Lt - - - Lymeas Lioyzs Loy Loya) +

A+ (=D " g1 (ke s -+ Laynet—2s Loyt L0)2) s Ltynek—1s - - - » Ltyn—as L0)3» Loya) +

+ pep1 (- (L)1, - - Lyn—k—3, Loy1: Lo)2: L0)3)s Lnyn—t—2, - - > L(1yn—1, L(0)a) +

+ perm. + - - -

0=+ 11 12l -

) (l21)1 ’ "ZZT); Ii 181‘1 o azn k1P Alzrff kT z?); 48 87/n kT 'ainfz;aiTBCD -
1211)1 ZET): 2 2811 o 'ainfquJABT] lerf)rf Ii 1 '.lzal)?ff4ain7k71 ) azn 43 Ticp —
la)l ’ lZ’f)J_i_g@n 0,y y0 TABCZZ1)7n7k 2 "lz¥frf—4ain_k_z‘ 2 0i P]D)

+ perm. + - - -

N}
Oy -+ 05,1 0i(407 140, Tpcpy — 3T 51480 Tepir) = 0 (4.A.7)

Equivalently as above the L-degree of [(g); and the antisymmetry of T" ensures the
total antisymmetry in indices A, B, C and D.

It is immediately obvious that relations (4.A.1) and (4.A.2) are equivalent, as are (4.A.3),
(4.A.4) and (4.A.6), and that (4.A.5) implies (4.A.7). Therefore, we have three unique

sets of conditions giving all terms in the Taylor expansions of the axioms of the Courant
algebroid by taking [(1); = X;:

" p'1(X)p 5(X) =
D (XM

0,
207 11(X)0 i P (X)) — nME T (X) =0,
30 14(X)0Tpcrs(X) — p g (X)0Tapc(X) — 3TJK[A(X)77 MTpe(X) =0
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4B | BV/BRST action for Courant sigma model

For completeness we write explicitly the action and BRST transformations for all fields
in BV/BRST action for Courant sigma model.

Spy = / FdX' + InsAMdA7 — p'((X)ATF, + 3Ty (X) AT AT AR —
33
— e (X)XT +
+ (del + 77”piﬂfi + nIJTKLJ(X>AK€L> A; +

(
(—dvi = 07 1(X)0; A+ 0,7 (X )ty + 30Ty yu (X)ATe! ) 17 4
<_77[inJ<X)Uz‘ + %TZIJTJKL(X)EKEL) 4 +
(=07 1(X)vse! + 20 Tryx (X)e'e! ) ol +
(U”aiﬁjJ(X)Uj - %UU@TJKL(X)EKGL) FT A} +
3 (A19:0;0" (X )vr — tx0,0; 0" 1(X)e! — A 0:0,T1 1 (X)e! ) FIFH 4
(=050 1 (X )vre’ + 20,0, Tryc(X)e' e’ ) FHit1 4
L (30,000 (X)€" — 200,04 T1 1 (X )€l e eX) IR it
(4.B.1)

and generalised BRST transformations for each field and antifield:

Qv X' = p'1(X)e, (4.B.2)
QBVAI — dEI 4 nIin (X)tl 4 T]IJTJKL(X)AKEL 4

+ F“n”@z-ij(X)vj — %FTiT]IJaiTJKL(X>€K€L,
QuvE; = dt; — 0,07 ;(X)t; A — 0ip? J(X ) Fye” + 10Ty (X)AT AT X —

— nljﬁiij(X)vjA} + %nué?iTJKL(X)A}eKeL — t”@iﬁjpkl(X)vkel +

+ M190,0,Tryi (X)e e’ X — F179,0,0" 1(X)vr AT + FY70,0;0"1(X)tre’ +

+ LFY0,0,T1 1 (X)Ale! % + LFVFT%0,0,0,p /(X )vie’ —

— %F”FT’“&-@&CTU;{(X)EIEJGK,

(4.B.3)

4)

Quve’ =05 1 (X)v; — I Typep (X)el e, 5)

Qpvt;, = —dv; — &-ij(X)vjAJ + &-ij(X)tje‘] + %@TUK(X)AIEJGK+ (4B.6)
+ F”@iajka(X)vke‘] - %FTjaiajTIJK(X)eIeJeK,

Qpvv; = —Giij(X)vjeJ + %aiT[JK(X)GIEJGK, (4.B.7)
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QuvX] = —dF;, — 9,0 J(X)F; A + 10,Tp ;i (X)ATATAK +
+ 07 5(X) X! — 0! 5 (X)vselen”™ + 0307 5(X)tym” ™ Al —
— 0Tk (X" AL AT R + 10T e (X)eln'™ e’ e +
+ F199,0,0" 1 (X )oen! AT, + F179,0,0* 1(X)t,, AT + F179,0;0 1(X) Fye' —
— LFY0,0;Ty i (X)AT AT X — LF110,0,Ty i (X)n'H AL e” X —
— tY0,0;p" 1(X ) g A" + 190,0,0" (X )tre" + 117 0,0; Ty i (X)A"e’ ™ +
+ 00,0 0" (X )vpe! — %vTjﬁiﬁjTIJK(X)eleJeK +
+ LV ET%0,0,010 (X )0 AT — LEVET9,0,00' (X )tie’ —
— LU FY%0,0,00Tr i (X)A'e! € + F1t1%0,0,0,p' 1(X) vy’ —
— 1PV 0,0,00Tr s (X)e' €/ e — AFV F" E9,0,0,0,0™ 1(X )vme’ +
+ L FUEWF10,0,000,Tr i (X)e' e’ X,

(4.B.8)
QuvAl =1, (—dAJ + 07K p g (X)Fi — %UJKTKLM(X)ALAM) -
— F10,p7 [(X)t; — FT'0,T1 i (X)A”e" — SFVFY9,0;p" 1 (X )vp + (1B.9)
+ LFTFY9,0,Ty 5 (X)e €™ + 70,07 1 (X )v; — 370, Ty (X)€" —
— Tro(X )t AL,
Qv = _de oy 1(X)AT = (4.B.10)
— FTjaij[(X)e[,

Quver = dAT + p (X)XT — Ty (X ) P AL AR + Ty e (X )/ Eel € +
+ FY0,00 ((X)Fj — SFV 0Ty i (X) AT AK — FUOTy 0 (X )P AL X +
+ 10,0 (Xt 4+ 170, Tr i (X) AT X + LFVF19,0,0" /(X )ty —
— LV EY0,0,T; 51 (X) A7 % + FU40,0,p% (X )vy, —
— APV 0,0, Tr i (X )e! X — 2PV FUF%9,0,0,0' /(X )i+
+ LFYVEYF0,0,00 Ty (X)e” €5 + 07007 1(X)v; —
— %v“@iTUK(X)eJGK,
(4.B.11)
Quvt' = —dF 4 017 o ((X) AL + #1709, /(X )l + FY 0,001 (X) AT —
— LFVFY%0,010 1(X)e,
Qevv’™ = —dt™ + 1" ' [(X)el — FV0;0" (X )" Al + 190" (X) AT — 000" (X)e —
— LPVE™9,0,p (X)) AT — FYt%0;010" (X )e' + 2 FV F"EV9,0,0,p" (X)€"
(4.B.13)

(4.B.12)

As was to be expected one may notice the classical part (first line in each expression)
of the BRST transformations of physical and ghost fields (4.B.2)—(4.B.7) corresponds to
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their gauge variations (4.1.14)—(4.1.16) and antifields (4.B.8)—(4.B.10) to their equations
of motion (4.1.11)—(4.1.13).

A careful reader might notice some signs differing here from the relations given in
section 2.1.3 (2.1.28)—(2.1.33). This is an artefact of the field definition and the two can
be brought to match by the field redefinitions t —+ —t and FT — —FT.

4.C | Homotopy identities of extended CA algebra

Homotopy relations (3.1.1) imply the possible choices for the higher products i.e.
restrict us in which can be set to vanish. In this section we will make the calculation for
L, = TM of which the restriction to T,M, as in section 4.3.1, is a special case. Therefore

we have the following for i = 1,2,3,4 and 7 > 4.

OZ:1

There is only one non-trivial homotopy relation:

fufn(f) =poD(f) =0,
which is satisfied by the axioms of the Courant algebroid.

02:2

Of the four non-trivial relations, three will be modified by the existence of L;. Choices

(I1,le) = (e, f), (h, f), (e1, e2) produce the following conditions respectively:

fiz(ple), f) =0,
ﬂz(D-f’ h) = O,
fiz(p(e1), e2) — fia(p(ez), e1) = [p(er), plea)].

The first enables us to set jia(h, f) = 0, whereas from the second and third relation

it is obvious fiz(h, ¢) cannot vanish and one can choose fig(h, €)' = h79;p(e).

e 1=3

In this case there are six combinations of elements that produce non-

trivial homotopy relations, of which five are modified by the extension:
(h7 f17 f?)a (ha €, f)v (617 €2, 63)7 (hh h?a f) and (hv €1, 62)‘ These combinations respec-
tively produce the constraints:

f3(Dfi, b, f2) + fis(Dfa, b, f1) =0,
ﬂ3(ﬁ(€),h,f) + ﬂS(Dfa h7 f) = 07
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fs(pler), ea, e3) + cyclic = 0,
p(fiz(hi, ho, f)) + fis(Df, hi, ho) = 0,
fis(p(er), ez, h)' + B pler)*0;0kp(e2)’ — e1 > ea = —p(fis(h, e1, e2))".

The minimal extension implied by these constraints is to set all fi3 products involving
h to zero except fiz(hy, ha,e)’ = hihED;0np(e).

1 =4

Degree counting tells us that for ¢+ > 4 there are always exactly 7

non-trivial homotopy conditions, additionally, all of them are modi-

fied by the extension and must be calculated. The combinations are:

(hb h27 f17 f2>7 (h’7 €1,¢€1, f)7 (617 €2, €3, 64)7 (hlu h27 €, f)7 (h’v €1, €2, 63)7 (hlu h27 h37 f)
and (hq, hg, €1, e3). In order, each combination produces the following conditions:

fa(D f1, hi, ho, f2) 4+ fua(D fo, ha, ho, f1) = 0,
fis(pler), h, e, f) — fia(ple2), h, e, f) — (D f, b e, e2) = 0,
fia(p(en), ez, €3, €4) + fua(ple), eap, €1, €2) = 0
Djig(hi, ha,e, f) — fuu(ple), hi, ha, f) + fia(Df, by, ha,e) = 0,
fia(p(e1), €2, 3, h) + cyclic = Dfiy(ey, eq, €3, h),
plfia(ha, ho, hs, f)) — (D f, ha, hay hg) = 0,
fia(p(er), ea, by, ho)' + BB p(e2)'0;0k01p(e1)" — €1 < ea = pljia(er, ez, hi, ha)).

Y

These constraints allow the minimal extension of non-vanishing products to be just
one: fig(hy, h, hs, €)' = hihEhLd;0,0,p(e)".
1 =>4

Since for @ greater than four there are no new types of homotopy relations, since the

combinations of elements from ¢ = 4 that produce non-trivial homotopy identities
all simply gain the appropriate number of h elements. Therefore, the structures of
the corresponding conditions placed upon fi; will be no different from the case of
t = 4. For that reason we make the assumption that all higher products vanish
except fi;(hy,...,hi_1,e€) since it could not be made to vanish in lower cases. To be

consistent with our choice for ji; we make the ansatz:
fi(hy, .. hiy,eY =R b0 - 05 p(e).

The consequence of this assumption is that only two homotopy identities
will be non-trivial, those corresponding to combinations: (hy,...,h; 1, f) and

(hi,...,hi_o,e1,e3). The first is directly satisfied by the axioms of a Courant al-
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gebroid:
ﬂi(hh ooy i, Df) = 0.

The second is just the higher derivative analogue to the final condition in the ¢ = 4

case:

0= —fio(fti=1(ha, ..., hi—g,€1),e2) + fia(ftic1 (P, ..., hi—2,€2),€1) —
— fin(flicns1(h1s - hicpy €1), Ricngas - - hizg, €2) — perm. +
+ ﬂn(ﬁi—n—i—l(hla ceey hi—n7 62)) hi—n-i—la oo 7h‘i—27 61) + perm. —

— fii—1(fi2(h1,e1), ha, ... hi—g, €3) — perm. +

(ji
+ fti-1(fig(ha, €2), ha, . .. hi—g, 1) + perm. +
+ (1) i1 (fia(e, e2), by, hig) —

— fi(fa(er), hay ... hi—a,e2) + fii(fir(e2), ha, ..., hi—a, €1),

which is directly satisfied by use of the ansatz and Leibniz rule of the differential

operator Oy, - -+ 0;, .
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CHAPTER b

DFT ALGEBROID AND CURVED L, .-ALGEBRAS

Chapter 2 introduced the appropriate geometric structure of double field theory: a
DFT algebroid. It was shown that there exists a more general structure (dubbed a pre-
DFT algebroid in [45]) that corresponds to the metric or Vaisman algebroid [85], of which
the DFT algebroid is a special case. On the other hand however, in Ref. [59] the authors
suggested that the relevant geometric structure is a pre-NQ manifold. This structure is
defined on non-negatively (N) graded manifolds with a degree 1 vector field (Q) which does
not square to zero, with the obstruction controlled by the strong constraint. The relevant
pre-NQ manifold was obtained as a half-dimensional submanifold from the Vinogradov
algebroid defined over a doubled space.

In this chapter based on [86] we shall analyse the structure of a DFT algebroid from a
different perspective, giving its definition in terms of a curved L..-algebra [72,73]. This
naturally extends the results of [59] and connects them to the results of [45] and chapter
2, and moreover, it implies that one should be able to formulate a DF'T algebroid in terms
of a Q structure. This becomes especially important when constructing the corresponding
sigma-model. In section 5.1 we introduce curved L..-algebras in our convention and as a
motivating example we recall the Courant algebroid L..-algebra [52,75]. Thereafter, in
sections 5.1.2 and 5.1.3 we construct the curved L..-algebra for a DFT algebroid on two
different graded spaces underlying the L.,-algebra. Section 5.2 is dedicated to the under-
standing of the strong constraint on the DFT algebroid as an L..-morphism. We begin
by recalling the definition of L.,,-morphisms and then explicitly construct the map from a
DFT algebroid to an (undoubled) Courant algebroid. The geometric structure studied is
extended to a sigma model field theory in section 5.3 where we give the explicit definition
of the corresponding Q-vector and gauge symmetries. Finally, appendices 5.A and5.B
provide completeness for longer calculations of sections 5.1.3 and 5.2.2, and appendix 5.C

proves the sigma model L..-algebra satisfies the homotopy relations.
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5.1 | Lee-algebra for the DFT algebroid

Our aim in this section is to show that a DFT algebroid can be understood as a curved

Loo-algebra. We shall start, however, with an introduction to curved L..-algebras.

5.1.1 |  On curved L..-algebras

L..-algebras are generalizations of Lie algebras with infinitely-many higher brackets,
related to each other by higher homotopy versions of the Jacobi identity [72,73] (3.1.1).
Thus far, however, we have ignored the extension stated in section 3.1.1, namely when i
is allowed to be zero. The question is what changes? Three aspects are modified by the

possibility of ¢ = 0:

1. there is an additional map p;

2. there is an additional homotopy relation, the one corresponding to the choice ¢ = 0:
papo = 0;

3. every order of the homotopy relations obtains an extra term in the sum since j too

is now allowed to be 0 as is k:
. + (—1)iui+1(u0, ll: . 7lz) = O

It is instructive to repeat the steps of section 3.1.1 and see how one must now interpret
the first three (i = 0, 1,2) orders of the homotopy relations. The first is i = 0 as stated in
point 2, this relation can be understood as meaning i is a constant with respect to map

(1. Second we have ¢ = 2 and:

Ml,ul(l) = M2(M0a l)7

implying, in general (if the map on the lhs does not coincidentally vanish), 4 is no longer a
differential. This also explains the nomenclature, as an analogy with differential geometry
can be made where covariant exterior derivatives square to the curvature of the bundle.

Finally, ¢« = 2 is now modified to:

pa(pa(ln, 12)) = pa(pa(ly), o) + (= D)2y (ua (1), 1) = —ps(po, 1, 1a),

breaking the Leibniz rule and therefore the interpretation of ;1 as a derivation.
As an L.-algebra is a generalisation of Lie algebras by controlling the closure of lower
brackets by higher ones and therefore modifying the bracket, in the same way the curving

of an L.-algebra can be seen as now modifying not the bracket but the differential.
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It is instructive to present an example: curved differential graded Lie algebras [87].
A curved differential graded Lie algebra (curved dgla) is a triple (g,d, R) where g is a
graded Lie algebra, d is a derivation of degree 1, and R is a curvature element of degree
2 such that dR = 0 and d?z = [R, z] for all x € g. In the L, framework we identify the
map o with the constant curvature R, pq with the derivation d and po with the graded
Lie bracket, satisfying the homotopy relations

papo = 0,
pa(pa (1)) = pa(peo; 1).

Notice that although py or d is no longer a differential it still is a graded derivation as it
still satisfies the Leibniz identity. This is a special property of curved dglas that happens
only because the 3-bracket 3 vanishes making the ¢ = 2 curved homotopy identity a

regular graded Leibniz rule for p.

5.1.2 | Curved Ly-algebra for the DFT algebroid

The first proposal for an L, structure relevant for DFT was given in Ref. [59] based
on the graded geometry of a pre-NQ manifold. In that case, the homotopy relations of
the proposed L.,-algebra were satisfied only up to the strong constraint. Here we wish
to extend this result by constructing proper, albeit curved, L..-algebra. We begin by

defining the relevant graded vector space:

|_,1 ) I—0 SY I—2
fec=(M) eel'(L) 1o

where L, is a 1-dimensional vector space spanned by the constant element 1. In general,
there is no chain complex underlying the graded vector space of curved L..-algebras, thus
we use the @ symbol to define the space. The maps that do not involve space Ly are taken

in analogy with the Courant algebroid maps:

m(f) =Df,
pa(er, e2) = [er, ea] , pale, f) = (e, Df), (5.1.1)

,u3(€1, €2, 63) = N(el, €9, 63)-

The maps involving Ly are going to be constructed from the homotopy relations. Before we
begin with our construction, it is useful to see which homotopy relations will be non-trivial.
To this end we prove the following statement.

For every [y, 1y € L such that u;(ly,1ls,...) = 0, the homotopy Jacobi identities of (3.1.1)
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can be written in the following way:
SN x(0 by L) (1R (Mk+1(/tj(l1, lor2ys - o))y Lo 42), - - 5 lori)) +
Jjt+k=i o’
+(_1>1+l1l2+(l1—12) qunzz l”/(m)/vbk—i-l(uj(l% la’(Z); . 7lo"(j))lla lo"(j+2)7 . 7lo"(i))> =0.
(5.1.2)
The proof follows from the fact that since unshuffles are ordered and [; and [, must be
in different products, all unshuffles will necessarily have [; and [, for the first and j + 1-st
element or vice versa. This implies we can split the homotopy relation into two sums,
those that have unshuffles that begin with [; and those that begin with [5. Then it is

simply a matter of connecting the antisymmetric Koszul signs of these two unshuffles.

Additionally one can observe that in our case:

,uH_l([,L(), Hos - - ) = O, Vi € N, (513)

holds due to the graded antisymmetry of the maps and the fact that || = 2. Therefore,
all homotopy relations of two py arguments must be trivial, which reduces the number of
identities to be calculated significantly.

We proceed by constructing the maps involving the space L, from the homotopy

relations. The homotopy identity for « = 0 is trivial in our case, so we move on to ¢ = 1:

Mllh(l) = M2(N0;l>‘

This contains one non-trivial identity:

a2 (po, €) = 0. (5.1.4)

For 7 = 2 the homotopy identity:

pa(pa(ln, 12)) = pa(pa(l), o) — (= 1)l (1 (1), 1) = —ps(po, 1, 1),

contains three non-trivial cases: (I1,13) = {(uo, f), (e, f), (f1, f2)}. The first produces the

condition:

p2(Df, wo) = 0,

which is automatically satisfied by (5.1.4). The second and third are simply the definitions
of higher brackets:

13(pos e, f) = [e, Df] — D(e, Df) (5.1.5)
= —1p ' (df)(p(e)),
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3o, f1, f2) = 2(Df1,Df2) (5.1.6)
= 30 (df1, df2).

In the case of 7 = 3,

pa (s (1, 12y 13)) — pa(pa(ly, 1), Is) + (= 1)1l g (g (1, 1), 1) —
—(—1)”1‘(”2””3‘)u2(M2(l2,13),l1) +M3(M1(11)712,l3)—
— (=)l (11 (L), by, 1) 4 (= 1) 1BIURRD g (0 (13), 1, 1) = palpo, 1y, 1o, Is),

there are four different identities to be satisfied: (I1,l2,13) = {(o,e1,€2), (1o, f1, f2),
(€1,€9,€3), (e1,ea, f)}. The first case is a consistency condition satisfied due to (5.1.4) once

one takes into account (5.1.3). For the next case, the identity is:

2D(Df1,Dfs) = —us(po, Df1, f2) — ps(po, Dfa, f1),

which is directly satisfied by use of (5.1.5). For choice (ey,es,e3), the corresponding
homotopy identity is a definition:

DN (ey, e9,e3) — Jac(ey, ez, €3) = pa(fio, €1, €2, €3),
or by use of (2.2.13):
palfto, €1, €2, e3) = —SCiac(eq, €2, €3). (5.1.7)

The last of the i = 3 expressions defines py(po, €1, €2, f):

pa(pio, €1, €2, f) = —([e1, e2], Df) — (e2, D{e1, Df)) + {e1, D{e2, Df)) + N(Df, €1, e2)
=0, (5.1.8)

where the second equality holds by (2.2.12) and the first identity of Property 2.2.15.
Next is 4 = 4 with three mnon-trivial conditions: (ly,1lo,15,1y) =

{(o, €1, €2, f), (e1,ea,€e3,€4), (1o, €, f1, f2)}.  The first case (po,er,es, f) with condi-
tion:

pa(pa(f), o, €1, e2) + palpa(er, €2), po, f) — pa(paler, f), po, e2) +
+ps(palezs f), o, e1) + pa(ps(po, e1, f), e2) — pa(ps(po, €2, f),e1) = 0,

produces, after plugging in (5.1.1) and (5.1.5):

SCJac(eb €2>Df) + D<[[617 62]]7Df> + [[Dfa [[617 62]”] +
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+D<627 D<€1a Df>> - D<el’ D<e2> Df>> - [[[[Df7 61]], 62]] + [[[[Df> 62]]7 61]] =0,

which vanishes by use of (2.2.13) and (5.1.8). The second identity in ¢ = 4 is the definition:
N([er, e2], €3, e4) + (DN (er, €2, €3), e4) + antisymm.(1,2,3,4) = —p5(0, €1, €2, €3, €1).

Using the third identity of Property 2.2.15, this can be rewritten as:

s (o, €1, €2, €3, €4) = _%<SCJaC(61, ea, €3), €4) + antisymm.(1, 2, 3,4). (5.1.9)

The last identity of ¢+ = 4 is the compatibility:

ps(pa(e, f1); po, f2) + ps(pa(e, f2), po, f1) — pa(ps(po, €, f1), f2) —
—p2(p3(po, €, f2), f1) — p2(ps(po; f1, f2), ) = 0.

This can easily be shown to hold using Property 2.2.15.

5 with two non-trivial identities for: (Iy,12,13,14,l5) =

Moving on to ¢ =
{(po, e1, €2, €3, f), (pto, €1, €2, €3, €4) }. The first is:

0= %(SCJac(ela €2, 63)7Df> + 2<DN(€1, €2, 63),Df> +
_I_(;(SCJaC(el, e2, Df),e3) + N([e1, Df], ea,e3) — N(D(e1,Df), es,e3) + cyclic(1, 2, 3)),
where by utilising properties (2.2.12), (2.2.13) and Property 2.2.15, one obtains:

(15<<SCJac(ela e2, Df), e3) +SCpyle2, e3)(pler) f) + cyclic(l, 2, 3)) +
+5(SChac(er, €2, €3), Df) = 0.

This relation can be shown to be identically satisfied by direct calculation. The second

and last identity of ¢« = 5, after plugging in all the appropriate definitions, states:

—SCac([e1, €2], €3, €4) — [eq, DN (e1, €2, €3)] + D(es, DN (e1, €2, €3)) +
_'_[[SCJaC(el? €2, 63)7 64]] - %D<SCJaC(€17 €2, 63)7 €4> + antisymm'(la 27 37 4) =0.

Properties (2.2.13) and the third identity of Property 2.2.15 produce:

[Jac(ey, e, €3), 4] — Jac([er, e2], €3, €4) + antisymm.(1,2,3,4) = 0,

that is satisfied by direct calculation.
Finally, ¢ = 6 has only one non-trivial relation (ly,ls, 3,14, 15,16) = (1o, €1, €2, €3, €4, €5)
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where, by the definitions given above, one obtains:

2<SCJaC([[61a ea], €3, €4), €5) — N (SCjac(er, €2, €3), €4, €5) —
%( (SCrac(e1, €2, €3), €4), €5) + antisymm.(1,2,3,4,5) = 0.

A straightforward but lengthy and rather tedious direct calculation shows this holds.
All higher homotopy identities vanish and we summarise our findings in the following
table.

a m(f)=Df N
pa(er, e2) = [en, eo]

pa(e, f) = (e, Df)
ps(er, ez, e3) = N(€1,€2,€3)
pspo. e, f) = [e, Df] = Dle, Df) (5.1.10)
w3(fto; f1, f2) = 2(Df1,Dfa)
) =
)

pa(fio, €1, €2, €3 D (61762763) — Jac(ey, 2, €3)

s (o, €1, €2, €3, €4 <DN(617 ez, €3), €4) — <JaC(€1, es,€3), €4) +
K + antisymm. (1,2, 3,4) J

All non-zero maps that include the constant element pg of the space Ly are controlled
by the pairing on T M (2.2.8) and its inverse (2.2.10), as can be seen from (2.2.11) and
Property 2.2.15. Here we choose to represent the space Ly as the space spanned by the

constant symmetric bivector n—*

5.1.3 | Extending the curved L..-algebra for the DFT algebroid

A better understanding of the DFT algebroid that arises from the L., structure can
be obtained if we extend the underlying vector space by adding L;, containing sections of
TM. In that way, the anchor map is included in the L., maps, the choice of representation

1

of Ly as the space spanned by the constant symmetric bivector 7" is natural, and the

homotopy relations reproduce the defining properties of a DFT algebroid. Therefore, we

shall start with the following graded vector space:

Ly & Lo SV L, e L
feld®M) eeT'(L) h e X(M) Lo

the boxed maps (5.1.10) and

fivi(hi, ... hie) =R b0, 04 p(e)POs, P00, (5.1.11)
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a choice based on the analogous relation for Courant algebroids. Additional maps are
constructed from the homotopy identities as follows.

As in the previous subsection we begin our construction with the ¢ = 1 homotopy
identity since the ¢ = 0 case is trivial. This case has two non-trivial possibilities [ = f and

[ = e. The first produces:*

pa(po; ) = m(pa(f)) = po Df = 515 0p f0a, (5.1.12)

whereas the second:

pip(e) = pa(pio; €) € Lo,

must be trivial since Ly is by construction spanned by the constant element py and cannot,
therefore, non-trivially depend on an arbitrary section e of L. Thus the following must
hold:

pi(h) =0 and pe(po,e) =0. (5.1.13)

The same reasoning implies that all homotopy identities in the space Ly must be trivially
satisfied:

,Lti(hl, . ,hl) = O,

(5.1.14)
/“Li+2(h17 R hia Ko, 6) =0.

Using (5.1.2) one can show that in general we can have at most 15 non-trivial identities
for each i.

Moving on to ¢« = 2, we find 4 non-trivial identities, however, only three of these
are different from the Ly = @ case above: (I1,l2) = {(e, f), (e1,€2), (h, f)}. These give,

respectively:

:uQ(p(e)v f) = 07
pler, ea] — [pler), ple2)] = —pa(po, €1, €2),
pua(h, f) + 0P 0400 fO5 = —ps(po, b, f),

that result in:

M2(h7 f) = 07
Mg(ﬂ0,61,62) = SCp(el,eg), (5115)
w3(po, b, f) = —%ﬁBchAaAﬁcfaB-

Continuing to the ¢ = 3 case, one has 8 non-trivial identities, of these only 5 are new

in comparison to the previous subsection. They are: (ly,l2,13) = {(h, f1, f2), (h,e, f),

Tt is interesting to note that, since there is an L; space in this extension, one can explicitly see the
curving of our “differential” u; on functions.
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(hi, ha, f), (e1, €2, h), (o, e, )} with the corresponding homotopy expressions:

pa(pio, by f1, f2) = 0,
pa(po, b, f) =0,
p3(Df, haha) = palpto, ha, o, f),
p2(h, [er, e2]) + pa(paler, h), e2) + ps(pler), ez, h) — e1 < ez = pa(po, €1, €2, h),
ple. Df] — iy-1dle, Df) + jpalign™" ) —
—p2((e; Df), o) — ps(p(€), po, f) + ps(Df, po, ) = 0.

The first four are definitions of higher maps:

/L4(,M0, hla h27 f) = %nBch’{h h12426A18A280faBa

A 5 (5.1.16)
N4(M0,€1,€27h) =—h aASCp<€17€2) Op,

whereas the last is a condition satisfied by use of (2.2.12), and the maps defined thus far.
Definitions (5.1.15) and (5.1.16) suggest, in the spirit of (5.1.11), the following Ansatz for

the non-vanishing maps:

:u’i+2(h17 ceey hinu()? f) = %nBChfl T h?iaAl Tt aAiaCfaB7

_ (5.1.17)
:U’i-l-?)(hla e ,hi,ﬁbo, €1, 62) = hfl T h?ZaAl T 8A¢SCp<€17 62)333.

Using this Ansatz one can show that all higher identities, which are infinite in number, are
satisfied, see appendix 5.A. We collect the maps for the extended L.-algebra corresponding
to a DFT algebroid in the following list (where i > 0).

m(f)=Df
pz(e1, €2) = [e1, €]
pz(e, f) = (e, Df)
ps(er, ea,e3) = N(ey, e, e3)
ps(po, e, f) = [e,Df] —D{e,Df)
p3(Hos f1, f2) = 2(Df1,Dfa)

(5.1.18)

DN (e, eq,€3) — Jac(eq, ez, €3)
$(DN (eq, €2, e3), 1) — 3(Jac(er, €2, €3), €4) +
+ antisymm. (1,2, 3, 4)
fivi(hi, .. hie) =R h2idy -0, p(e)POg
piva(ha, .. hispo, £) = §0PCht - b 04, - - 04,00 f OB
trivs(hi, ..., his pio, e1,es) = b ... h;-AiﬁAl -+ 04,5C, (e, es)P0p

)
pa(fio; €1, €2, €3)
)

Hs (/1‘07 €1,€2,€3,€4
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The homotopy relations reproduce the defining properties of a DF'T algebroid as discussed
in Sect. 2.2.1:

(poD)f = 3n " (df)
plei, ea]c — [pler), ple2)] = —SC oler,e2) (5.1.19)
Jac(eq, €9, €3) — DN (e, €2, e3) = SCyac(er, €2, €3)

and their higher derivatives.

52 | Ls-morphism as the strong constraint

In order to complete the description of a DFT algebroid in terms of an L..-algebra,
we would also like to include the strong constraint in this framework. Since we know that
on the solution of the strong constraint the C-bracket of double field theory reduces to
the Courant bracket, we are looking for a relation between the L..-algebra for a DFT
algebroid and the one for a Courant algebroid. The natural relation between L..-algebras
is an L..-algebra morphism or L.,-morphism for short. In the following, we explicitly
construct an L,-morphism from DFT to a Courant algebroid implementing the strong

constraint.

52.1 | On curved Ly,-morphisms

Before we start with the construction of mappings, we first recall the definition of
an Le,-morphism (3.1.5) as this can be curved too. Similarly to the expression for the
homotopy relations, the condition of an L.,-morphism from (L, y;) to (L, ) is actually a
possibly infinite series of relations, one for each i € Ny.2 Here we explicitly state the first
three:

e 1=0
¢1(110) = pi + 15 (do) + 2 115(Po, do) +
e =1

d1(p (1) = dalpio, 1) = pi(d1(1)) + py(do, d1(1)) + 5115(do, b0, P1(1)) +

2In this instance L’ does not denote the space of L., valued de Rham forms but simply the target
algebra. This is done to avoid using the tilde notation of the previous chapter in the hopes of not confusing
the reader with regards to the splitting of coordinates with the duals being denoted by tilde.
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e =2

O30, 1, o) — Pa(pa (), 1) + (—=1)"2 o (pr (1), b)) + 1 (pa(ly, b)) =
= py (P21, 12)) + p5(do, Pa(ly, l2)) + %Mg(%, G0, P2(l1,l2)) + - +
+ o (d1(11), d1(l2)) + (o, ¢1(lh), ¢1(l2)) + %Mi;(%; G0, P1(11), d1(l2)) + - -

In the case of non-vanishing ¢q this is called a curved L..,-morphism and the zeroth relation
implies ¢ is a Maurer-Cartan element if pig = 0. Therefore if one is mapping a flat algebra
to a curved one this can always be undone by a differential redefinition in the sense of
section 3.1.1. However as we are going the other way this will not be of significance to the

following calculation.

5.2.2 | From a DFT algebroid to a Courant algebroid

To set the stage, we begin with L, a DFT algebroid over a doubled space M, and
L', a Courant algebroid over M, where M is a subspace of M and dim M = dim M /2.
Then introduce a mapping ¢ : L — L’ that projects the DFT algebroid to the Courant

algebroid:?
DFT : Ly =C®(M) @ Lo =T(L) & Ly
R o1 o1 ¢1 4
CA: L', =C®(M) @ Ly =T(E) & .

This basically means that if we pick a coordinate chart on M, 4 = (2%, %,), such that
the coordinates x® correspond to coordinates of the manifold M and M is then implicitly
defined by %, = const., all functions f(z*!) on M upon restriction only depend on half the
coordinates, namely f(z% T, = const.). However, the fibre structure remains unchanged.
To verify that such a mapping is indeed an L..,-morphism one must check that it satisfies
the conditions (3.1.5). We begin with ¢ = 0 that implies only ¢;1(uo) = 0 as a Courant
algebroid does not include spaces L} nor L,. Therefore ¢y = 0 and we are dealing with

flat L,-morphism. For the case of + = 1 we make the following choice:

<Z51(f) = %f‘
o1 (e) :e’

3In this section the Courant algebroid anchor and differential will be denoted a and D respectively to
differentiate them from their DFT counterparts.

M7

M?
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where e 4y means the component function is restricted and the section exists only over M.

This case has only one non-trivial identity, the one corresponding to | = f:

G1(pa(f)) — d2(po, f) = M&(Gbl(f))-

By plugging in the products from 5.1.2 and Example 3.3, this becomes:

$1(Df) — ¢2(po, f) = D1 (f).

In (x,%) coordinates the DFT anchor splits into two: p; = (p%;, far), the first is the one

we relate to the anchor a; of a Courant algebroid. This choice is consistent since for a
DFT algebroid we have:

paIﬁIprJ = 07

according to axiom 1 of definition 2.2.7 (see also (2.2.16)), meaning p®; satisfies the first
identity in (4.3.5). Therefore, the DFT derivative splits into two: D = $D + %[?,4 the first
of which we associate with the Courant algebroid differential as its image is in the kernel
of a. By using (5.2.1) and the fact that (&zf)’M = 8a(f’M) and (5“f)}M + éa(f‘M), one

obtains:

¢2(#0,f) = %(Df)‘M- (5-2-3)

The case of ¢ = 2 has two non-trivial possibilities: (I1,l2) = {(f,e), (e1,e2)}. To keep
calculations as simple as possible we shall make the Ansatz that all components ¢; for

¢ > 1 not including pg vanish. The first produces:
@30, £, €) — d1((e, Df)) = —(¢1(e), Do1(f))e,
that reduces to the definition:
O3(po, f.€) = e, D), (5.2.4)
The second identity is (again, after the choice of ¢o(eq,e9) = 0):
@30, €1, €2) + ¢1([er, e2]) = [¢1(e1), ¢ (e2)]c

Here we shall make the identification of T' of DFT with the twist of the Courant algebroid,

therefore trivially one has:

®3(po, €1, €2) = lex, BQ]C’M — [es, GQNM- (5.2.5)

4The factor of 1/2 stems from the different definitions of the derivative and pairing in DFT and in a
Courant algebroid. Whereas in DFT the derivative carries the factor, in a Courant algebroid the pairing
does instead.
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In the case of i = 3 we have three possibilities: (l1,1ls,13) = {(e1,e2,e€3), (1o, f,€),
(o, f1, f2)}, the first being a definition as before and the other two being consistency
checks. The first produces the definition of ¢4(p0, €1, €2, €3):

Pa(po, €1, €2, €3) = (%N(eb ea, e3) — Ne(er, ez, 63))‘1\4’ (5.2.6)

The next case is the following consistency condition:

—¢3(Df, o, e) + d2({e, Df), o) — ¢1([e, Df] — Die,Df)) =
= Do3(po, f,e) — [p1(e), d2(p0, f)le

which, by use of (5.2.4) and (5.2.5), transforms into:
D<€, Df)c - [6, Df]c =0.

This is valid by the first relation of Property 2.1.7 as all present structures correspond to

a Courant algebroid. The third non-vanishing condition gives:

¢3(M07Df17 f2> + (]53(/,60,,Df2’ fl) + ¢1<2<Df17,Df2>) =
= (p2(1t0, f2), D1 (1)) o + (b2(po, f1), Dor(f2)) e

that vanishes by virtue of (D fi, D f3)c = 0.
For ¢ = 4 there are two non-trivial possibilities for the selection of elements:
(I1,1,13,14) = {(po, €1, €2, €3), (o, €1, €2, )}, both producing compatibility conditions. The

former combination yields condition:

o3([er, e2], po, e3) + cyclic(1,2,3) + da(N (€1, €2, €3), to) — ¢1(SChacler, €2, €3)) =
= D¢4(M0, €1, €2, 63) - ([¢1(€1)7 ¢3(M07 €2, 63)]0 + CYCHC(1,2,3))7

that is satisfied by use of (2.2.13) and the third relation in (4.3.5). The condition corre-

sponding to the latter selection of elements is:

d3({e2, Df), po, 1) — €1 <> ea + ds([er, 2], po, f) + pa(Df, po, €1, e2) =
= (¢1(e2), Dps(po, e1, f))o —e1 <+ ex +
+ (@3(ft0, €1, €2), Do1(f))o + Ne(d1(er), d1(e2), da(po, f)),

reducing to:
2N.(Df,e1,e5)| = {lex, eale, Dfdel

satisfied by the second identity of Property 2.1.7.
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Finally, : = 5 has only one condition to consider, (I1,ls,13,14,15) = (1o, €1, €2, €3, €4):

Ga(po; [er, e2], es, ea) + ds(po, N(en, ea, €3), €4) + 1((SCiac(er; €2, €3), €4)+) +
+ antisymm.(1,2,3,4) =
= (¢1(e1), Dpa(po, €2, €3, €4))c + No(d1(e1), p1(ez), d3(po, €3, €4)) + antisymm.(1,2,3,4),

satisfied by the last identity of Property 2.2.15 and last identity of Property 2.1.7. To

summarise we present all non-vanishing morphism components in the following table.

7 an =1, N
ai(e) =,
ba(po, /) = 5(DS)|,
Ps3(po, f,€) = i(e,Dﬁ‘M
bs(po, €1, €2) = [er, e2]o|  —[er, ea]|
Q(,Jo,el,ez,eg):( N(er, ea,e3) — c(61,62,e3))‘]\ﬂ

We finish this section by presenting a minimal extension of the morphism above in
order to encompass the algebras of subsection 5.1.3 and the extended Courant algebroid
Lo.-algebra of sec. 4.3.1. To accomplish this we must make certain assumptions about

this morphism. Our choice is the following:

¢1 morphism components are:

CX(M) = C=(M), [ 3f|
¢1:{T(L) — T(E), errel :
X(M) — X(M), hA04 + he 1/ 0a

all morphism components constructed above remain unchanged,

the only non-vanishing ¢; without py as an argument are ¢y,

the morphism is “flat” i.e. ¢g = 0.

Details of the calculation of the morphism conditions can be found in appendix 5.B. Here

we simply state the maps that constitute an L.,-morphism from a DFT algebroid to a
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Courant algebroid (both viewed as Ls-algebras) in the following boxed set of expressions.

a o(f) = 4], N
di(e) =e|,
ba(o, f) = 5(DS),
o310, fr€) = 1 e, Df>‘
¢3(po, €1, €2) = [61762]0( - [[61762]]‘
Ga(fio; €1, €2, €3) = (%N(elaebes) — Ne(er, €2>€3))‘M
¢1(h) = h%| Oa

\Gisalln, . hispose) = (108, 00, p() = B+ 0y, - 000(e)') | B0

5.3 | DFT sigma model as a Maurer-Cartan homotopy theory

As we have extensively studied the L., properties of the DFT algebroid in the previous
sections, the time has come to apply this structure to construct the corresponding sigma
model in a similar way to chapter 4. This way we shall be able to better understand
the structure obtained in chapter 2. Additionally through this process we will be able to
obtain the exact expression for the cohomological Q-vector of DFT, the existence of which
is implied by the consistency of the DFT L.-algebras (5.1.10) and (5.1.18). This section
follows [88].

5.3.1 | Field theory symmetry algebra

Chapter 4 has taught us when regarding sigma model algebras from their corresponding
algebroids one needs to start from the extended version (the one including the degree 1
homogeneous subspace) in order to be able to capture the full field content. Thus, we start
from algebra (5.1.18). The second modification that must be done is to promote space L_;
from functions to target space 1-forms by incorporating the target de Rham differential
appearing in the maps into the definition of the elements of L_;. Due to this change some
maps become trivial, however this also implies maps that coincidentally vanished when L_;
was a space of functions may not vanish now. Most maps will be nothing more than the
maps (5.1.18) applied to the basis elements and pulled back by the sigma model-defining
map X as in the case of the Courant sigma model. And finally, all maps must be expanded

as we want to obtain the perturbative expansion of the interaction. In order to define this
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new algebra we must first define space L as:
LidlidLidl,

where L_; = ['(X*T*M), Ly = ['(X*E), L, = {X* = X*2%} and L,, again, is the space

of the curvature element jio. The non-vanishing maps are given by:°

fi+1 (L l(l)za 0) = 101 11,04, - Oap™ 1l
Mz‘+1(l(1)1, ool e )= 77Ul(1)1 (1)13141 e .aAipAIl(_l)A
tiva(lay, - - ,l( 01, lo)2) = TIIJl(m l 1)i04; - 'aAiTJKLl(Igﬂl(Lo)Q
piva (L l(l)w len) = Lad 1050, 04,040" sligy L1y
piva(l, - - l(l)i, Loy, Loys Lioys) = =13} -+ - 13,0, -+ - 0, 0T 1kl {o1 Lyalltys
po=n"
p2 (o, L—1) UABZ(—UB
Mz’+3(l(1)1, cey 1(1)i7 ,onl l( 1) TIAB AUZAI T lAi <aA1 T 8Ai(:)BJKl(I6)l(—1)A
Piva(layts - - Ly tos Loyrs Loyzs L1 UBClAl ZA 04, -+ 04,0401l {on [loyal(—1)B

\/\_/\_/\_/\_/\_/O

i3ty - - Layis o, Loyts Loy2 UABZ(Al ZA 04, - 04,9515,y
fia(lyts - - - Layis oy Loyt Loy, Lioys) = 7' 1(1)1 l -3A1“'(9AZJKLMZK11(L0)25M
Mi+5(l(1)17~-al(l)i>M07l(0)17l(O)2al 135 l0ya) = l (1)13,41 01,04 Z1 55 Ll {0 {0)2l (63 0)4

(5.3.1)
with ©.47; = nBcpCU@ApBﬂ (a  rescaling of (2.2.48)) and Zrjkp =

3napnsen® pA110ppP 1pP kOppC1) (expression (2.2.20) satisfying (2.2.19)).  This is
a new algebra only implied from the algebraic symmetry algebra, therefore, one must
check it indeed satisfies the homotopy relations (3.1.1). We delegate this to appendix 5.C
and turn our attention to the corresponding cohomological vector structure ¢). In general,
one constructs a Q-vector from the algebra formulation of an L..-algebra by applying the

following three steps.

1. Using the shift isomorphism (3.1.6) one calculates the codifferential components
from (3.1.7):

1. i .
Di<8l17 s 75li) = (_1>§Z(l_l)+2j:1 llj‘(l_])slu’i(lla tt lz)

2. These codifferential components acting on the basis {7,} of L define the structure

5The notation here is, again, as in chapter 4 such that we do not write the evaluation of expanded
functions at X = 0 explicitly and denote a generic element [(;) € L;.
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constants CF 5 of Lo.-algebra (L, u):

Ch,..5,Ta = Di(s73,, . ., 573,).

3. The Q-vector is the Chevalley-Eilenberg (CE) differential on C*°(L[1]) that can
always be locally identified with a cohomological vector field () on a graded manifold

N given by:
0

e (5.3.2)

[o¢] 1
_ a 1 Bi
Q=2 ) FC8s €

where £ are the coordinate functions of L[1] if viewed as a CE algebra or, locally, the

graded coordinates on N.

Applying the three steps above to (5.3.1) and resumming the expansion produces for the
cohomological vector field:
. (p*1(X)A" —*P Fy — Lo (X)0pp® (X m*P AT A7) 9
onAB pPI n B — 5PB[I DO J] n IXA
+ (ﬁIMPAI(X)F — 50" Ty (X) AT AR + A P0™ oy (X)0pp© 51(X)ATFa +
= . 0

+ ?}!nABZABLIJK<X)77LMAIAJAK> DAM +

+ ( - 8EpBJ(X)AJFB + %nADﬁg (pc[K<X)(9QpCL] (X))AKALFA —

Q=n""

— LOpTr e (X)ATAT AR 4 1nABoLZ 0 (X) AT AT AR AL ) a?y;’
where we have contracted the i with lower indices and factored out n*” from Z by defining
ZABIIKL = 3pD[18ApDJpCK8§pQL] in order to clarify the degrees of objects. Observe that
all terms have the required degree 1 since the coordinates (or coordinate functions) are,
after the shift isomorphism, of degrees (n, X, A, F) = (—1,0,1,2) (coordinate functions
are oppositely graded to vectors).® Additionally it is important to notice that in the first
term 7 is a (degree zero) structure constant since this term stems from the zero product
that does not take any arguments, whereas 1 is the dual to the (shifted) L, basis of degree
—1. One should not be worried here that the algebra used is defined on the pullback
spaces since for the purposes of this discussion it could have been defined directly on
the target manifold with no modifications other than the understanding of the slightly
different nature of coordinates (n, X, A, F'). The existence of such a vector field implies
the claim that a DFT algebroid is (at least locally) a Q-manifold. The caveat of locality
arises due to the correspondence of Q-manifolds globally with L., -algebroids that are

locally L..-algebras. Therefore, since we have only regarded L..-algebras we cannot claim

SIn a slight abuse of notation we denote the coordinates (or coordinate functions) X, A, F the same
as the appropriate components of field a and the degree 2 equation of motion after tensoring with the de
Rham complex.
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a Q-manifold structure globally.

5.3.2 | Classical DFT sigma model

Having understood the symmetry algebra structure of the sigma model corresponding
to the DFT algebroid we move now to the classical field theory level by tensoring with
the de Rham complex.

A trivial extension. Before constructing the MC field theory we make a trivial ex-
tension to the algebra (5.3.1) by adding an additional homogeneous subspace to L:
L o =T(OQ*T*M), such that all maps p act trivially on it i.e.:

,LLZ(G, .. ) = 0, VG € L,Q.,

meaning no new homotopy relations arise from this extension. Therefore, L can be

decomposed into the following homogeneous subspaces:
Lol 1@Ly@L; @ L,. (5.3.3)

This is done so as to be able to write the sigma model with an action functional, in other
words to be able to make the algebra cyclic. In addition to the pairings defined in (4.1.9)
(up to the transformation of ... indices into A,...) we define the pairing between the
L_5 and L, spaces as:

(l—2), L)) = l—2)aBl) -

Tensor product with the de Rham complex. The full information of a field theory
built upon an L..-algebra is obtained by combining the kinematical part with the algebraic.

In this theory it comes from the de Rham chain on the worldvolume:
90(23) — 91(23) — 92(23) — 93(23)

When taking the tensor product of algebra (L, i) defined by spaces (5.3.3) and maps (5.3.1)
with this complex one obtains the following fields (L’ degree 1 elements), gauge parameters

(degree 0 elements) and higher gauge parameters (degree < 0 elements):

a=X+A+F+GecQ (S5 L) @0 (Is,L0) @ Q*(23, L) @ Q3 (23, L_0),
(Z3,L0) ® QH (23, L_1) @ Q*(X3,L_0),

(B3,L_1) @ Q' (23, L)

co=156€ Q%S L o)

co=€e+t+re’

ci=v+ue
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Graphically this is shown in Table 5.1 and means that in addition to ghosts € and ¢,
and ghost-for-ghost v appearing also in the Courant sigma model we now have a new
tower of ghosts corresponding to subspace L_5 consisting of: a 2-form ghost r, 1-form
ghost-for-ghost u and scalar ghost-for-ghost-for-ghost s. An important aspect to consider
is that n from the space Ly does not end up as a field since its tensor product can not have
degree lower than 2. Thus, n becomes an equation of motion as we shall see immediately

by solving the Maurer-Cartan equation.

Q° L_o L_y Lo L,
> 9 v N
ad N 7 AR
C/(‘V \/ \QO/\\\/ \00 \// & 7
PN &~ YN e
N Y Y &
0 N g v € X
1 U t A
2 T F
3 G
Table 5.1

Degrees of fields in the L., DFT sigma model.

Equations of motion. As seen in section 3.2.1 the equations of motion (eoms) corre-
spond to the MC equation (3.2.1), however, as we are now working with a curved algebra

it too must be extended by allowing ¢ to start from zero:
— / / 1 / 1 !/
[ = o + :ul(a) + 5:“2(667 CL) +t-= Z ﬁui(aa SR ,CL). (534)
i>0 **

By plugging in field a, separating by L degree and resumming the expansion one obtains

four equations of motion:

for=dFs+0ap” j(X)A Fp 4+ £0aT1k (X)AT AT AR,
fo=dA" + 7" p J(X)Fa + 30" Ty (X)AK AP,
fi=dX* = pty(X)A7,
fo=n7"

making the strong constraint an on-shell requirement. There is a subtlety that must

be explained here. Thus far, the strong constraint has been understood to mean the
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restriction of the doubled base space spanned by { X4} through the relation (2.2.5) or by

the introduction of the bivector n7!:
nH(df,dg) =0,  f,g€ CF(M).

However, this requirement can be restated by transferring the restriction from the functions
f and g i.e. the space M to the operator =1 itself (as discussed in [61]). This is precisely
what has happened here, the equation of motion has restricted the operator in such a way

that the strong constraint is satisfied.

Gauge transformations. It was shown in sec. 3.2.1 that a homotopy Maurer-Cartan
theory comes with a built-in gauge symmetry given by the relations (3.2.2)—(3.2.4). We
begin with the gauge transformations for the fields in a. Using the decomposition of a

and reducing the maps u' to p by (3.1.2) and (3.1.3) we obtain:

0X* = p(X)e,
SAT = de' — i1 p? (X )t g + A1 Ty AR ER,
5FA = th - 8A,OBJ(X)FB€J - %8AT]JK<X)AIAJ€K + 8ApBJ(X)AJtB,

5GAB = dTAB,

where we have summed the expansions of functions and separated according to L degree as
in the case of the equations of motion. It is obvious these are equivalent to (4.1.14)—(4.1.16)
up to signs due to differing sign choices in (5.3.1) and the addition of field G. This is
expected because on the all products of fields coincide with their Courant counterparts
since the maps containing py do not appear due to py not being a field but a constraint
(or eom). Seeing that this sigma model possesses an extended gauge symmetry to that of
the Courant sigma model we expect higher gauge transformations of gauge parameters or,
in other words, a gauge redundancy among the parameters as well as the fields. To this
end one can calculate these higher transformations using (3.2.4) by the same procedure

as above to arrive at:

(SEI — f]IJpAJ(X)UA,
0ta = dvg + 8ApBJ(X)AJvB,
0rap = duag,

5UAB = dSAB.

Here we see what was expected by filling out Table 5.1, namely, due to the addition
of a 3-form GG we have a higher stage reducible theory requiring a new tower of ghosts

ultimately with the appearance of a “ghost-for-ghost-for-ghost” s. The last symmetry
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transformation to consider is the gauge covariance of the eoms given by expression (3.2.3):

deof2 = 0,

oo /1 = [3Pts + [POBp" 1(X)e,

Oeofi = 0" Tyrcr(X) fi € = 0" [ OAT e (X) AR + 9 [10ap" 5 (X5 —
— 0" e 32 p (X)) 08" 1) (X)€" Fa + 30" Z e par (X) AR ARM +
+ 0" nen f37 p° 1 (X)0pp" k) (X) A 4,

the transformation of f_; was omitted for brevity. These expressions can be compared to
relations (2.2.46) and (2.2.49) by taking into account the gauge fixing (2.2.34) and fo =17

(remember Z contains 7).

Action functional. Lastly, to be able to interpret the equations of motion through a
variational principle, we define a Maurer-Cartan action by relation (3.2.6) using the cyclic

pairings defined above. The calculation produces:

SMC[X7Aa Fv G] = <G’T}_1> + <dX7 F> + %(Avd/w + Z %<Aa/£n+1(X7' - 7X7 F)> +

n=0
+ é Z%<A’M”+2(X7"’7X7A7A)>a

n=0

or, by inserting the definitions of the maps and pairings, in components:

S[X,A F,G] = /E Gapn™® + Fa NdX? + L AT A dAT — p ((X)AT A Fy +
3

+ 1Ty (X)AT N AT N AR

We now see the meaning of the three-form field G, it is a Lagrange multiplier enforcing
the strong constraint 7 = 0 as an equation of motion. Notice this is a constraint on
a constant due to the nature of our construction assuming n was a constant from the
beginning. However, one could have introduced interaction terms to the field G and made

1 a function of X making this a constraint on the fields X.

54 | Summary

A DFT algebroid is a geometric structure describing properties of the C-bracket rele-
vant for the gauge symmetry of double field theory. Here we discussed its global properties
and gave a formulation in terms of an L.-algebra as a preparation to introduce the corre-
sponding Maurer-Cartan homotopy theory (as indicated in [89]). Our ultimate motivation
is finding a gauge invariant sigma-model without constraints. This is based on recent

proposals suggesting that there exist physically relevant closed strings backgrounds which
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cannot be obtained as a solution of the strong constraint [45,90]. Using the L..-algebra
framework one could bootstrap consistent gauge theories by choosing the initial data of
the theory in the form of 1- and 2-brackets and construct the appropriate higher brackets
using the homotopy relations [83]. This is akin to the deformation of a free gauge theory
into an interacting one in the BV/BRST approach, see e.g. [84].

In this chapter we gave the definition of a DFT algebroid in terms of a curved Lo.-
algebra, and showed that one can formulate a DFT algebroid in terms of a Q-structure
(in the same manner as a Courant algebroid can be, see (2.1.13)), going beyond the
results of [59]. Additionally a sigma model was constructed on the basis of this curved
algebra that showed it is a second-stage reducible gauge theory with the strong constraint
implemented as a Lagrange multiplier. A promising route to tackle the issue of not
having a P-structure consists of allowing for a degenerate symplectic structure following
the construction in [91]. In that case one obtains a presymplectic generalisation of the
BV formalism, which reduces to the standard one after factorising out the zero modes of
the presymplectic form. However, for most applications one can employ the presymplectic
structure without ever performing factorization explicitly. Thus, one expects to obtain
an unconstrained gauge invariant theory relevant for understanding the implications of

T-duality in a field theory setting.
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5.A | Homotopy conditions for a DFT algebroid L.-algebra

when ¢ > 4

Taking into account all of the argumentation in section 5.1.3, for arbitrary ¢ one can
have only 4 non-trivial distinctly new types of homotopy relations, those that are in

space Ly. They will be higher orders of expressions found in the i = 4 case: (l1,...,[;) =

{(hb ) hi—la f)7 (h17 R h’i—?a €1, 62)7 (MU? hla S hi—37 €, f)? (/L07 hla sy hi—47 €1, €2, 63)},
the first two being the definitions of (5.1.17) and the last two consistency conditions. In

order we have:

H’n(hla ce. 7hi—17Df) = (_1)i+1ﬂ’i+1(1u07h’17 .. '7h’i—1af) )

from which one immediately sees the first line of (5.1.17), and:

(—1)%1-_1(#2(61, 62), h1, Ce ,hi_z) +

+ e e —

—(icm(pig1(ha, oo s €1), gy s hisg, e2) — €1 < eg) +

= (—1)i+1,ui+1(/10, ha, ... hiy, e, 62) )
where the dots indicate summation over m and terms of all unshuffles o: ho(1), ..., ho@m)
and hg(m41), - - - No(i—2). This summation is nothing more than the product rule expansion
of differential operator h{'t - - - h5284, - - - 84,_, acting on [p(e1), p(e2)] implying the second

line of (5.1.17). Continuing on now to the conditions, the third combination of elements

produces:
<_1)171:U”L(Df7 Ho, h’lu tey h’i737 6) - ,u2'71<<67 Df>7 Ko, h‘h ceey hi73) +
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+io(ps(po, e, f), hay .o hig) +

bt

()" i (i (P s €)s 10y Bty -y g, f) 4o

(=) i (i1 (0 has - Pty )y B - By €) + -+ +
1. =0,

where, just as previously, dots indicate summation over m and term of all unshuffles of h.

Again, realising this summation can be resummed produces:
(—1)'h{" - 1520, - Oayy(=SCyle, DF)P =10 0 (p(e) f)+incpple) POpdef)dp = 0,

that vanishes in the exact same way it does in the ¢ = 3,4 cases. The final condition valid

for 7 >4 is:

(—1)iui_1(u2(el, €s), fo, P, - .., hi_g,e3) + cyclic +

+pi—o(ps(er, €2, €3), po, hay .., hiza) +

i3 (pa(pio, €1, €2,€3), b, .. hica) +

J’_ e _|_

i—m—1 .

+(—1) i (fm1 (o5 Pay - - han—as €1, €2), A1, . .., hi—g, €3) + cyclic 4 - - - +

F(=1)" tiem (1 (ha, - oo By €1), poy Bungay - - hizay €2, €3) + cycelic + - -+ +
+..=0,

utilising the same logic as before it is easy to see this is nothing more than a higher

derivative of the condition obtained for 7 = 4:

(_1>ih1141 e h?—iZlaAl e aAi—4( - SCP([[eh 62]]7 63) - [Scp<ela 62), p(e?))] + Cyd' -

—pJaC(el,eg,eg)) =0,

again satisfied by the fact that Jac(p(e1), p(ez2), p(es)) = 0.

5B | Calculation of morphism conditions with degree 1 spaces

In this appendix we show the calculation of morphism conditions in the case of DFT and
Courant algebroids with spaces L; (respectively L}). In order to calculate the remaining
morphism components we turn to the condition (3.1.5) order by order, beginning with

i = 0 that does not change with respect to section 5.2.2 by the introduction of space L;.
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Next, ¢+ = 1, has only one new and non-trivial condition:

¢1(p(e)) = da(po, €) = al¢i(e))

implying:
¢2(pi0,€) =0 . (5.B.1)

In the case of i = 2, by taking into account the assumptions above we have three new and

non-trivial morphism conditions. The first is a compatibility condition corresponding to
(l17 l?) = (MU7 f)

o1(sn7'(dh) = a(3D1],,) -
that is satisfied by (5.2.2) and (2.2.9). Next, for (I1,l3) = (h,e), the morphism condition

produces:

50, h ) + 61(h"Dap(e)POp) = ¢1(h)*Dua(1(€))"Dy
by splitting capital indices one obtains:

¢3(pto, h, €) = —(haaap(e)b)’ Oy .

M

Lastly for ¢ = 2 we have (ly,l) = (h, f) that results in:

¢3(/‘L0aha f) =0 ’

directly from our assumptions and (3.1.5). Before moving on to higher cases of i, guided
by what we have obtained thus far for ¢ = 1,2 we shall make the following Ansatz for the

new components to ¢:

Gnia(hrs iy €) = (B - htna, -+ Da,ple)’ = B By -+ Da,ale)’)| D
(5.B.2)

or explicitly:

brsa(hiy. .. o, g, €) = (’Nlml' e P, 0+ 0 p(e) + B hgay- - T, 00y 072 - - 0 p(€)P+
+ - > ’Mab )

where the dots indicate all possible combinations of i and h except the one with no k. All
other possible new ¢ components vanish. Continuing on to ¢ = 3 where after taking into
account our assumptions and previous Ansatz one finds there are, in fact, three new and
non-trivial identities to be satisfied. The first, (I1,l2,13) = (hq, ho, €), is just the definition
(5.B.2), however the second (ly,1ls,13) = (po, b, f) and third (I3,1s,13) = (po,e1,€2) are
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consistency conditions of our Ansatz and yield, respectively:

—¢3(Df, o, ) — 130" n10405 fOc) = —d1(h) Du(2(0, ))"0b

(5.B.3)
—¢3(P(€1)7,M0, 62) + ¢3(P(€2)7 Ko, 61) + ¢1(5Cp(61, 62)) = a(¢3(,uo, €1, 62)) .

The latter is satisfied automatically once one takes into account p o D = 9, whereas for
the former one needs the homomorphism property of the Courant bracket and relations
(2.2.12). It may be useful to note that since (5.B.2) for n = 0 vanishes as is in accord with
(5.B.1) the second relation above does not have an extra term coming from (5.B.2) that
will appear in higher identities.

The analysis so far enables us to move on to the case of a general i. As ¢ only has
infinite components for one combination of elements, ¢, 2(h1,. .., hny, fo, €), we need only
look at identities involving this component since all others are taken care of in explicit ¢
cases either above or in section 5.2.2 for identities that are equivalent. That withstanding
we have three possibilities, starting with (Iy,...,l;) = (hy,..., hi_1,e) which is simply the
definition (5.B.2). Next, (I1,...,l;) = (o, h1, ..., hi—2, f), is simply the higher derivative
case of the first line in (5.B.3) vanishing for the same reason. Finally, the generalisation
of the second line or (Iy,...,1;) = (o, b1, ..., hi_3, €1, e) and the only slightly non-trivial

identity for a general i. Expression (3.1.5) implies:

4

( 1) ¢z j+1< j(hla---ahjflael)a,umhja--~:hi737€2)_
( 1)]¢z g+1( j(hb---7hj717€2)7,u07hj7--~;h173,€1)+

4ot
+ (=1)'@i—1(p2(er, e2), po, hay - -y hizg) + &1 (pi(pos by - -, hioz, e, €2)) =
_|_

+ (_1)i_j_1ufi—]+1(¢ (/"LCH hla ) hj—27 61)7 ¢1(h1)’ s 7¢1(hi—3)a ¢1(62)) -
- (_1)i_j_1/’62—]+1(¢ (HO) h17 SR 7hj—27 62)7 ¢1(h‘1>7 S 7¢l(hi—3)7 ¢1(61)) +

+ /“472((?3(”07 €1, 62)7 ¢1(h1)7 SR ¢1<hi73)) )

where by resumming the partial derivatives and utilising the definitions of maps ¢;, p;,

and p one obtains

Rt B30, - Da,, ([p(er), plea)]” — SCpler, e2)” — pler, 2]y =
= h{ e b 00, - Oay_y([aler), ales)]” — aler, e2]2) 0y

with SC,(e1, e2)? defined by the splitting 9 = 9 + 9. Each side of this equality vanishes
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on its own, the lhs because of (2.2.12) and the rhs because of the homomorphism property

of a Courant algebroid anchor map a.

5.C | Homotopy identities for DFT sigma model algebra

To show the maps (5.3.1) satisfy the homotopy Jacobi identities (3.1.1) we first analyse
all the possible combinations of elements producing non-trivial identities. Simply by degree
counting, property (5.1.2) and observing the only homogeneous subspaces these identities
can live in are L_y, Ly and L; as discussed in section 5.1.3, we identify at most 15 types
of homotopy identities. Notice these are types since there are in fact an infinite number
of relations that can, however, be grouped by counting all identities differing only in
the number of degree 1 elements as one type. They are, in essence, the same relation,
simply a higher order expansion term as seen already in appendices 4.A, 4.C and 5.A. To
make the calculation more tractable we shall again abuse notation and denote [(_;) = F,
lioy = A and [(;) = X and only calculate the lowest order relation with the rest in the same
type obtained by taking higher derivatives and then evaluating at 0. Combinations not
involving 1o can be understood as defining products of that combination of elements with
to, and those involving 11 as consistency relations (as explained in sec. 5.1.2). They must
all be satisfied using the local axioms of a DFT algebroid (2.2.16), (2.2.18) and (2.2.19)
written again for convenience:

i pt (X)p" 5 (X) =07
20" 1(X)0pp™ 1(X) = p* (X)) Ny 11(X) = npep®1(X)0*p" 5(X),
37N Tag e (X) Trngn(X) + 4p™ 10 (X)0aT i (X) = Zyxern(X).

We start with the relations in subspace L;.

e [ =(Xy,...,X;_1, F) In the lowest order this is the curved differential requirement,

equivalent to expression (5.1.12).

o [ =(Xy,...,X;9,A1,Ay) Again for i = 2 this is the Leibniz rule for p; and is

precisely axiom 2 above.

o | =(X1,...,Xi 3,10, A, F) This is a consistency condition stating:

fraps(pos A, F) + pa(pia(po, F), A) — pa(pa(A, F), po) + pa(pn (F), po, A) = 0,

in which all terms cancel by use of only axiom 1 and the fact that n is constant.

o [ =(Xy,..., X4, 1o, A1, Ay, A3) The homotopy relations for the lowest i = 4 case
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state:

pa(pn(Ar), po, Aay As) + ps(pe(Ar, As), pro, As) — pa(ps (o, A1, Az), Ag) + cycl. +
o (pi—1(Ar, Aoy As), o) + i pra( o, A1y Aay As) = 0,

plugging in the definitions of maps p produces condition:

—*PopTryr + p* ™ Zyrsx — 30 nerp® 10pp" ;00" k) —

—3T0 100" M neen™P p” mOpp™ k) + 30" 10 (MErp® 10pp" K))NP =0,

satisfied by axioms 2 and 3. This can be seen by utilising axiom 2 on the two terms

in the second line, after cancelling what remains is axiom 3 contracted with p.
This ends the L; relations. We move on to Lg relations.

o [ =(Xq,...,X;9,A F) As in the case | = (Xi,..., X, 2, A1, Ay) this too is trivial

in that it is plainly axiom 2 contracted with 7).

o [ =(Xy,...,X;3, A1, Ay, A3) This is precisely axiom 3 with the second term anti-

symmetrisation split in two.

o [ =(Xy,...,X;_3, 1o, F1, F3) The consistency of this relation is obvious from axiom

1 and the symmetrisation that is appears due to the -1 grading of F'.

o [ =(Xy,..., X 4,10, A1, Aa, F') By explicit calculation one can see this identity
holds directly by that of [ = (Xl, . 7Xi747 Mo, Al; AQ, Ag)

o | =(X1,...,Xi 5,10, A1, Ag, A3, Ay) As in the case of three A elements this too will
be a sum of  maps with four A elements distributed in pspq, papis, pspis, popts and

1 pt5. This sum yields the following condition:
P 10aZsxcrn + 2Tprs Zxcannd”™ 4 208en™ 0% 1i0pp” 10aT k1 = 0.

It can be seen to hold when one uses axiom 2 on on the last term and axiom 3
(the definition od Z) on the first two. This is because terms that do not cancel
vanish identically on their own due to the antisymmetrisation of five indices and

symmetricity of 7).
Finally, we now come to the last subspace L_;.

e | =(X1,...,X; 9, F1, F5) The lowest order relation corresponding to this choice of

elements is:
po(pa (F1), Fa) + po(pa (F), Fi) = 0,

108



Chapter 5. DFT algebroid and curved L..-algebras

producing: 9cp B ;3LpA; = 0. This is identically satisfied by axiom 1 since it

implies antisymmetry of A and B.

l=(X1,...,X; 3, F, A1, As) This choice produces precisely axiom 2 (up to an added

derivative that is of no consequence).

l=(X1,..., X4, A1, Ag, Az, Ay) Just as the previous case this too gives precisely

axiom 3 (again up to an overall derivative).

= (X1,..., X 4, po, A, F1, F3) The consistency condition produced holds trivially

by use of axiom 1.

l=(X1,...,Xi 5, po, A1, Ag, A3, ) A straightforward but lengthy calculation pro-
duces a derivative of the identity from | = (Xy,..., X;_4, o, A1, Az, A3) that has

been shown to hold.

l=(Xy,..., X 5, po, A1, Ag, A3, Ay, As) The final condition, unsurprisingly, coin-

cides with that of | = (Xy,..., X;_s5, o, A1, Ag, Az, Ay), again up to an overall

derivative that does not impact its validity.
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CHAPTER 6

CONCLUSION

Here we shall summarise what has been shown in the previous chapters and provide a
selection of possible avenues for continuing this research based on the conclusions obtained
through this thesis.

6.1 | Overview

The search for a quantum description of gravity has led us to higher dimensional fun-
damental objects and, as particles couple to 1-form gauge fields, 1-dimensional objects,
strings, will couple to 2-form gauge fields and consequently higher d-dimensional mem-
branes will couple to (d + 1)-form gauge fields. This necessitates the study of generalised
gauge symmetries and their corresponding field theories. We focused on the worldsheet
description of two such theories: the Courant sigma model and double field theory. Let us
recap the problems addressed and results obtained in the context of this dissertation. We
began with the knowledge of the classical relation between Courant sigma models and a
membrane sigma model realisation of double field theory. The problem was this was only
known on the classical level of the sigma model, whereas, the full BV theory of Courant
sigma models has been known for some time. Therefore the natural question was how does
this correspondence survive on the BRST level where gauge parameters become ghosts
that transform. In [46] this is the problem that was addressed. The solution was to fix
the 1-form ghost and ghost-for-ghost fields in a consistent way such that the projection
does not break the BRST symmetry. An expected issue occurred however, when going
back to the gauge symmetry level it was observed that the equations of motion do not
transform covariantly, requiring the use of the strong constraint.

Next, attention was shifted to the formalism of L.-algebras. As they hold great
potential for the generalisation of gauge theories we explored them in the case of the two

theories of interest in our previous discussion, beginning with the Courant sigma model.
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The idea was to fully understand the symmetries involved and their interplay with the
dynamics of fields. This was done by differentiating three different L..-algebras involved:
the gauge symmetry algebra, the classical field algebra and the BV algebra. Through the
construction of these three levels via tensor product L..-algebras it became apparent that
in the sense of gauge structure one needed to only know the basic symmetry algebra to
be able to construct the classical and BV levels without any other input. The full BV
Courant sigma model was reconstructed in this way simply from the gauge symmetry
related to the target Courant algebroid by an L..-morphism.

Finally enthralled by the power of the L.-formalism we sought to apply it to the DF'T
algebroid. This, however, presented us again with the problem of the strong constraint
that we did not wish to implement. This is because once the strong constraint is solved
all structure drops to the Courant case that is well known but does not live on a doubled
manifold thus losing the desired manifest duality symmetry. Hence, to avoid this a
rarely mentioned but very natural extension of L..-algebras was used called curved L.-
algebras. It was shown that such an extension proved precisely what was needed in order
to encapsulate the strong constraint violating terms. Then, to fully understand the strong
constraint from an L., aspect, we constructed an L..,-morphism to the Courant algebroid
showing the application of the strong constraint to be just a morphism of L..-algebras.
And lastly, a sigma model was built on the basis of this curved algebra producing an even

higher stage reducible theory with the strong constraint an equation of motion.

6.2 | Outlook

Continuing the exploration of L., structures it would be interesting and a logical
continuation to study the possible generalisations of DFT sigma models that no longer
need the strong constraint to be consistent. The implication of our work here is that
the appropriate framework for this are curved L..-algebras or their flat equivalents in the
cases when that is possible. This would involve defining new products that could make
Maurer-Cartan elements possible and therefore escape the caveat that the MC equation
can produce constraints as well as equations of motion. To go beyond just equations of
motion into an action functional one needs a cyclic pairing corresponding to a P-structure
in the language of graded geometry. This is problematic for our curved algebras as this
pairing becomes degenerate, however, there is a way out. If one is to consider presymplectic
structures generalising BV this need not be an issue as one can, if necessary, factor out
the zero modes to obtain the regular BV theory.

A second intriguing notion is the study of gauge anomalies through the use of L.
Realising one can analyse anomalies by careful consideration of the BV extension of a
theory would imply this could be done via L.,. More precisely, BV/BRST deformation

can be used to construct interactive BV actions, on the other hand this can be done using
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L+ bootstrapping and taking the tensor product with the dynamics of the fields of interest.
Since this deformation procedure can be used to construct anomalies one is to expect
the same can be done using L..-algebras. This would substantially simplify the analysis
of gauge anomalies as calculations involving L..-algebras are, however long, completely
straightforward.

As was recently proposed braided L..-algebras, where the maps no longer posses graded
commutativity, show the way L..-algebras can be generalised to non-commutative physics.
Another interesting avenue, thus, involves the coalgebra picture of L..-algebras and its
relation to braided L.,-algebras. Once one realises curved L..-algebras are in fact Hopf
algebras on which a Drinfeld twist is axiomatically defined, the obvious question becomes

do twisted Hopf algebras lead to braided L..-algebras?
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