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SUMMARY

In this thesis, we consider a large class of subordinate random walks on the integer lattice Z¢
via subordinators with Laplace exponents which are complete Bernstein functions satisfying
some mild scaling conditions at zero. Subordination is a procedure for obtaining new process
from the original one. The new process may differ very much from the original process, but the
properties of this new process can be understood in terms of the original process.

Main results of the thesis are the elliptic Harnack inequality and n-step transition probability
estimates for subordinate random walks. In order to obtain the elliptic Harnack inequality, we
first establish estimates for one-step transition probabilities, the Green function and the Green
function of a ball.

The main tools we apply to get n-step transition probability estimates for subordinate ran-
dom walks are the parabolic Harnack inequality and appropriate bounds for the transition kernel

of the corresponding continuous time random walk.

il



SAZETAK

U ovoj disertaciji promatramo veliku klasu subordiniranih slucajnih Setnji na cjelobrojnoj mrezi
74 dobivenih pomoéu subordinatora s Laplaceovim eksponentima koji su potpune Bernsteinove
funkcije koje zadovoljavaju neke blage uvjete skaliranja u nuli. Subordinacija je procedura do-
bivanja novog procesa na temelju originalnog procesa. Iako se novi proces moze dosta raz-
likovati od originalnog, svojstva dobivenog procesa mogu se shvatiti u terminima originalnog
procesa.

Glavni rezultati do kojih dolazimo su elipticka Harnackova nejednakost te ocjene na pri-
jelazne vjerojatnosti za subordinirane slucajne Setnje. Kako bismo dobili elipticku Harnack-
ovu nejednakost, prvo dokazujemo ocjene za jednokoracne prijelazne vjerojatnosti, Greenovu
funkciju te Greenovu funkciju kugle.

Glavne tehnike koje koristimo kako bismo dobili ocjene za n-koracne prijelazne vjerojat-
nosti za subordinirane slucajne Setnje su parabolicka Harnackova nejednakost i odgovarajuce

ocjene za prijelaznu jezgru pripadajuée neprekidno vremenske slucajne Setnje.

il
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1. INTRODUCTION

1.1. MOTIVATION

In the case of continuous time Markov processes, subordination is a well-known and useful
procedure of obtaining new process from the original process. The new process may differ very
much from the original process, but the properties of this new process can be understood in
the terms of the original process. The best known application of this concept is obtaining the
symmetric stable process from the Brownian motion. A lot of work has been done concerning
subordination of continuous time Markov processes. On the other hand, discrete subordination
was introduced only in 2011 by A. Bendikov and L. Saloff-Coste in their paper Random walks
on groups and discrete subordination, Mathematische Nachrichten no. 285, 580 — 605. Since
the discrete subordination is a relatively new technique, not much is known about subordinate
random walks, even though it is a very natural technique of obtaining new random walks from

the existing ones.

1.2. SUBORDINATE RANDOM WALKS

In this section we introduce subordinate random walks starting from the simple symmetric
random walk and using a Bernstein function. For the definition and some details about simple
symmetric random walks, see Section 2.1 and for short overview of Bernstein functions, see
Section 2.2.

Let S, = X1+ X+ --- + X, be the simple symmetric random walk in 74 which starts from
the origin and let ¢ be a Bernstein function such that ¢(0) =0 and ¢ (1) = 1. Such a function
admits the following integral representation

¢(A) =bA + o )(1—e”“>u(a’t), (1.1)



for b > 0 and a measure u on (0,°) satisfying [y ) (1 A7) (dt) < oo, see [25, Sec. 3].
We consider a sequence of positive numbers ad which is related to the function ¢ and is
defined as

1
o _ m_—t >
a, b31(m)—|—m!/(0’w)t e 'u(dt), m>1, (1.2)

where 0, is the Dirac measure at x. One easily verifies that

’;a%:wr 0 (e’_l)e"u(dt):b—l—/(om)(l_et)‘u(dt):(p(l):l.

Let 7, =R; 4+ R+ ---+ R, be arandom walk on Z with increments R; that are independent of
the random walk S, and have the distribution given by P(R; =m) = a$. A subordinate random
walk is defined as S,‘f =S¢, for all n > 0. It is straightforward to see that the subordinate
random walk is indeed a random walk. Since 79 = 0 and Sy = 0, for any n € N we can write

n

n n n
d
S,‘f =8, = Z(ka —Sg.,) = ZSTk—fk—l = ZSRk = Zékﬂ (1.3)
k=1 k=1 k=1

k=1
where (&)= is a sequence of independent, identically distributed random variables with the
same distribution as S‘f. Notice that the one-step transition probability p?(1,x,y) of the random

walk S,‘f is of the form

) [}

PP (Lx,y) =P (S =y) = S P*(Sg, =y | Ri =m)al, = > p(m,x,y)ad,  (1.4)

m=1 m=1
where p(n,x,y) = P*(S, = y) stands for the n-step transition probability of the simple ran-
dom walk S,. We use the notation p?(n,x,y) = ]P’X(Sg =), p®(n,x —y) = p®(n,x,y) and

p?(1,x,y) = p?(x,y) = p®(x—y).

1.3. OVERVIEW

As we have already mentioned, subordinate random walks were introduced in [9]. As authors
state in the paper, one of the very important characteristics of a random walk is the probability
of return to the starting point at time n. The main motivation for introducing the discrete sub-
ordination was to find a new class of random walks for which one can estimate the behavior
of those probabilities. After that, subordinate random walks were studied in [6] and [7] where
authors were interested in massive (recurrent) sets for subordinate random walks. In [21], au-

thor proved that the appropriately scaled subordinate random walk converges in the Skorohod



space to the stable process if and only if the Bernstein function that is used to define that par-
ticular subordinate random walk is regularly varying at zero with index o € (0, 1]. Authors in
[8] were also dealing with the convergence of subordinate random walks in the Skorohod space
and they found estimates for the transition probabilities of the subordinate random walks, but
only in some special regions, not global estimates. In all this papers, authors assumed that the
Bernstein function ¢ is regularly varying.

In this thesis we are concerned with the transition probabilities of the random walk S 2 which
are defined as p? (n,x,y) = IP”‘(S% =y). In the course of study we assume that ¢ is a complete
Bernstein function. Our second assumption is the scaling condition. We require that for some
constants ¢,,c* > 0and 0 < o, < o < 1 the function ¢ satisfies

Cx (f)a* < ?)((I:)) <c* (f)a , 0<r<R<I.

Under these two assumptions we establish global estimates for the function p? (n,x,y), that is

we prove that for all x,y € Z¢ and n € N it holds

et /2 n9(x—y7?)
p‘P(n,x,y)Amln{(q) Y(n 1))d 2’|x—y)\)d}’

see Theorem 4.1, Theorem 6.1 and Theorem 6.18. In the above relation, the symbol < means
that the ratio of the two expressions is bounded from below and from above by some positive
constants.

Similar questions have already been addressed in the literature. In [5] the authors found
global estimates for transition probabilities of stable-like random walks. Recently, in [22] the
similar problem was solved on uniformly discrete metric measure spaces. We mention here
related papers and monographs [2], [3], [4], [14], [18], [19], [26], [28], [30].

We notice that the scaling condition means that the function ¢ is an O-regularly varying
function at 0 with Matuszewska indices contained in (0, 1), see [10, Sec. 2]. Complete Bernstein
functions with such behaviour at zero can be found in the closing table of [25] and include
functions: ¢(A) =A%+A8, o, B € (0,1); p(A) =A%(log(14+2))P, € (0,1), B € (0,1 —x);
¢ (1) = (log(cosh(v/2)))%, for o € (0,1) etc. It is possible, however, to construct examples of
complete Bernstein functions that satisfy scaling conditions and that are not comparable to any

regularly varying function, see e.g. [15].



1.4. NOTATION

Throughout the paper c,cy,ca,... will denote generic constants. Their labeling starts anew in
each statement and their dependence on the function ¢ and on the dimension d will not be
mentioned explicitly. The cardinality of a set A C Z¢ is denoted by |A|. The Euclidean distance
between x and y is denoted by |x —y|. For x € R¢ and r > 0, we write B(x,r) = {y € Z¢ :
|y — x| < r} and B, = B(0,r). We use notation a Ab := min{a,b} and a V b := max{a,b}. For
any two positive functions f and g, we write f < g if there exist constants ¢y, c, > 0 such that

c1 <g/f <.



2. PREPARATORY MATERIAL

2.1. SIMPLE RANDOM WALK

Let (X,),>1 be independent, identically distributed random variables defined on a probability
space (Q,.7,P) taking values in the integer lattice Z¢ with

P(Xk = ei) = P(Xk = —ei) — i

i€ {1,2,....d
2d7 le{?? 7}7

where ¢; is the i unit vector in Z9. A simple random walk starting at x € Z¢ is a stochastic

process S = (S,)n>0 With So = x and
S, =x+X1+Xo+---+X,.
The probability distribution of S, is denoted by

pa(x,y) =PX(S, =y).

Here we have written P* to indicate that the random walk starts at the point x. We will similarly
write [E* to denote expectations assuming So = x. If x is missing, it will be assumed that So = 0.
We write p,(x) for p,(0,x).

The most important result about simple symmetric random walks on Z¢ that we use in this
thesis are Gaussian bounds for the n-step transition probabilities of S. Using the result from
[14, Theorem 5.1.] and adjusting it to the case of the simple symmetric random walk which has
the period 2, we get

2

pu(x) < Cn*%efﬁ, xeZ¢ neN,
@.1)

d WP

Pn(X)+ppyr1(x) =cen"2e e, |x|<n,neN.



2.2. BERNSTEIN FUNCTIONS

Definition 2.1. A function ¢ : (0,00) — (0,0) is called a Bernstein function if ¢ is of class
C*((0,00)) and
(=1)"¢"™ <0 forall neN.

Here ¢(") denotes the n-th derivative of ¢. It is known (see [25, Theorem 3.2]) that ¢ is a

Bernstein function if and only if it is of the form

(L) =a+bA+ (Ow)u —e M (dr),

where a,b > 0 and u is a measure on (0, o) satisfying

1At u dt) < oo,
/(O7oo)< ) ( )
called the Lévy measure.

Definition 2.2. A function m : (0,00) — (0,00) is a completely monotone function if m is of
class C*((0,00)) and
(=1)"m™ >0 forall neN.

Remark 2.3. Equivalently, a function m is a completely monotone function if it is a Laplace

transform of a measure, see [25, Theorem 1.4].

Definition 2.4. A Bernstein function ¢ is said to be a complete Bernstein function if its Lévy

measure | has a completely monotone density m () with respect to the Lebesgue measure,

d(A) =a+bA+ o )(1 — e MYm(t)dt.

One important property of complete Bernstein functions is formulated in the following

proposition.

Proposition 2.5. Function ¢ # 0 is a complete Bernstein function if and only if the function

0*(A) :=A/@(A) is a complete Bernstein function.

A proof can be found in [25, Proposition 7.1]. Generalizing the property from Proposition

2.5 leads to the larger class of special Bernstein functions.

Definition 2.6. A Bernstein function ¢ is said to be a special Bernstein function if the function

0*(A) =A/¢(A) is again a Bernstein function.



It is clear from Proposition 2.5 that complete Bernstein functions are a subset of special
Bernstein functions. It can be shown that the family of all special Bernstein functions is strictly
larger than the family of all complete Bernstein functions (see [25, Example 11.18]).

It is well known that, if ¢ is a Bernstein function, then ¢ (A7) < A¢(¢) forall A > 1,71 > 0,

which implies

. 0<u<w 2.2)

2.3. SCALING CONDITION

We need some additional assumptions on the behavior of the Bernstein function ¢ that we use to
define the subordinate random walk. As we already mentioned in the Overview, the assumption
in some of the pioneer papers was that ¢ (1) =A%, a € (0,1). A generalization of that approach
was the assumption that ¢ is a Bernstein function which is regularly varying at zero with index
o € (0,1). Even more general assumption is that ¢ is a Bernstein function which satisfies a
scaling condition at zero. This means that for some constants c,,c* >0and 0 < o, < a* < 1
the function ¢ satisfies

o a*
c*(R> <¢(R)<c*<R> , 0<r<R<I. 2.3)

r

That this is really more general assumption than regular variation, one can see in the example
at the end of [15].
Using (2.3), we can easily obtain the bounds for the inverse function ¢ ! which take the

form

ot -1 1.
(Uc*)”“(f) <Zl(<lf)><<1/c*>”“*<'f) L 0<r<R<L. (4

We only show how to get the first inequality since the second one is obtained in a completely
analogous way. Take 0 < r < R < 1. Since ¢ is an increasing function which satisfies ¢ (0) =0
and ¢ (1) = 1, we have that ¢ ! is also increasing, ¢ ~!(0) =0 and ¢ (1) = 1. From the upper
bound in (2.3) we get

60~ (R) _ . (97'(R)\*
o105 << (6767)

From this we clearly have

b > ey (5"

r



2.4. TRANSIENCE OF SUBORDINATE RANDOM

WALKS

We are only interested in transient random walks. Since we explore transition probability esti-
mates which are closely related to the Green function of our walk, transience is necessary for
us to have finiteness of the Green function. We use Chung-Fuchs theorem to show under which
condition a subordinate random walk is transient. Denote with ¥? the characteristic function of

the one step of a subordinate random walk. We want to prove that there exists 0 > 0 such that

1
/(a,a)dRe<1—‘P¢(9)>d9 < oo,

The law of the variable S‘f is given with (1.4). We denote the one step of the simple symmetric
random walk (S,),>0 with X; and the characteristic function of that random variable with V.
Assuming |0| < 1 we have

W (0) = B[] ZelexZ/ 76 L (dE)P(Sy = x)

xEZd

_Z/0+ —e T u(dr) Y €OUP(S,, Z/Mw —e'u(dr)(P(0))"

xezd

= ooy € = Ve () = 9(1) —0(1- () = 1= 9(1 =¥(9)). (25

From [18, Section 1.2, page 13] we have
1 d
= > cos(6), 6 =(61,6s,...,6,).
That is function with real values so

/(—3,5)d Re (1—111“#((9)) de = /(—6,6)" q)(l—llp(m)de'

From Taylor’s theorem it follows that there exists @ < 1 such that
[¥(0)] =W(0)<1— 7|9|2 0 € B(0,a). (2.6)

Now we take & such that (—8,8)? C B(0,a). From (2.6), using the fact that ¢ is increasing, we

get
1 1

o (1-%(0)) = ¢(6]2/4d)’

0 € B(0,a).



Hence,

¢(16]%) 1
[ s 629870 < s 6 18P70% < o 5 \912/4d>¢<re\2>d9
d 1
c*(4d) (/ O9|)d9-—cq(4d) (r>d

(4™ rd—l‘P( a) it “(4ad)* 201,
S R Ul v e e

and the last integral converges for d — 2" — 1 > —1. Hence, the subordinate random walk

is transient for d > 2a*. In the rest of the thesis, we always assume that we have transient

subordinate random walk.

2.5. FUNCTIONS g AND j

Throughout the thesis, we often use the following two functions
g:(0,00) = (0,00), g(r)=r"¢(r )", (2.7)

Jj1(0,00) = (0,00), j(r)=r"Y9(r ?). (2.8)

In this section, we present their properties that we need later.

It is clear that j is a decreasing function. For function g we prove the following lemma
Lemma 2.7. Let 1 <r<gq. Theng(r) > (¢*) 'g(q).

Proof. Using (2.3) and d > 20o* we get

d -2 d—2a*
) =r o0 =g ot ) (4) S = @) ) (1) 2 @) el
u
Lemma 2.8. Letr > 0. If0<a <1 then
jlar) <a 72 j(r), (2.9)
glar) > a 92g(r). (2.10)
If a > 1 then
jlar) =a=*2j(r). 2.11)



Proof. In the proof of this lemma, we only use (2.2):

ar -2
jlar) = (ar) 4o ((ar)?) = <ar>d¢<r2>‘z’§f(r_>2)> <a ().

Relations (2.10) and (2.11) are proved in a completely analogous way. |

Lemma 2.9. Letr > 1.If0 < a < 1 such that ar > 1 then

g(r)
< —5, 2.12
8(r)
> g 2.13
glar) rad—20 (2.13)
If a > 1 then
C*
glar) < Wg(r). (2.14)
Proof.
- . R S U 8(r)
— d 2\—1 _ d
glar) = (ar) 6 ((ar) )" = (ar) g S <
Relations (2.13) and (2.14) are proved in a completely analogous way. |

2.6. HARMONIC FUNCTIONS

In this section we do not restrict ourselves only to subordinate random walks. To stress that, we
use notation X = (X, ),>o for a general random walk. We also use notation p(x,y) =P*(X; =y)
for one-step transition probabilities and
Pf(x)= > p(x,y)f()
yeZ4d

for the transition operator.

Definition 2.10. We say that a function f : Z¢ — [0,0) is harmonic in B C 74, with respect to
X, if
f)=Pf(x)= > pley)f(y), Vx€B. (2.15)

yezZd
It is sometimes convenient to work with the operator A := P — I. Notice that relation (2.15)
is equivalent to A f(x) = 0 for every x € B. There is a strong connection between martingales

and harmonic functions. Denote .%, := 6{Xo,X1,..., Xy}, n > 0.

Lemma 2.11. Let f: Z¢ — [0,0) be a harmonic function in B and 73 = inf{n > 0: X, ¢ B}.

Then M), := f(Xunz,) is @ martingale with respect to .%,,.

10



A proof can be found in [18, Proposition 1.4.1]. We are now ready to prove that Definition

2.10 is equivalent to the mean-value property in terms of the exit from a finite subset of Z<.

Lemma 2.12. Let B be a finite subset of Z¢. Then f : Z¢ — [0,c0) is harmonic in B, with
respect to X, if and only if f(x) = E¥[f(Xy,)] for every x € B.

Proof. Notice that Xz, is well defined since P*(7p < o) = 1, which is true because B is a finite
set. Let us first assume that f : Z¢ — [0,00) is harmonic in B, with respect to X. We take
arbitrary x € B. By the martingale property f(x) = E*[f(Xuaz;)], for all n > 1. First, by Fatou’s
lemma we have E*[f(Xz,)] < f(x) so f(Xz,) is a P*-integrable random variable. Since B is a

finite set, we have f < M on B, for some constant M > 0. Using these two facts, we get

f(Xn/\TB) = f(Xn)IL{n<TB} +f(XTB)IL{TB<n} < M+f<XTB)'

Since the right hand side is P*-integrable, we can use the dominated convergence theorem and
we get

f(x) = lim E¥[f (Xpngy)] = E¥[lim f(Xnngs)] = E*[f (Xqp)]-

n—soo

On the other hand, if f(x) = E*[f(X¢,)], for every x € B, then for x € B we have

=Y E'[f(Xg) | X1 =y]P* = > px,y)E[f(Xe)] = D plx,y)f(
yezd yezd yezd

The last thing we prove in this section is the maximum principle for the operator A.
Proposition 2.13. Assume that there exists x € Z¢ such that f(x) < f(y) for all y € Z¢. Then
(Af)(x) > 0. (2.16)

Proof. Since f(x) < f(y) forall y € Z¢, we have
(PA)x) =Y P (X1 =y)f(y) > f(x) Y P(X1 =y) = f(x).
yezd yeZ4

This implies (Af)(x) = (Pf)(x) — f(x) > 0. [

2.7. AUXILIARY RESULTS

We repeatedly use the fact that
It <IB(x,r)| < ', xeZf, (2.17)
for constants ¢’,¢” > 0 which depend only on the dimension d.

11



Lemma 2.14. Let'(x,a) = [°t* 'e~'dt and I'(x) = ['(x,0). Then

Cx+1,x) 1

m-—_——-—- = —.
¥>e D(x+1) 2

Proof. Using a well-known Stirling’s formula
F(x+1) ~V2mxxe™, x— oo (2.18)
and [1, Formula 6.5.35] that states
[(x+1,x) ~ \/mxve_x, X — 0o,

we get

Fx+1,x) . V2lmxxe™ 1

xgl;lo F()C—{—l) _xgl;lo mxxefx _2'
[ |

Lemma 2.15. Let (U;);cy be a sequence of independent, identically distributed exponential
random variables with parameter 1 and let 7,, = >, U;. Then for all n € N and for all r > 0 we
have

P(T, <t)<t.

Proof. Notice that T;, is the sum of n independent exponential random variables with parameter
1. Hence T, ~ I'(n, 1). Denote with Fr, (t) = IP(T, < t) the distribution function of the random
variable 7, and with fr the density function of 7,. We want to prove Fr, (t) <t for all 7 > 0.

Let g(t) :=t — Fr,(t). We will now prove that g(¢) > 0 for all # > 0. Since g(0) =0 it is
enough to prove that g is increasing on (0,0). Hence, we want to prove that g’(z) > 0 for all
t > 0. Since g'(t) = 1 — fr,(¢), it is enough to prove that f7 (¢) < 1 for allz > 0.

In the case n = 1 the result is trivial since 71 ~ Exp(1) so Fr,(t) =1—e ' <t. Forn > 2 it
is easy to check that the function f7, obtains maximum for = n — 1 and that maximum is

(I’l _ l)nflef(nfl)
(n—1)!

Notice that the only thing left to prove is that n"e™"/n! < 1 for all n € N. Using Stirling’s
approximation, we obtain

n,—n 1

n! n! ne
> 1= > V2nn =

- < <1
NG n'te— " n! T \2rn

12



Lemma 2.16. LetL > 1. Thenforall0 <r<1AR <R <L wehave

1) <4 o ()

Proof. Since L > 1, relation (2.19) follows directly from (2.3) in the case R < 1. For 0 < r <

1 < R < L (using (2.3) and the fact that ¢ is increasing) we have

and similarly

as desired. [ |

Lemma 2.17. There exists a constant ¢ > 0 such that

> J(x=y) <ep(r?)

YEB(x,r)

for every x € Z¢ and r > 0.

Proof. Assume that r > 1. By (2.3) and (2.17), we have

RIS DD SR 6.0

YEB(x,r)¢ i=02irg|x—y|<2i* 1y
o i\—2
< C//Zd(P(r_Z)Z (p((z ’1)2 ) < C(])(I’_Z).
i—0 ¢(r—=)
If r € (0,1) then B(x,r) = B(x, 1)¢. Therefore

> dlk=yh =3 l—y) <co(17%) <ep(r?),

YEB(x,r)¢ YEB(x,1)¢

what finishes the proof. |

2.8. CONCRETE EXAMPLES OF SUBORDINATE

RANDOM WALKS

Example 1. As we have already commented in Section 1.2, to define the subordinate random
walk we need a Bernstein function satisfying some conditions. The canonical example of a

Bernstein function satisfying all of our assumptions is (A1) = A%, @ € (0,1). Since this is a

13



complete Bernstein function, its Levy measure has a completely monotone density m(¢) and
from [25, tables on pages 304 and 305] we know the explicit formula for m. Using this formula,

we can calculate coefficients a% defined in (1.2):

m!

| o 1 ol'(m—a)
0 — / Me Tt —— 7 17%q = .
m o ¢ T-a T(m+ HI(1— )

Using the standard result about asymptotics of the ratio of gamma functions that can be found

in [27], we obtain

-1
(04 (04
a® ~ mo el — ¢(m )

"~ (1 —a) Tl—a) m

We write the last equality because this is precisely the shape of estimates that we will obtain for

coefficients a,(f, with our assumptions on the Bernstein function ¢.

Example 2. We show one more interesting example of a subordinate random walk. In this
case, the Bernstein function ¢ will not satisfy the scaling condition, but coefficients a,?, will
have very nice distribution. Again using [25, tables on pages 304 and 305] we know that for

a>0
(I+a)Ad

0(4) = A+a

is a complete Bernstein function satisfying ¢(0) = 0 and ¢(1) = 1 and that its Lévy measure

has a completely monotone density given with

m(t) = (14+a)ae™ .

We can now calculate coefficients affl:

| 1 oo
a® = 7/ t"e ' (1+a)ae”dt = (—l—a)a/ me—(1+a) g
0

m!Jo m!
= (1+a)a /°° I/tm e_u du = a /Ooume_uduzia
I'm+1)Jo (14a)» 14a T(m+1)(1+a)"Jo (I+a)m

iz ()

Hence, in this case, variables (R,),> have geometric distribution with the parameter a/(a+1).

14



3. ELLIPTIC HARNACK INEQUALITY

The main result of this chapter is the scale-invariant elliptic Harnack inequality for subordinate

random walks.

Theorem 3.1 (Elliptic Harnack inequality). Let N (Sg,’ )n>0 be a subordinate random walk
in Z4. For each a < 1, there exists a constant ¢, < oo such that if f : Z¢ — [0, ) is harmonic on

B(x,n), with respect to S?, for x € Z¢ and n € N, then

fx1) <caf(x2), x1,x2 € B(x,an).

Remark 3.2. Notice that the constant ¢, is uniform for all n € N. That is why we call this

result the scale-invariant elliptic Harnack inequality.

The proof of Theorem 3.1 will be given in the last section of this chapter.

3.1. ONE-STEP TRANSITION PROBABILITY

ESTIMATES

In this section, we establish estimates for one-step transition probabilities of the subordinate

random walk S,

Proposition 3.3. Let S® be a subordinate random walk in Z¢. Then
PO (xy) = j(lk—y), x#y,

where j(r) = r~¢¢(r~?) was defined in (2.8).

Before the proof of Proposition 3.3, we need to examine the behavior of the sequence

(a%)m2l~

15



Lemma 3.4. Letaj) be as in (1.2). Then
=m'o(m™ ), meN. (3.1)

Proof. Since ¢ is a complete Bernstein function, there exists a completely monotone density

i (t) such that

1
al = — et m>=2.
/( e R

m!

From [17, Proposition 2.5] we have

@) <(1=2eH" o H=ct o), >0 (3.2)
and
u)=ext o), 1>1. (3.3)

Inequality (3.3) holds if (2.3) is satisfied and for inequality (3.2) we do not need the scaling

condition. Using monotonicity of i, Lemma 2.14 and (3.3) we get

a® > 1/mtme_t,u(t)dt > Ltlgir}'i)/()mtme_tdt = Km) (C(m+1)=T(m+1,m))

m!Jo m!
m m C m~!
= u(m) (1—%) > i“(m) > 42¢(m ),

for m large enough. On the other hand, using inequality (3.2), monotonicity of y and (2.2), we

get form > 2

a® = — ! /Omt’"e"u(t dt—i—l/wlme_l/,t(t)dt <7 me ‘t(p( )d +—“(m) /mtme_tdt

m! m! Jo

cigp(m=') m 1 P D) (m) % ‘P( D o
<1T/0 1 o )dt+“ . /ot e dt<(1171—1)!/() " 2o dt+u(m)

ci¢(m”! ci¢p(m™')  ¢(m) 301‘7’(’”_1)_

)/Do m—=2 —t
I'(m) Jo e dit pm) < m—1 e m m

Hence, we have

e ¢(m™ ") ¢ ¢(m™")
— < <
1 <a;, <3¢

for m large enough. By modifying constants we obtain (3.1) for all m € N. [ |

Proof of Proposition 3.3. Using (1.4) and the fact that P(S,, = z) = 0 for |z| > m, we have

P(S) =2) = 3 alP(S,

m=|z|

16



Combining Lemma 3.4 and (2.1) we get

1 R - 2
S¢ —Z Z ¢'IED 1 Z (p(m )m—%e cym <C3/ (P(t—l)t—%—le ol Jf
m>[ ml " &
Izl 2\ ~ 2 I
=c3 /062 ¢ (caslz) ?) <|C22|S> e‘c|§|s ds = c4lz|” d/o (czs|z|*2)s%*lefsds

1 ]
= cqlz| ™ </0°2 (])(czs\z\_z)s%_le_sds+ le (])(czs\z]_z)sg_le_sds)
= cald U (1(2) + B (2))-

We now show that 7;(z) and L(z) have upper bounds of the shape ¢ (|z|~2). For I;(z) we use

lower scaling to get

L -2\, L %y
1) = ol ) [* 2 Dt teas < o) [F 2= eso e,

For I,(z) we use (2.2) to get

CcS8 2
12<z>=¢<rz|—2>1"’((2|'f'2)) s < 9] ) [} easst e s = o (272,

Hence, P(S‘f =7) < c7]7) 49 (|z|7?). Similarly, using Lemma 3.4, (2.1), monotonicity of ¢ and
(2.2), we get

B(S{=2)> 3 alB(Su=2)= Y (a5,P(San=7)+a,. B(Szns1 =2))

m=|z|? m=[z|?/2
> cg mng (W]P’(SM =72)+ WP(SMH = z))
> cg m>§|2/2 ¢((22’::_11)_1) (P(Som =2) + P(Som+1 =2))
> %m%%pﬂ’(@;’:j 1)69@ )—%e—c‘;‘;m > ]0/|:|°2¢(t N$1e o gy
—a [ otensta ) () ok,
—enl o) [ <g’|z'f'2)) e~Sds > eralz 0 (4.

Remark 3.5. It follows immediately from Proposition 3.3 that the second moment of the step

S (f is infinite.

17



Proposition 3.3 gives us estimates of probability that the random walk S? jumps in one step
from x to y for any x,y € Z%, x # y. We will also need lower bound for the probability that the

subordinate random walk stays at the same place.

Lemma 3.6. There exists a constant ¢ > 0 such that
PP(x,x)>c, xeZ
Proof. By [18, Thm. 1.2.1],
P(Som =0)<m 4% meN.

This and the fact that P(S,,,—; = 0) = 0 combined with (1.4), Lemma 3.4 and (2.3) yield for all

xez4

Z —o* d/2 1 —c> 0’

*2(x*+1

= 9((2m) ) a2y
>C1mz::l m m

as desired. [ |

3.2. GREEN FUNCTION ESTIMATES

The Green function of S? is defined by G(x,y) = G(y —x), where

—E[> 1 ] (3.4)
n=0

We first state the main theorem of this section.

Theorem 3.7. Let G be as in (3.4). Then
G(x) < g(lx]), x#0, (3.5)
where g(r) = r4¢(r~2)~! was defined in (2.7).

A proof will be given at the end of the section. We can rewrite (3.4) in the following way

) = S B(SE =5) = 3 B(Se, =) = 3° 3" B(S = y)B(s = m)
n=0 n=0 n=0m=0
=2 2 P(t=mP(Su=y)=)_ c(m)P(Sn=y) (3.6)
m=0n=0 m=0
where
c(m) =Y P(t, = m), 3.7)
n=0

18



and 7, is as before. We now investigate the behavior of the sequence (c¢(m)),;,>0. Here we only
need the assumption that ¢ is a special Bernstein function which is weaker assumption than ¢
being a complete Bernstein function by Proposition 2.5 and [25, Example 11.18]. Using the

assumption that ¢ is a special Bernstein function, we have

—7Lt
7 —ct /0 (3.8)

for some ¢ > 0 and some non-increasing function u : (0,e0) — (0,00) satisfying 3 u(r)dr < oo,

see [25, Theorem 11.3.].

Lemma 3.8. Let c(m) be as in (3.7). Then

c0) =1, e(m)=— /( " Ul mEn. (3.9)

m!

Proof. Since 19 = 0 and 7, > 0 for all n € N it is clear from (3.7) that ¢(0) = 1. We now follow
the proof of [6, Theorem 2.3]. Define M(x) = 3",,<xc(m), x € R. The Laplace transformation
Z (M) of the measure generated by M is equal to

LM)(A) = /[O7oo)e_“a’M(x) _ S e(m)e = 3 —MZP

m=0 m=0
oo (o] _ (o] (o] _ 1
=Y Y e M B(n=m) = Y Bl = Y (Bl M) = o
n=0m=0 n=0 n=0 - [e ]
(3.10)
Now we calculate E[e~*F1]:
=] o tm
]E[e*“l] =y e*’lma,‘fq —be 4 > e*’lm/ —e " u(de)
© (o —Aym
_ te™")
= be +/ ( e 'u(de
(o,oo)mz::l m! ()

where in the last equality we used ¢ (1) = 1. Hence, .Z(M)(A) = 1/¢(1 —e*). On the other
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hand, using (3.8), we get

= m,—t —Am __ _ e
1+m¥1m!/(07m)f e 'u(t)dte =14 p Z
=1 —J’_‘/(O )e_t(el‘e/1 _ l)u(t)d[ =1 + ( (e—[(l_e

= 1+/(0 . e =) dr — /(O M)e*tu(t)dt
1 1
o(l—em) o Toli-e )

Since Z(M)(A) =1/¢(1 —e*), from calculations (3.10) and (3.11) we have

—

14 (3.11)

[

=1
Y ocme M =14+Y" m'/(o )tme*[u(t)dte*lm.
m=1""" e

m=0

The statement of this lemma follows by the uniqueness of the Laplace transformation. |

Lemma 3.9. Let c(m) be as in (3.7). Then

1
cm)<x ———, meN.

m¢(m~")’
Proof. Let u be the function from (3.8). From [17, Corollary 2.4.] we have

u@) < —e ) loe ) = lo™)!, >0 (3.12)

and
u(t) = eyt > 1 (3.13)

Inequality (3.13) holds if (2.3) is satisfied and for inequality (3.12) we do not need any scaling

conditions. Using monotonicity of u, Lemma 2.14 and (3.13), we get

c(m) > u(m)/omt’"etdt = u(m) (1 _ F(m—i—l,m)) > lu(m) > c3

m! I(m+1) 4 mo(m=1)’
for m large enough. For the upper bound of ¢(m) we use (3.12), monotonicity of # and mono-

tonicity of ¢.

"y 1 u(m) /oo m —t
< — t dt t dt
¢(m) m!/o ¢ ro(r 1) * ml S €

1 ™ om—1 —t C4
< m!(])(ml)/o " e dt +u(m) < Y=
Hence,
c3 ca
mgn D) < U S g ()

for m large enough. We can now change constants in such a way that the statement of this

lemma is true for every m € N. |
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Proof of Theorem 3.7. Using (3.6), for x # 0 we get G(x) = >5_, c(m)p(m,x), p(m,x) =
P(S,, = x). Let g(m,x) = 2(d/(27rm))%e_d|x|2/2m and E(m,x) = p(m,x) — q(m,x). By [I8,
Theorem 1.2.1]

|E(m.x)| < cym™/2 /|x|?. (3.14)

Since p(m,x) = 0 for m < |x|, we have
Gx)= > clmp(mx)+ > c(m)p(m,x)=:J1(x)+Ja(x).
m>x[? x| <m<|x|?
We first estimate
Ji(x)= > elm)g(m,x)+ > c(m)E(m,x) =:J11(x)+Ji2(x).
m>|x|2 m>|x|2

Combining Lemma 3.9, (3.14) and (2.3) we get

d

m 2 _d
12(x)| < 2 21
T W R MZH S
<*cslxl Gy -
T _ .
o) S P 76 ()

Now we have

lim |x9 (]x|~*)|J12(x)| = 0.
s

By Lemma 3.9 and (2.3)

D S cs > @(|x|72) _a_y _di
Ji1(x) <C5/ —t i dt = — — 12 e 2 dt
S g () O(lx|=2) Jup 97"
celx| 2% /°° g1 4 c7 /‘z’ g1 - cs
< ——5— t 27 e i dt = —— 52 e Sds= ———
= o([x72) Jpp x4 (|x[~2) Jo x4 (|x[2)

where the last integral converges because of the condition d > 2¢*. In a completely analogous

way, using lower scaling instead of upper scaling and using d > 2., we obtain

€9

) > Ly

We estimate J,(x) using (2.1) and (2.3).

W1 i c W ¢ (Jx| =2 Y
Jz(x)<610/ et = - / O(x )t“ Le et dr

x| (! O(lx72) S ()
d

20, 2 2 20, 2\ %31 2

< Ciob / e gt & gy = 0BT / |X|/m(|x'> gy
9 (|x]72) 1 e« (|x|72) J1/en C118 C118

C12 /°° d_ o 1 —s C13
< ———FF7——5< s2- e Tds = —————
= xl4o(1x[72) Jo x| (x| ~2)
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Using the above results we get for x large enough

cy c9/2 c9/2

G002 I+ 200 2 (g 12) ™ g (w2) ~ ol (] )’

4 4 C13 Cl4

S (D) T (w1 D) T (D) T e (D)

We can now change constants to obtain

G(x) =J11(x) +J12(x) +J2(x)

Gx) = x[~o(lx ")~ x#£0.

3.3. ESTIMATES OF THE GREEN FUNCTION OF A

BALL

For B C Z¢ we define
3—1

GB(X,y) = Ex[ Z H{S,?:y}]’
n=0

where 7p := min{n > 0: s ¢ B}. We call Gp the Green function of the set B. In this section
we find estimates of the function Gg,. The main result that we prove at the end of this section

is the following theorem.

Theorem 3.10. There exist constants by, b, € (0,1/2), 2b; < by, such that for all n € N
Gg,(x,y) <n 9B[1g)], x€By,n, y <€ A(ban,n). (3.15)
A well-known result about the Green function of a set is formulated in the following lemma.

Lemma 3.11. Let B be a finite subset of Z¢. Then

GB<x7y):G(x7y)_Ex[G(S$37y)]v X,yGB,

Gp(x,x) =P (15 < Gx)_l, X € B,
where o, :=inf{n > 1: s = x}.

Proof. Using definitions of functions G and Gp, we get

(o) (o)

Ga(ey) =B[N Loy = 3 Ty 1= Glay) = P (S, =).
n=0 n=1g n=0
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We now examine the expression IP"(SZ o =)

PX(Shiey =3) = > PX(Shie, =¥ [ S5, = P (ST =2) = 3 Pu(S) = »)P(S5, = 2).
7€B¢ 7€B¢
Hence,
Gp(x,y) = ZZP JPH(S2, =2) = — 3" Glz,y)P (8%, =2)
n=0z€B¢ 7€B¢

= G(x,y) — E*[G(s%,.)].
On the other hand,

Gp(x,x) = Z}P’X(Si’ =x,n < Tp)

n=0
© n
=1+ Y PS¢ =x,00 = m,n < 1p)
n=1m=1
+22sz"’, S0 eB\{x},8% = x5, ,,....8"  €B,S=x)
m=1n=m
Y S PSSO € B = xS = xS0 S0, € B\ {x))
m=1n=m

PX(s?,....80 | € B\ {x},8? =x)

— 1+ S Pt 80, €B,S) = x)P' (0, =m,0, < T5)

m=1n=m

=1+ Z ZPX(S;? =x,n< TB)IP}X(GX =m, 0y < TB)
m=1n=0

=1+ GB(X,X)PX(G)C < TB),

which gives us precisely

Gp(x,x) =P (15 < 03) !

[ |
Throughout the rest of this section, we follow [16, Section 4].
Lemma 3.12. There exist a € (0,1/3) and C; > 0 such that for every n € N
Gp,(%.) > C1G(x,y), %,y € Ban. (3.16)

Proof. From Lemma 3.11 we have

GBn (va) = G(x,y) - EX[G(S%; ’y)]
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First we prove this lemma in the case x # y. Notice that if we show E* [G(S?B V)] < c1G(x,y)

for some ¢ € (0,1) we will have (3.16) with the constant ¢; = 1 —¢;. Let a € (0,1/3). This
implies (1 —a)/(2a) > 1. Take x,y € Bgy,. In this case, we have |x —y| < 2an. Combining
S?Bn ¢ By, x#yand (1 —a)/(2a) > 1, we have

1—a 1—a
> —vy| > 1. .
5 2an > P x—y| >1 (3.17)

y—8%,.1>(1—an=

Using Theorem 3.7, (3.17), Lemma 2.7 and (2.14), we get
. [(1—a

G(%,9) = 8y = 5%, ) < g (45 1)

<@P(2L) st = @2 () ot

a a

Since 2a/(1 —a) — 0 when a — 0 and d > 2a*, if we take a small enough and then fix it,
we have E* [G(S?B ,¥)] < c1G(x,y) for c; € (0,1) and that is exactly what we wanted to prove.
Now we deal with the case x = y. From Lemma 3.11 we have Gg, (x,x) = (P(13, < 0y)) ! and
from the definition of the function G and transience of the random walk S?, we get G(x,x) =

G(0) € [1,%0). Now, we can conclude that
G, (x,x) > 1= (G(0))"'G(0) = (G(0)) ' G(x,x).
Setting C; := min{cy, (G(0)) '} gives us (3.16). |

Proposition 3.13. There exists a constant C; > 0 such that for all n € N

6))
¢(n2)’

E*[75,] >

X € BLZ", (3.18)
where a € (0,1/3) is as in Lemma 3.12.

Proof. Letx e Ban. For such x, we have B(x,an/2) C B,,. We set b := a/2 for easier notation.
Notice that E*[7g,] = 3"yep, GB, (x,y). Combining this equality, Lemma 3.12, Theorem 3.7 and
(2.2), we get

E(tg,]> Y Gpxy)= > CGGxy)= > gllx—y)

YEB(x,bn) YEB(x,bn)\{x} YEB(x,bn)\{x}
bn _ bn 1 1 bn q) n—z)
- ) g — _ 1
/ dr = /1 r(])(r*z)dr o(n2) /1 ro(r-2) dr
bn
> 200 —1
—*(P( )nza* /1 r dr

o {bm* i
2c* o ¢ (n=2) n2o

bZOc*
> ,
o (n=2)
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for n large enough. Hence, we proved that E¥[tz | > C,/¢(n~?), for all x € Bay, for n large
enough and for some C; > 0. As usual, we can adjust the constant to get the statement of this

proposition for every n € N. |

Lemma 3.14. There exists a constant C3 > O such that for alln € N

G3

E¥t ] < ., x€B,. (3.19)
S o)
Proof. We define the process M/ = (M,{ )n>0 as
n—1
My = F(S8) = F(S5) = X (4 1)(S)
k=0

where f is a function defined on Z¢ with values in R and A? is defined as in Section 2.6. By
[23, Theorem 4.1.2], the process M/ is a martingale for every bounded function f. Applying

the optional stopping theorem, we get

7B, —1
EMf, ] =B £(5%,) — £(S§)— Y (A°F)(S)] = E*[M{] =0.
k=0
Therefore o
EX[f(s, ) — F(SO)] =F | 3 <A¢f><s;?>]. (3.20)
k=0

Let f :=1p,, and x € B,. We now investigate both sides of relation (3.20). Using Proposition

3.3, for every y € B,, we have

ANH0) = S PSY =) (f)— F3) = — 3 Ju—y|o(lu—y2)

uEZd MGB;n
=1 oy [ 1 9(r?)
_ dr=—¢(n / r dr
= "L o)
o o~ 2) 2o /°° _2“*_1dr:—¢(n_2)
= Cx n 2c.04

where in the last line we used lower scaling condition. Repeating the calculation with upper
scaling condition, we get lower bound. Hence (A? f)(y) < —¢(n~2) for y € B,. Notice that for

every k < g, S](f € B,. This gives us

7B, —1 78, —1
BT (APA)(SOI=E = Y. o(n )] = —¢(n 2)Eez,). (3.21)
k=0 k=0

Using (3.20), (3.21) and EX[f(S%, ) — f(S§)] = P*(S%, € Ba,) —1=—P*(S%, €BS,), we get
P(S%, € B5,) = 9(n *)E'[13,]
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and this implies

B S T S gy

We now make one small observation that we use in the results that follow. Denote with

n(x) = E*[tp,]. Let x € B,. Then

= E'eg, | S =yP*(S =)

yezZd

=Y (1+E[15,))PY(S) = y) = 1+ (PPn) (x).

yeZ4

Using notation A? = P? — I as before, this means that (A1) (x) = —1 for every x € B,,. We also

introduce notation A(r,s) = {x € Z¢ : r < |x| < s}, for 0 < r <ss.
Proposition 3.15. There exists a constant C4 > 0 such that for all n € N

Gp,(x,y) <Can "N (y), x€Ba,y€A(an/2,n), (3.22)
where 1(y) = E’[tp,] and a € (0,1/3) is as in Lemma 3.12.

Proof. Letx € Ba and y € A(an/2,n). We define the function h(z) := Gg, (x,z). Notice that for

z € B, \ {x} we have

h(z) = G, (x,2) = Gg,(z,x) = 3 P(S) = )G, (y,x) = 3 PL(ST = y)h(y).
yeZ4 yezd

Hence, & is a harmonic function on B, \ {x}. We now take z € B(x,an/16)¢. For n large enough,

we have |z—x| > an/16 > 1. Combining Lemma 2.7 and Theorem 3.7, we get
glan/16) > (¢*)"'¢(]z—x]) = G(x,2) > Gp,(x.2) = h(2).

Thus, h(z) < kg(an/16) for z € B(x,an/16)¢ and for some constant k£ > 0. It is clear that
-

A(an/2,n) C B(x,an/16)°. Hence, y € B(x,an/16)¢. Using these facts together with Proposi-
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tion 3.3, we have

A® (h Akg(an/16))(y) = A® (h Akg(an/16) —h)(y)

= > P'(S) = v)(h(v) Akg(an/16) — h(v) = h(y) Akg(an/16) +h(y))

vezd

< > Jj(v=yD(r(v) Nkg(an/16) —h(v))

vEB(x,an/16)

> Y D)= Y an/16)h(v)

veB(x,an/16) vEB(x,an/16)

=—jlan/16) > Gg,(x,v) > —j(an/16)n(x),
vEB(x,an/16)

where we used monotonicity of j together with |[v—y| > an/16 > 1 for v € B(x,an/16) and for
n large enough. Using (2.9) we get j(an/16) < (a/16)~9~2j(n). Hence, using Lemma 3.14,

we have
A?(h Akg(an/16))(y) = —cin 9 (n*)n(x)
>—cin”9(n?)C3(9(n?) ' = —con™?
for some cy,cp > 0. On the other hand, using (2.12) and Proposition 3.13, we get
g(an/16) < (c.) ™' (a/16) "% g(n) = (c.) "' (a/16)~12% (¢ (n"?))~'n ™

< (e:C) N (a/16) "% (2) = c3n™N(2), V2 € By

Now we define C4 := (c3 V kc3) + 1 and using
h(z) Nkg(an/16) < kg(an/16) < kesn™9n(z)

we get

Can~"n(z) —h(z) Akglan/16) > (Ca—ke3)n™'n(z) 20, Vz€ By

Thus, for function u defined as u(-) := C4n~9n(-) — h(-) Akg(an/16), we showed that u is

non-negative on By, . It obviously vanishes on By, and for y € A(an/2,n) we have
(A%u)(y) = Cun~ (A% (y) — A (h A kg(an/16))(y) < —Can™ 4 + con~ 4 < 0.

Since u > 0 on Ba and u vanishes on B, if inf, ;4 u(y) < 0 then there would exist yy €
A(an/2,n) such that u(yo) = inf,,c 74 u(y). But then, by Proposition 2.13, (A%u)(yo) = 0 which

is a contradiction with (A%u)(y) < 0 for y € A(an/2,n). Hence,
u(y) = Can~9n(y) — h(y) Akg(an/16) >0, VyeZ?
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and then, because h(y) < kg(an/16) fory € A(an/2,n) we get

Gg, (x,y) = h(y) <Csn9n(y), Vxe Ba,y € A(an/2,n).

|
Proposition 3.16. There exist constants Cs > 0 and b < a/4 such that for all n € N
G, (x,y) = Csn'n(y), X € Bpy,y € A(an/2,n), (3.23)
where a is as in Lemma 3.12 and n(y) = E”[t, |.
Proof. Leta € (0,1/3) be as in Lemma 3.12. Then
Ggp,(x,v) > C1G(x,v), x,v€E By, (3.24)
where C; > 0 is the constant from Lemma 3.12. From Proposition 3.15 it follows that
G, (x,v) <CnIn(v), x¢ Bypa,v € Alan/2,n), (3.25)
for some constant C4 > 0. From Lemma 3.14 we have
nv) < q)(ff_z), v € By, (3.26)

for some constant C3 > 0. By Theorem 3.7 there exists a constant ¢; > 0 such that G(x) >

c1g(]x]), x # 0. Now we take

b := min “( Cici )dé“*
o 4"\ 2(c*)2C3Cy '

Let x € By, v € B(x,bn). Since b < a/4, we have x,v € B,,. We want to prove that Gg, (x,v) >
2C4n~n(v). We first prove that assertion for x # v. In that case we have 1 < |x —v|. Since

v € B(x,bn), we have |x —v| < bn so we can use (3.24), Lemma 2.7, (2.13) and (3.26) to get

c 205C
L1 > 2 socmin(). (3.27)

C]Cl
(@22 80 2 g =

Gg,(x,v) = C1G(x,v) > ——g(bn) >
c

Hence, we obtained G, (x,v) = 2C4n9n(v) for x # v. Now we prove Gp, (x,x) = 2C4n9n(x),

for x € By, and for n large enough. First note that

N U PN G R N
lim n“¢(n~") = limn > limn - = lim —n“"% =
n—yoo n—oo ¢(] ) n—oo  cxp20 n—yoo (¥

?

since d —20a* > 0. Therefore

_ 2C4C3
2C4n dn(.X') < W < 1 < GBn(x,.X')
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for n large enough. Hence,

1
—Gg, (x,v), x € Bp,,v € B(x,bn). (3.28)

C4n_dn (v) < 3

Now we fix x € By, and define the function
h(v) := Gg,(x,v) A (Can I (v)).

From (3.28) we have h(v) < 1Gg, (x,v) for v € B(x,bn). Recall that Gg,(x,-) is harmonic in
B, \{x} D A(an/2,n). Using (3.25) we get h(y) = Gp, (x,y) for y € A(an/2,n). Hence, for
y€A(an/2,n)

(A°h)(y) = A® (h(-) — G, (x,)) (y)
= > P'(S) = v)(h(v) = Ga, (x,v) —h(y) + G, (x.y))

veZ4
< Y j(v=yD(h(v)—Gs,(x,v))
vEB(x,bn)
c .
S DY (e
vEB(x,bn)
g_c2](2n) Z Gp, (x,v), (3.29)

where we used Proposition 3.3 and monotonicity of j together with 1 < |v—y| < 2n. Combining

(3.27) and (2.17), we get

205C 20 C5C
Z GB(_X'V) 34 c 34

n| 2 3.30
veB(x,bn) d(p( )| ’ | d(p( ) ( )

Using (2.11) we get j(2n) > 2~ d=2; J(n). When we put this together with (3.29) and (3.30), we
get
(A%h)(y) < —cqn™¢.

Define u(-) := h(-) — kn(-), where

. C4 Cj5 C4. d
K := T
mln{ , y }I’l s

where ¢5 > 0 will be specified later. For y € A(an/2,n)

(A%u)(y) = (A%h)(y) — K(A%1)(3) < —can™ @ + Kk < —can 4 + %n*d = —%n*d <o.

Now we want to prove that there exists a constant c5 > 0 such that Gg, (x,v) > csn~9n(v) for

all x € Bpp, v € Byyp and for n large enough. For x € By, C B,/, and v € By, /» we have
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|x —v| < an < n. We first assume that x # v. Combining Theorem 3.7, Lemma 2.7, (2.13) and
(3.26), we get

1 1 1 d
Gg,(x,v) =2 C1G(x,v) < g(|x—v|) > 678(0”) > Wg(”) > Wﬂ n).

Thus, G, (x,v) > csn~n(v) for some constant c5 > 0 and for x # v. For the case x = v we can

use the same arguments that we used when we were proving that Gg, (x,x) > 2C4n~9n(x) for n

d

large enough. Hence, G, (x,v) > csn™“n(v) for all x € By, v € B,y /> and for n large enough.

Now we have
h(v) = Gg,(x,v) A (C4n_dn(v)) > (C5n_dn(v)) A (C4n_dn(v)) =(Cy4 /\C5)n_dn(v).

Hence,
C.
u(v) =h(v) —kn(v) = (C4 Aes)n n(v) — (24 A 625> n~4n(v) > 0.
Since u(v) > 0 for v € B, 5, u(v) = 0 for v € By, and (Au)(v) <0 for v € A(an/2,n) we can
use the same argument as in Proposition 3.15 to conclude by Proposition 2.13 that u(y) > 0 for
all y € Z4. Since Gg, (x,y) < C4n=9n(y) for x € Bgn/s,y € A(an/2,n) we have h(y) = G, (x,y)

for x € By, and y € A(an/2,n). Using that, we have

GB”(X,y) = KTI()’) = CS”_dn()’)a X e an,y € A(an/Z,n),
for n large enough. As before, we can change the constant and get (3.23) for all n € N. |

Proof of Theorem 3.10. The result follows directly from Proposition 3.15 and Proposition 3.16.
We set b, = a/2 where a € (0,1/3) is as in Lemma 3.12 and b} = b where b < a/4 is as in

Proposition 3.16. [

3.4. PROOF OF THE ELLIPTIC HARNACK

INEQUALITY

At the end of this section we finally prove Theorem 3.1.

Proposition 3.17. Let f : Z¢ x Z¢ — [0,) be a function and B C Z? a finite set. For every

X € B we have

E[f(S5,1+5%)] = y%;GB(x,y)E[f(y,y+S‘f)1l{y+s<lv¢3}]- (3.31)
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Proof.
E {f(SfB 1,S¢3)}= > PHSE, 1 =55 =0f(.2)

yeB,zeBC

Using (1.3), we get
( —1 — Y Z TB 1 = V,91 Z,TB m)
= S PSS 4+Eu=25" =808  eB)

P(gmzz—y)Px(Sq) l_yﬂs?v aS¢ 263)

Il
] ¢

=P(& =z2-y) S PO _ =y50,....8) ,€B)

Hence,

Ef(S2 .88 = Y. f(n2)Ga(x,y)P(y+5) =2)
yEB,zEBC

= yGZ;}GB(x,y)E[f(yyy+S?)ﬂ{y+s<lu¢3}]-

Remark 3.18. Formula (3.31) can be considered as a discrete counterpart of the continuous-

time Ikeda-Watanabe formula. We will refer to it as discrete Ikeda-Watanabe formula.

We now introduce the Poisson kernel of a finite set B C Z4.
Kp(x,2) :=P*(8? =z), xeB,zeB" (3.32)
Using the discrete Ikeda-Watanabe formula for function f = 1., z € B¢ we get

P(SS, = 2) = E¥[1,(5%,)] = 3 Ga(x,y)E[1.(y+50)1
yEB

=" Gpx.y)P(S) =z ). (3.33)
yEB

{y+sf’ ¢B}]

If the function f is non-negative and harmonic in B,, with respect to S?, combining Lemma
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2.12 and (3.33), we obtain

f(x) =E*[f(Xey,)] = D Gp,(x,y)E y+S<1b)]1{y+S?¢Bn}]

yEB,
=3 G, (xy) S E[f(y+S)1 LT 159 = 2—yP(S? = z—y)
YEBy ZEB
=2 2 GB”(x’y)]E[f(y+Z_y)l{y+z—y¢3n}]P(S(1p =z-Y)
ZEB} yeBy,
= 3 Q3 G, (e )B(S =2=9)) = 3 f(2)Ks, (x,2). (334)
Z€B4 YEB, 2€Be

The idea now is to find sharp estimates for the Poisson kernel Kp, (x,z) that are independent of x

and then use those estimates together with formula (3.34) to get the elliptic Harnack inequality.

Lemma 3.19. Let by,b; € (0, %) be as in Theorem 3.10. Then Kp, (x,z) < I(z) for all x € By,

where

I(z) = | n¢ E i(lz—y|).
(2) st yEA%n,n) [t8,](1z—¥])

Proof. Splitting the expression (3.33) for the Poisson kernel in two parts and using Proposition

3.3, we get

Kp,(x,2)= Y Gp,(x,0)j(lz—y)+ X Ga,(x,y)j(lz—]).
yeBbzn yEA(bzn I’l)

Since Gg, (x,y) < n~9E’[1g,] for x € By, y € A(ban,n), for the second sum in the upper ex-

pression we have

S Ge(xy)illz—y)=<n"? Y Etg,]i(lz— ) (3.35)

y€A(ban,n) yeA(ban,n)

Now we look closely at the expression Y yep, , Gp, (x,7)j(|z—y|). Using the fact that y € B,y

b, € (0,3) and z € BS, we have
|2 =y < 2l + [yl < |2l + ban < 2] + bafz] < (14 b2)[z] < 2z (3.36)
On the other hand
2l < lz=yl+ | < |z =yl +ban < |z =yl + balz.

Hence,

1
§|Z| <(1=by)|z| < |z —y|- (3.37)
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Combining (3.36), (3.37) and using monotonicity of j, we have

J(12/2) = j(lz=y]) = J(2z])-

Using (2.9), we get j(|z|/2) <29%2j(|z|). Similarly, from (2.11), we get j(2|z|) = 27972 (z|).

Hence,
2772 j([2]) < j(2lz]) < j(lz—yl) < j(l2l/2) <272 (2)). (3.38)
This gives us
Z Gg, (x,)j(lz—y]) < Z G, (x,y)j(lz]) = j(lz]) Z Gg, (x,y).

Now we want to show that }yep, , Gg, (x,y) < 1/ ¢(n=2). Using the fact that Gg, is a non-

negative function and E*[tg,] < C3/¢ (n~2) for x € B, we have

> Gg,(x,y) < Y. G, (x,y) =E*[13,] < (3.39)

-2
yethn yGBn ¢ ( )

To prove the other inequality we use Lemma 3.12, Theorem 3.7, Lemma 2.7, (2.17) and (2.2).

Y Gp(xy)=C > Glxy)=Ce Y. gllx—y])

YEBpyn yEBb2n\{x} yEBbzn\{x}
>Crei(c®)™" Y g(2bon) = Crei(c*) ' g(2bon)(|Byyl — 1)
yeBbzn\{x}
Clclc’ 1 d _
Z e b9 (b)) P =
Cicid(2b,)> 1 )
ST T T

Together with (3.39) this gives us

Cicid 1 ¢ (n=?)
24%1c* ¢(n=2) ¢((202n)2)

1

Z Gg, (x,y) (3.40)
EBbzn ¢< )
Finally, using (3.38) and (3.40) we have
(|2
S G, ()ilz—l) = 20 (341)
yeBbzn (P (n )
And now, from (3.41) and (3.35) we have the statement of the lemma. |

Proof of Theorem 3.1. Notice that, because of the spatial homogeneity, it is enough to prove

this result for balls centered at the origin. We first prove the theorem for a = b, where by is
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as in Theorem 3.10. General case follows using the standard Harnack chain argument. Let

x1,x2 € Bp,». Using Lemma 3.19 we get
K, (x1,2) < c1l(2) < c2Kp, (x2,2).

Now we multiply both sides with f(z) > 0 and sum over all z € B¢ and then use (3.34) to get
fx) =Y f(2)Ks,(x1,2) <2 Y f(2)KB,(x2,2) = c2f (x2). (3.42)
Z€By, €8,
The result is obviously true for all a < b;. If we take any a < 1 and x1,x; € B,;,, we can find
chain of k = k(a) balls of radius b;n with nonempty intersections and apply (3.42) k times to

obtain

f(X1) < CSf()Cz), X1,X2 € Ban.
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4. ON-DIAGONAL BOUNDS

In this section we establish the on-diagonal bounds for the n-step transition probabilities of the

subordinate random walk S?. We apply a Fourier analytic method which is extracted from [8].

Theorem 4.1. For all n € N it holds

/2

p?(n,0) < (¢7"(n7")) (4.1)

Proof. Let W be the characteristic function of the simple random walk S. We already proved in
(2.5) that the characteristic function of S? is ¥?(8) = 1 — ¢(1 —¥(8)). Thus, by the Fourier

inversion formula,

1
2(n,0) = [ (1-0(1-(6)))"d6 42
P(1.0) = g [, (1-6(1 ()b, @)
where 9, = [~m,7)?. We fix € > 0 and first we estimate the integral in (4.2) over the set

€:={0€ P,:10| > ¢€}. Since |1 — ¢(1 —P(0))| = 1 if and only if 6 € 27Z4, see [8, Claim
2], it holds that |1 — ¢(1 —¥(0))| < 1 —n for all 6 € 25 and for some 1 € (0,1). Hence

(271r>d/% [1—9(1-%(60)"d6 < (1-n)"

Next, we consider the remaining part of the integral in (4.2), which is the integral over the

ball B.. We set a,, = <¢—1 (n_l)) Y2 and by the change of variable we get
[ (1-g(—w(O))"do = [ (1-6(1-¥(a,E)))"dE.
6]<e El<e/ay
To finish the proof we need to show that for some cy,c; > 0
c1 < / (1= ¢(1 —¥(anl)))"dE < co. 4.3)
El<e/an

Notice that it suffices to prove (4.3) only for n large enough, as the integrand in (4.3) is strictly
positive if € is small enough, and thus in the end of the proof we can change constants appro-

priately to estimate the expression in (4.2) for all n.
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Claim 1.
1-¥(a,6) 1

lim ——5— =

= Japg2/d 2
Proof of Claim 1. From [18, Section 1.2, page 13] we have

| d
¥(0) = i > cos(6y), 6 =(61,6s,...,6,).
m=1

Using the Taylor expansion of the cosine function, we get that there exists a constant c3 > 0

such that for every x € R we have
11 —cos(x) —x?/2| < esx™.

For any 6 € 9, we have

1 1 ¢ 1 &
1—W(O)— —0]* =1— - - — 2
1< 62
= Emz::l <1—cos(6m)—2m)
1Y 6> c3 d
<= |1 —cosby —m\—294
dmzl 2 dmzl "
d
C3, 402 2031514 _ C4q3
<—=16 6 =—10|"<—|08]|", 4.4

where in the last inequality we used that |0| is less than some constant for all 6 € &,. Using

this we get
1 4 1—¥(a,8) 1
Y C P < PagEP > | ) ¢
( (an€)) 2d|an€| d|an§| ‘ lanE2/d ) calang]|
. |1=P(a, &) 1 .
=Ml ERd 2| S Hmalas] =0
= Jim L Pane) ]

We next prove that for some c¢5,cg > 0 and for all n € N
es (EP% AIEPY) <np(1—W(and)) < es (16 VIEPT). (4.5)
For that we establish the following simple result.

Claim 2. Let (a,) and (b,) be two sequences of positive numbers both tending to zero and

such that lim,,_,e(a;,/b,) = 1. Then there exists a constant ¢7 > 0 such that

el < ggz:; <c7, neN. (4.6)
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Proof of Claim 2. Scaling condition (2.3) implies that, for some cg > 0,

s ((6/3)% A /)™ ) < 20 < oy (/)% V (@/0)* ), xye(0,1).

P()

With this inequality it is straightforward to obtain (4.6).

By Claim 1 and Claim 2,

1 _ 9(1—=Y(ab))
O S g (ankP/2d) S
and whence

_ (1 -¥(anb)) ¢ (lan§l?/2d) _ ¢ (az]6]°/2d)
¢ (lan8?/2a)  n7t T g(a@)

We have |a,&| < € < 150 |a,&|*/2d < 1. This is why we are able to use (2.3) to bound the

n¢(1—¥(as)) 4.7)

expression on the right hand side of (4.7) from below and above. First we consider the case

|E2/2d > 1. In this case we have

|8
2d

m>¢<wéud> (mj“*.

0<a’<
< 2d 0(a2) 2d

|2
<1:>c*<

Now we consider the case |€|?/2d < 1. Here we have

o< caae o () <9 (E)

n

c* \ 2d o(a2) e\ 2d
Hence,
ERN 1 (IER\Y _o(aBIEP/2d) L (1EPNT 1 (1P
| = —\ = S— 5~ < — —\ = . .
¢ <2d e\ 2d 0(a2) “\2a) Vel (4.8)
Using (4.7) and (4.8) we get (4.5).
Next, we notice that
. nlog (1 —¢(1—Y¥(a,§))
lim =1.
n=ee —ng (1—¥(a,§))
Thus, by (4.5), for n large enough,
J (e PP (1= 9(1—B(a,&))de < [ e enl8Ponre) ge.
IEl<e/an I&l<e/an |E|<e/an

Since both of the side integrals converge to positive constants as n goes to infinity, we conclude
that (4.3) is valid for n large enough and the proof is finished. |
Corollary 4.2. There exists a constant ¢ > 0 such that
¢ —1,—1y\4/2 d
p?(n,x,y) <c(9'(n )) , forneN and x,y € Z°.
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Proof. Let n be even. Combining Cauchy-Schwarz inequality and Theorem 4.1 we get

pP(nxy) = > p?(n/2,x,2)p" (n/2,2,9) < |3 p?(n/2,x,2)% | > p?(n/2,z,)>2

z€74 ze74 7€74
> p2(n/2,x,2)p?(n/2,2,x) | > p?(n/2,9,2)p?(n/2,z,y)
€74 z€74

= VP ()PP (myy) <t (¢ ()2

For n odd we first use Lemma 3.6 to obtain

pP(n+1,xy) =Y p(n,x,2)p?(z2,y) = p? (n,x,y)p° (3,y) = cap? (n,x,y)

z€74

and now combining this with what we have already proved for n even, we have for n odd

p¢(n x,y) <cy p¢(n+1 x,y) <cicy o1 ((p_l((n—{— 1)_1))d/2 <ciey 1 ((p 1(n_l))d/2

where in the last inequality we used that ¢ —! is increasing.
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5. PARABOLIC HARNACK INEQUALITY

The main result of this chapter is the parabolic Harnack inequality. In the first section, we find
the estimate for the probability of leaving a ball which is then used in the proof of the parabolic

Harnack inequality that can be found in the second section.

5.1. ESTIMATE FOR PROBABILITY OF LEAVING A

BALL

In this section we establish the following result:

Theorem 5.1. There exists a constant y € (0, 1) such that for all » > 0

PY( max |S?—x|>r/2)<1/4. (5.1)
<k<w/¢<rm| e zr2) </

Our approach is based on the application of the concentration inequality from [24], see (5.3),
which provides a bound for the maximum of the random walk in terms of the function 4 which

in our case is of the form

hx) = PS>0 +x72 [ PAF(), (52)

y|<x

where F is the distribution of the random variable S?. Before we prove Theorem 5.1, we show

that under the scaling condition (2.3) the function 4 is dominated by the function ¢.

Lemma 5.2. In the above notation, there exists a constant ¢ >> 1 such that
h(x) <cp(x2), x>0.
Proof. First observe that if x € (0,1) then
h(x) =P(S) #£0) <1< o(x ).
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Assume next that x > 1. Using Proposition 3.3 and (2.3), we get

PO >x) < er b0 < o) Xl /o)

ly|>x * ly|>x

< czxw*gb(xfz)/ pd20 A= gy 63¢(x*2).
X

Similarly, we have

2 [ PAFG)=x S PR =y e 3 bP0(b)

1<|y|<x 1<]y[<x

Sesx2o(?) 3 P/

1< y[<x

X
<C()xzoruzq)()fz)/ 2-d=20 d—1 g,
1

* X *
< cex® 2¢<xz)/0 P2 g — 0 (x2),
for some constant ¢; > 0. Plugging these bounds into (5.2) finishes the proof. |

Proof of Theorem 5.1. We first consider the case r < 1. Since ¢ is increasing and ¢(1) = 1, we
have y/¢(r—2) < 1, for any y € (0,1). Therefore
¢ ¢
max _ |S; —x| =S — x|
k<ly/ora) " °
and thus for any r < 1 it holds
P* ( max _ |S¢ —x| > r/2> = 0.
k<[v/9(r2)]
Assume that r > 1. Applying the result from [24, Lemma on page 949] we get
P < max |S¢ —x| > r/2> <cily/o(r2)|h(r/2), (5.3)
k<ly/ot) ¢
where c; depends only on the dimension d. By Lemma 5.2 and (2.2),

P max s & >l’2><4cC 2 72 < 4eiCy.
<k<w/¢(r2>J| e —H =/ 1ICLY/o(r) ]9 (r™=) < 4eiCy

1

Choosing vy = % ASTTNe

we obtain (5.1) for all » > 0. [ |

5.2. PARABOLIC HARNACK INEQUALITY

In this section we prove the parabolic Harnack inequality which is the main tool that we will

use in Chapter 6 to obtain off-diagonal bounds for n-step transition probabilities of subordinate
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random walk S?. We follow closely the elegant approach of [5] but we emphasize that for the
case that we undertake, it requires numerous adjustments and alterations.

Let & = Ny x Z% and consider the &?-valued Markov chain (V}, S,‘f) k>0, Where Vi = Vp + k.
We write PU~) for the law of (V;, S,f) when it starts from (j,x) and we set .#; = o{(V, SZ)) k<
j}. Abounded function ¢ defined on & is called parabolic on a subset D C & if g(Viaz,, SZ’/\TD)
is a martingale, where 7 denotes the exit time of the Markov chain (V, S,?) from the set D. We

now prove the following important observation.

Lemma 5.3. For each ng € N and xo € Z¢ the function g(k,x) = p®(no — k,x,xo) is parabolic
on the set {0,1,2,...,n9} x Z4.

Proof. By the Markov property,

0
E[q(VkJrl;S](erl) | Z) = EYeSI [p (ng — Vl,S?,Xo)]

= Z p¢(1,S,f,X)p¢(l’lo—Vk— 1,X,X0) = q(vkaslf)a

xezd

where the last equality follows by the semigroup relation. |

We introduce the notation
Ok,x,r) = {k,k+1,....k+|y/0(r )|} x B(x,r),
where 7 is the constant from Theorem 5.1. We fix the following two constants
B=3V(2/c,)\/?*, b=3V([(3/cs)V/% | +1). (5.4)
The main result of this section is the following theorem.

Theorem 5.4. There exists a constant Cpy > 0 such that for every non-negative, bounded func-
tion ¢ on & which is parabolic on the set {0,1,2,...,[y/¢((v/bR)™?)]} x Z¢, the following
inequality holds
max q(k,y) <Cpg min ¢q(0O,w (5.5
(ky)€Q(Lv/9(R™2)].2,R/B) (k) weB(z,R/B) (O.)

for all z € Z¢ and for R large enough.

Before we prove this theorem, we need to establish a series of lemmas. Let
t(k,x,r) :=min{l > 0: (V;,S]) ¢ Q(k,x,r)}

41



and put 7(x,r) = 7(0,x,r). We observe that t(k,x,r) < |y/¢(r~2)| + 1. For a non-empty set
A C Q(0,x,r), we define

Alk)y={yeZ%: (k,y) e A} c Z°.
We now fix a non-empty A C Q(0,x,r) such that A(0) = @ and we set
N(k,x) =PE (S € A(k+ 1)) Lpe (k, x).
For any A C &2 we also define
Ty =min{n >0: (V,,5?) € A}, and T = co.
Lemma 5.5. In the above notation, let
n—1

Jo =14V, 89) — 14(Vo,S8) = S N(Vi,, 89).
k=0

The process J,a7, is an % -martingale.
Proof. If Ty < k—1, we have
J(k—i—l)/\TA _Jk/\TA =0.
For Ty =k we get
Jiryar, —Jknty = N(VTNS%) =0,
by the definition of N(k,x). If Ty > k then

Ervyary, —Jinty | Fi] = E[La(Vir1. Sty 1) | il = N(Ve, S)

= PSO89 € A(Ve+-1)) — N(Vi,, SO) =0,
as desired. |
Proposition 5.6. There exists a constant 6; € (0, 1) such that
PO Ty < 2(x,r)) > 61|A](r). (5.6)
Proof. We claim that |y/¢(r~2)| 4+ 1 < 2y/¢(r~?). Indeed, we have A(0) = 0 and A # 0 so it

follows that A(k) # 0, for some k > 1. Thus y/¢(r—2) > 1, which clearly yields the claim.
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We first assume that PO (T, < t(x,7)) > 1/4. Since A C Q(0, x,r), using (2.17) we get

[ALj(r) <10(0,x,7)]j(r) < "([7/9 ()| + 1) (%) < 2.

Hence

1 1
0, _
POy < er) > 4 = g ?

Assume that PO (T, < 7(x,r)) < 1/4. Let M := Ty At(x,r). By Lemma 5.5 and the

CNY/S // | |]()

Optional Stopping Theorem, E[Jj/] = E[Jy] = 0. This and the fact that (0,Xp) ¢ A imply

B9 (L4 (M1,55)) = Oﬂkzozvksk}

By Proposition 3.3, Lemma 3.6, monotonicity of the function j and (2.11), we get for (k,w) €
0(0,x,r) NA®
N(k,W) = Z p¢(way)+p¢(wvw)ﬂA(k+l)(W)
yEA(k+1)\{w}

> c1j(2r)|A(k+ D)\ {w}H 42 Dypr1y (W) = c3j(r)|A(k+1)].

Observe that if kK < M then (k, S,‘f) € 0(0,x,r)NA® and if M > [y/¢(r~2)] then SV A (k +
1)| = |A|. Hence, on the set {M > |y/¢(r~2)|} we have

M—1 M—1
> N(kS) > 3 st D1j(r) = eslAlj(r).

Since PO (T, < t(x,r)) = EOM)[14 (M,Sf/[)], we get

M—1
PO (Ty < 1(x,r)) = EOY [ > N(k,S] )1{M>L7/¢(r*2)J}}
k=0

> c3[Alj(r)POO (M = [y/0(r2)))
= e3lAlj(r) (1= PO(Ty < o(x,), Tu < [7/0(-2)))

— PO (2(x,r) < Ty, tlx,r) < [/9(2)))
> eslAlj(r) (1 =P Ty < 7(x,r))

— POY (e(e,r) < [7/9(r2)])).

We notice that if 7(x,7) < |y/¢(r—2)] then MaX |y /¢ (r |Sk —x| > r/2. Thus (5.1) implies

P(O,x) (T(X, 7‘) < LY/Q)(”iz)J) < P(O’X)(k<t;?;(§—2” ’S]q: —X‘ = r/2> < 1/4.

We conclude the desired result with 6, = /\ A ‘3 |

86”'}/
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Lemma 5.7. There exists a constant 6, > 0 such that for (k,x) € Q(0,z,R/2) and for r > 0
such that k > [y/¢(r2)] + 1 we have

J(R)
J(r)’

IED(O.'X) (TU(k,x,r) < T(Z,R)) = 6
where U (k,x,r) = {k} X B(x,r).

Proof. Let Q' = {k,k—1,....k—|v/0(r )|} x B(x,r/2). We want to apply Proposition 5.6
to sets Q' and Q(0,z,R). To be able to do that, we have to show Q'(0) =0 and Q' C Q(0,z,R).
Since r > 0 satisfies k > | y/¢(r~2)] + 1 itis clear that k— | y/¢(r~2)] > 1. Hence, Q'(0) = 0.
Now we just need to check whether B(x,r/2) C B(z,R). From (k,x) € Q(0,z,R/2) it follows
that k < | y/¢((R/2)2)|. Therefore

LY/ 92+ 1< [v/0((R/2)7%)].

Since x — 7/¢ (x~2) is an increasing function, we have < R/2. It is now clear that B(x, r/2) C

B(z,R) because x € B(z,R/2). By Proposition 5.6, we get

PO (Ty < 1(z,R)) = 61 Qi(R) = 61 (|7/9(r )|+ 1)(r/2)*j(R)

0.c vy ' (R
> ¢<r—2)”dJ<R>:“J( -

The strong Markov property yields

PO (Ty ) < 7(2,R)) 2 PO (Ty ) < 7(2,R), Ty < 7(2.R))

T, /,S¢
—p'y) (Tyer) < T(2.R)) PO (Ty < t(z,R)). (5.7
We are left to bound from below the first term in (5.7). Observe that if the process (Vg, S,q:) starts
from the point (TQ/,S%) and the S¢-coordinate stays in B(x,r) for at least |y/¢(r~2)] steps,
then (Vk,S,(f) hits U (k,x,r) before exiting Q(0,z,R). We also notice that the S?-coordinate

stays in B(x,r) for at least |y/@(r=2)] steps if for all Ty < k < Ty + |y/¢(r2)] it holds

|SZ’ — S(IT)Q,] < 5. Thus, using Theorem 5.1, we get

T, /,S(p
IP)( ¢ TQ/) (TU(k,x,r) < T(Z7R)) Z 3/4

and we conclude that

(0,x) > J
P (TU(k7x7r) < T(Z,R)) = 6, ](i‘) )

where 6, = 3%. [

44



Lemma 5.8. Let H(k,w) > 0 be a function on & such that H(k,w)lp(, o, (w) = 0. There

exists a constant 83 > 0 which does not depend on x, r and H and such that

E(0-) [H(Vf(x,r)vsf(x,r))] < 93E(07y) [H(VT(XJ)’S(P )l (5-:8)

T(x,r)
forall y € B(x,r/2).

Proof. 1t suffices to check the validity of (5.8) for H = 1, if y € B(x,r/2), w ¢ B(x,2r) and
1 <k<|y/0(r~2)] + 1. With such a choice we have

EC L4 ) Vi) Sf(m )] =ECDEOD 1) (Ve Sf(x.,)) | Fi1l]
= EO (L c(eonnp? (ST 1w, (5.9)
Since S,(f_l € B(x,r), we have p? (S,‘f_1 ;W) Zinf ep(y ) p?(z,w). Forz € B(x,r) and w ¢ B(x,2r),

z # w and whence Proposition 3.3 implies

B0 (L e Vet S5 )] = B0 (205r) = r/0(r 7)) 1) it j(Jz=w.

z€B(x,r)

If (Vk,S,(f) starts from (0,y) and the S?-coordinate stays in B(y,r/2) for | 7/¢(r~2)] steps then

at the same time it also stays in B(x,r). Hence

3 r
4 @(O’y)( max - [S] —y| < ) <POY (2(x,r) = [7/0(m2)] + 1).
4 kgLy/qs(rz)J’ bl 2 (tlx,r)=y/¢(r )] +1)

For every z € B(x,r) we have |z — w| < 2|x — w|. By monotonicity of j and (2.11), we get

inf j(lz—wl) > j2lx—w]) =27 2j(lx—w)).
ZEB(x,r)

Combining upper relations, we obtain
(k;w) L45(x,r)7 T(x,r)/1 = C2J\X —wj). .

Notice that (5.9) remains valid if the process starts from (0,x) instead of (0,y). Using similar

arguments as in proving (5.10) we get

E(O’x)[]l(hw) (Vf(x,,-),Sf(xJ))] = E(O7X)[1{T(x,r)>k—1}p¢ (SZ)_I,W)]

gIE(O’X)[-ﬂ{’L'(x,r)>k—1} sup p¢(Z,W)]
z€B(x,r)

<3 osup j(lz—w|) <csj(jx—w|/2)

Z€B(x,r)
<C3(1/2)_d_2j(|x—w])ZC4j(|x—w\). (5.11)
From (5.10) and (5.11) follows the statement of this lemma with 63 = c4/c;. [ |
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Lemma 5.9. There exists a constant Ry > B such that

[v/¢(R"?)] = v/9((R/B)"*)|+1, R>Ry,
where B is defined at (5.4).

Proof. For every x € R we write |x| =x—m(x), m(x) € [0,1). Thus, we look for Ry such that

S sy 2 R D) ~m(v/o(R/B) ). R> R

Observe that 1 +m(y/¢(R™?)) — m(y/(p((R/B)*z)) < 2. Hence, it is enough to find Ry large

enough and such that

Y Y
— >2, R>R
0(R2)  9(BR?) ’
By (2.3), we get
Y Y Y 2, Y R—sco
o7 oBR Y~ ok BTN Gy G

Therefore, there exists Ry > B such that

— Y >0 R>R (5.13)

¢(B°R™2) ~
and the proof is finished. |

We can now prove the parabolic Harnack inequality.

Proof of Theorem 5.4. By multiplying the function ¢ by a constant, we can assume that

Weér(lz{l;/B)q(O,w) =¢q(0,v)=1. (5.14)

Notice that if ¢(0,x) = 0 for some x € B(z,R/B) then (5.5) is trivially satisfied, as the parabol-
icity of g implies that

max k,y)=0.
(k7y)€Q(L7/¢(R‘2)J7Z7R/3)Q( ?)

Let B be the constant defined at (5.4). By Lemma 5.9, there exists a constant Ry > B such

that
/oG] = [v/9((r/B) )] +1, r=Ro. (5.15)
Let us fix r > Ry, (k,x) € & and a set G C Q(k+ 1,x,r/B) for which it holds

6l 1
Q(k+1,x,r/B)| ~ 3
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We claim that for such a set G there is a constant ¢ € (0, 1) such that
P& (T < t(k,x,r)) = ci. (5.16)

Indeed, by our choice G C Q(k,x,r) and G(k) = 0. Therefore, Proposition 5.6 and relation (2.2)
yield

o G|
"10(k+1,x,7/B)|

> 931|{k+17k+1+ Lok + 1+ v/9((r/B) %) ]}|B(x,r/B)|j(r)

0, Y (TN g s By 0(r7?) 017 1 0, vc
> _— — = > - = —
“ 3 ¢((r/B)2)C( > ) = SpT g2 2) 7 3BT B 3BI

B
where we can achieve that ¢; < 1 by decreasing ¢’ in (2.17) if necessary.

P& (T < t(k,x,7)) > 61|Gi(r) = |Q(k+1,x,r/B)|j(r)

1 C1,

Let 0y, 6, and 65 be the constants from Proposition 5.6, Lemma 5.7 and Lemma 5.8 respec-
tively. We set
1/t
C1 C1l n 2
=— =—A— =2V|— 5.17
where ¢ is the constant from relation (5.16) and ¢, . € (0, 1) are the constants from the scaling

condition (2.3).

Claim 3. There exists a constant ¢, > 0 such that for all ,R, K > 0 which satisfy
r r
— <1 and =K@+ > 18
<1 and c, (5.18)

the following two inequalities hold

J(2V/aR) 1
j(r/Ro) ~ 68K’ (5.19)
0(0,x,r/B)|j(VbR) > 613CK' (5.20)

We prove this claim in the end of the proof of the theorem and the value of the constant ¢, is
specified there, see (5.35).
Let us choose (ki,x1) € Q(|7/¢(R?)],z,R) such that it holds

Ki =qlky,x1) = max qk,y).
=) = ) s T

We construct a sequence of points (k;,x;) such that Ky = q(ky,x1) is bigger than some con-

stant and under this condition the sequence K; = q(k;,x;) is increasing and tends to infinity,
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cf. (5.25). This will finally contradict the fact that q is bounded. Therefore, we will be able
to conclude that K| is bounded by some constant and that is precisely what we need to prove
because of the assumption (5.14).

If oK, V+2) 5 /B then relation (5.5) holds with the constant Cpy = (Bcy)¢*2. That is
why it suffices to study the case 2K 1/(d+2)
the points (ki,x1), (k2,x2), ..., (ki,x;) € Q(|y/9¢(R™2)],z,R). We describe the procedure how

to obtain (ki 1,x;11) € Q(|Y/9(R72)],z,R). We first define r; by

< 1/B. Suppose that we have already defined

= ok (5.21)

In what follows, we want to use Lemma 5.7 so we need to show

(ki,x;) € Q(0,v,/aR) and k; =1+ |y/o((ri/Ro)™?)] (5.22)

for v defined in (5.14). To show (k;,x;) € Q(0,v,/aR) we need to prove k; < | 7/¢(( /aR)?)]

and x; € B(v,/aR). Since (k;,x;) € Q(|y/¢(R"2)],z,R) we have
Y 2y Y o
"’\{ J { (R 2J o(R2) S o)
< 14 14 .
O(R2) ¢ (R 2/Cl) 9((VaRr)™?)
From this, we clearly have k; < |7/¢((v/aR)™?)]. Again using (k;,x;) € O(|7/9(R™?)],z,R)

we have

R R 4R
i —v < i —z[+ 2= V| SR+ 5 <R+3 = < VaR,
where we used v € B(z,R/B), B > 3 and a > 2. The inequality k; > 1+ | y/¢((ri/Ro)~2)] holds

because (k;,x;) € Q(|y/¢(R"2)],z,R) so

ki [Y/0(R2)] = 1+ [v/0((R/B)72)] > 1+ [v/6((ri/Ro) %)),

where in the second inequality we used Lemma 5.9 and in the third one we used that r;/Ry <
R/B and that x — |y/¢(x~2)] is an increasing function. Now, suppose that ¢ > {K; on the set
U; := {k;} x B(x;,ri/Ry). Since q is parabolic on D = {0,1,2,.... |y/¢((vVbR)™2)|} x Z¢, we
know that (Q(Vk/\rDaS;fMD))@O is a martingale. Thus (5.19) and Lemma 5.7 imply
0, 9
> E 0V nev2vaR) Sty nevayar) Lt <vlv2var))
= B q(Vry, S7,) 11, << (v2varyy) = SKPO) (T, < 1(v,2v/aR))

j(2+/aR)
> (K; 6, VI i(ri/Ro) > (K6,

(K6,
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and we mention that we could apply Lemma 5.7 because of (5.22). Thus we get a contradiction,

so there must exist y; € B(x;,r;/Ro) such that g(k;,y;) < {K;. Observe that
q(ki,yi) < CK; < (c1/3)Ki < Ki/3
and whence x; # y;. This in turn implies
ri = Ro. (5.23)

Suppose next that

l>xl ¢
[Q( k,,x,,r,)vsf(k x,,r,)) {S¢k . r)géB(x,,Zrl)}] > NKi.

By Lemma 5.8 we have

EK: > qlkinye) = E“ [V S2 )]

(ki.yi) ¢
P E [Q(V 7(k; x,7r,)7ST( ,,Xu"z)) {Sr(k . ,)¢B(xz 2r1)}]

— k,-7xi ¢
2 03 I]E( )[q(vf(kiyxhri)’ST(k,’7X,’7r,)) {S¢ ¢B(Xi72n‘)}]

(kj,x;ri)

> Mg > ek,

P

which again gives a contradiction. Therefore

B4 [q(Ve(t, ) St

’ T(kivxhrz)) {S¢k o) ¢B(xi72ri)}] < NK;. (5.24)

Define the set

Ai=A{(j,y) € Q(ki+ 1,xi,ri/B) : q(j,y) = CK;}.
We want to apply Proposition 5.6 for A; and Q(0,v,v/bR). Clearly, from the definition of the
set A;, we have A; C Q(k; + 1,x;,r;/B) and A;(0) = 0. We next show Q(k; + 1,x;,r;/B) C

Q(0,v,v/bR). We prove that k; + 1 + [7/0((r;/B)~2)] < |7/0((v/bR)™?)] using (ki,x;) €
O(ly/¢(R?)],z,R), ri < R, Lemma 5.9, R > R and lower scaling:

w1+ sms) < s * lsas) H1* s

<4’(13/—2) b= e

_|_

Y

$(R2)  ¢(R2) ¢R2) (R ?)
Yy R Y

O(R2) o((VBR)72)  9((VBR)72)

<
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The second thing we have to show is that B(x;,r;/B) C B(v,v/bR). For that, we use r; <R, B> 3

and b > 3. Let w € B(x;, ri/B).
w—v| < |w—x;|+|xi—z|+|z—v| <R/B+R+R/B<R/3+R+R/3=5R/3 < VbR,
Therefore

1= Q(Oav) = E(O’V) [Q(VTAI./\I(V,\/ER)’XTAi/\T(\GﬁR))]

Z EOY) [Q(VTA,-M(V,\/BR) ’XTA,-/\T(VA/ER))H{TAi<T(V’\/ER)}]
= EOV[q(vy, X7, )1 (T <cuBR)) = ¢KPOY (T, < T(v,VBR))

|A;] 3

> CKiB1|Ail j(VBR) > (Ki6y |0(ki+1,x;,7i/B)| {K;6;

where we used (5.20) in the last line. We conclude that

Al e
|0(ki + 1,x;,7:/B)| ~ 3

Define next

D;=Q(ki+1,x;,ri/B)\A; and M;=  max .
i Q( i+ 1, x rl/ )\ i i Q(ki+1,x,-,2r,~)q

By (5.24) combined with (5.16), we obtain
K = E(ki,Xi) [Q(VTD,- ’XTDi)ﬂ{TDi<T(ki7xi7ri)}]
+ E(thi) [Q(Vr(ki,xi,ri) vXT(ki,x,-,r,-) ) H{T(ki,x;,r[)<TD[} H{Xf(ki,xi,ri) ¢B(x[,2ri)}]
+ ]E(ki’)Ci) [Q(Vf(ki,xi7ri) 7XT(k,',x,'7r,-) ) ﬂ{f(ki,xi,ri)<TDi} ﬂ{XT(ki,xi.ri)EB(xiazri)}]
< CKi+nKi+M;(1 = P& (T, < t(kiyxi, 1))

c c 2c
< FK+ KA Mi(1 =) = K+ Mi(1 —c).

Hence M;/K; > 1+ p, where p = ¢1/(3(1 —c1)) > 0. Finally, the point (ki11,x;i+1) € Q(ki +
1,x;,2r;) is chosen such that

Kit1 = q(kis1,xi01) = M.

This implies
Kip1 = (1+p)K;. (5.25)

which together with (5.21) gives
riv1 <ri(1+p) 1T, (5.26)
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We finally want to show that if K; is chosen to be sufficiently large then the new point
(ki+1,xi+1) will lie in Q( L’)//(P(R_z)J,Z,R). Indeed, (ki+1,x,-+1) S Q(kl + 1,x,—,2ri) and ri =
Ro > B > 3. Therefore

—2
ki+l<ki—|—l+{ 14 )Jgki‘i‘l—F Y ¢(ri )

¢((2r;)2 ¢(r;7%) 0((2r;))72)

1 4y 5
<ki+ + <ki+——- (5.27)
o7 9(r?) o(r;%)

where we used (2.2) and y < 1. We also have |x;1; —x;| < 2r; since (kiy1,xi+1) € Q(ki +

1,x;,2r;). Tterating (5.26) we get
ric1 <ri(14p) V) < (14 p) 20D o< (14p) 7712, (5.28)
Hence, for every j € {1,2,...,i+ 1} we have

ri<r(l +p)"UmD/E+2) o ri(1 +p)UmD/AH2)
= ¢(r?) < ¢ (r;2(14p) 207 D/dF2), (5.29)
Notice also that from r; <r;j_4 (1 +p)_1/(d+2) we have that r; < r;_;. Therefore, by (5.23), for
all j € {1,2,...,i} we have

ri=r=Ry=3=rj(1+p) 0 VW) > s>

(1 +p)” 20-D/d+2) ¢ =2 < 1

(])(r*z) 20 Jj—1
GRS REE) > ((1+0)7)
2(j-1)/(d+2) ra N J—
4 (1+p)72 ) <! (1+p) @) 1 (5.30)
¢(r;7)
Using (5.27), (5.29), (5.30) and (ky,x1) € O(|y/¢(R™?)],z,R/B) we get
5 5 5
kl' < k; 7<k,‘_ + <k +5
S ST Ty S s sz 2)
5 i ¢(r1—2) 5 i < (1+p) ( )/(d+2))
=k + <hi+
1 ¢<r12>,§¢<rﬁ> 1 ¢<r12>,§ 9(r;?)
5 & 20, \ /1 Se;t & 20,/
<k + N 1+p)a+2 <k + = 1+p)ar
1 ‘P(sz)j;c (( p) ) 1 (P(rlz)j;)(( P) )
Y Y 5¢; ! 1
< : 5
< D(R—%J*D«R/B)—%J*1—x2a*¢<r12> 430
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with k = (14 p)~/(@+2) We have similar calculation for |x;; 1 — z|,

‘x,+1 —Z‘ |XH_1 xi\ + |x,~ —Xi—1 ’ +- |XQ —xl\ + |X1 —Z‘

R
<2421+ +2r1+— —I—ZZr]

1; 2Zr1 14 p) U D/@+2)
j=1
<R /sy R 20
<3 2rljzo 14p) Y=o (5.32)

We next need the following technical result which we prove later.

Claim 4. There is a constant c3 > 0 such that the following two relation hold for all R suffi-

ciently large
5¢;! 1

/8 (R/B) I T giramy < WOET)] (5.33)
and
R 2c3R
st <R (5.34)

At last, let c3 be the constant as in Claim 4 and suppose that K; > (c2/c3)?*2. This would
mean that r; < c3R. By (5.31), (5.32) and Claim 4, (k;;1,x;+1) € O(|y/¢(R™2)|,z,R). How-
ever, by (5.23) r; > 3 for all i. On the other hand, if we let i tend to infinity in (5.28), we would
obtain that 7; approaches zero. This is a contradiction and whence K; < (c2/c3)?*2, which
means that (5.5) holds with Cpyy = (c2/c3)?*? and for all R large enough. To finish the prove

we are left to establish Claims 3 and 4.

Proof of Claim 3. We set

1\ 1/d+2) 3 1/(d+2)
) ) , (5.35)

6,¢ 0, Cyc’

where 7 is the constant from Theorem 5.1, ¢’ is the constant from (2.17) and b is defined in (5.4).

c2—2R0\/_< VB\/E<

We show that the claim is true with such a constant. We start by showing (5.19). Combining

(2.2) and (5.18) we get

J(2\/aR) 6((2y/aR) ) I e
/Ry~ PRova) ( ) SR D) @Reya (R)

1 (2Rov/@)**2 1
” 2Roa 2 6,C T LK
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Similarly, to prove (5.20) we apply (2.17) and (2.2) and obtain

ViR > TEE (T 6(/BR) )
00, r/B)j(VBR) > T (3 ) Gy
W g B3
~ (BVb)d2? (BVB)42 61y 010K

Proof of Claim 4. Notice that (5.33) is equivalent to

5¢;! 1
1— k2% ¢((c3R)7?)

<L[Y/0R7)]—Lv/9((R/B)?)).

Using (5.12) and (5.13) we get

L1/9(R )] = LY/9((RIB) ) > 55 g

Hence, it is enough to define c3 for which

O(BPR?) _ ye.1 k)

o’k 2) S 10 o

This can be achieved by setting
es:=B7 (1A (13 (1= x2%)/10) ** A (B—1)(1-x)/3).

Indeed, with such a choice, for R sufficiently large we apply the scaling condition and get

B’R™? 1 o
et <™

Clearly (5.36) follows. With such c¢3 the validity of (5.34) is obvious. |
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6. OFF-DIAGONAL BOUNDS

In this chapter we establish global estimates for the function p?(n,x,y), that is, we prove that

for all x,y € Z¢ and n € N it holds

: P ng(jx—y2)
p¢(n,x,y)xm1n{(¢ 1(n 1))d/2’]x—y)\]d}'

We split the proof in two sections. In Section 6.1 we find the lower bound for the heat kernel of

the subordinate random walk S? and in Section 6.2 we find the upper bound for p? (n,x,y).

6.1. LOWER BOUND

The aim of this section is to prove the global lower estimate. We use a probabilistic method

based on the parabolic Harnack inequality.

Theorem 6.1. Under our assumptions, for some constant C > 0

pPlne) > C((07 )P A Gt ). 6.1
for all x,y € Z¢ and for all n € N,
Proof. Let us set
rn:gb—ll(n—ly n>1.

Near-diagonal bound: We start by proving that there exists a constant C > 0O such that

PP (nx,y) > C (0 (n1))"?, 6.2)

forn € Nand |x—y| < dr,, where d| > 0is a constant to be specified. We take n € N and choose

R to satisfy n = y/¢(R~?), where ¥ is the constant from Theorem 5.1. Let g(k,w) = p? (bn —
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k,x,w), where b is the constant from (5.4). By Lemma 5.3, ¢ is parabolic on {0,1,2,...,bn} x
Z4. Since b > 1, using (2.2) we have
Y Y ¢(R?)

_ < vy 1_ by YJ. 6.3)
O((VoR)72)  ¢(R72)¢(b~'R™2) ~ ¢(R2)b~"  ¢(R7?) ¢((VBR)?)
Hence, specially, g is parabolic on {0,1,2,...,|7/¢((v/bR)™2)]} x Z¢. Now we want to find a

:bn}{

constant d; > 0 such that
B(y,dir,) € B(y,R/B).

Using n = 7/¢(R™?) we get

OR )= ' =R 2=0" () <o~ () = R>r,
where we used monotonicity of the function ¢ and ¥ < 1. We now choose d; = 1/B which
implies that B(y,d1r,) C B(y,R/B) and whence (n,x) € Q(|y/¢(R"?)],y,R/B). By choosing n

big enough we can make R large enough and this allows us to apply Theorem 5.4. Thus, there

is ng > 1 such that for all n > ny,

. q) . q) _ .
min bn,x,z) > min bn,x,z) = min 0,z
Z2E€B(y,dirn) p ( ) z€B(y,R/B) p ( ) z€B(y,R/B) q( )
%ﬁ( max q(k,2)

k2)€Q(1v/9(R?)].y.R/B)

> Cppq(n,x).
Hence, by Theorem 4.1,

min  p?(bn,x,2) = Cpq(n,x) = Copyp® (b —1)n,x,x)
z2€B(y,dirn)

> Cer (97 (((b—1)n) 1))

> Cher (97 (bn) )7,

for all x € Z¢ and n > ny. Hence, we have proved (6.2) for all integers of the form bn with
n > ngy. For the remaining values of n between bng and b(ng + 1) (and so forth) we use Lemma
3.6 to get

p?(bn+1,x,y) =Y p?(bn,x,2)p? (z,y) = p? (bn,x,y)p® (7,¥)
774

> e (67 () ™)) = 2 (07 (b + 1)),

For n < bny we apply the above procedure together with Proposition 3.3. For |x — y| < djr, we

have

PP (x,y) = esj(lx—y]) = e3ji(dirn) = c3(dirpn,) = ca = ca(¢p 1 (171)4/%
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Now using Lemma 3.6 together with the Chapman-Kolmogorov equality and monotonicity of

the function n+— (¢! (n="))%/2 we get

22,x,9) = 3 p*(x,2)p%(2,y) = P (2. 3)p? (1Y) Zes(@ (17192 = es(¢ (27 1))/,

z€74

Since we only have to make finite number of steps, this finishes the proof.

Estimate away from the diagonal: Let j(r) be the function defined at (2.8). We now show that

there is C > 0 such that
p?(n,x,y) = Cnj(lx—y)), (6.4)

for all n € N and |x — y| > d,ry,, where a constant d, > 0 will be specified later. We first claim

that there is a constant c3 > 0 such that for all x € Z¢ and for all k,n € N

1k
]P’x<max\S¢ —x| = C3r,,) < P (6.5)

j<
By Lemma 5.2 we get
]P‘x(m<a]z< \Sq) —x| > c3ry) < cak(c3%r,2).
i<
This is true for all constants c¢3 > 0. We define a specific constant c3 as

c3 =1V (2c4/cy) 2%

Since c3 > 1 we can use lower scaling to obtain

)
¢(c3_r; )< C4ak<1k
¢<rn ) CxCy *n 2n

sk (c52r72) = cakd (1 2)

Last two relations give us (6.5). We now set d, = 3¢3 and we notice that d) < dp, asd; = 1/B <
1/3. Let

t(x,r) = inf{k: S{ ¢ B(x,r)}
and consider a family of sets

A ={7(x,c3ry) = k,S,?,S,‘fH, . ,S¢_1 € B(y,c3r,),8? =y}, (6.6)

n

fork=1,2,...,n. Observe that
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and our task is to estimate the last sum from below. By the time reversal of the random walk we

get

Pa) = > (P(t(xcar) > k=180 =x1)p® (u1,30)

Xp_1€B(x,c3rn)
xkEB(y,C3r,1)
xP¥(t(y,c3ry) > n—k, S,‘ffk = xk)) : (6.7)
For x;_1 € B(x,c3ry), x¢ € B(y,c3ry) and |x —y| > dpryy, = 3c3ry,, we have

Ixk—1 — x| < 2c3r,+ |x—y| <2x—yl,

and whence, for |x —y| > dyr,, by using Proposition 3.3, monotonicity of j and (2.11) we get

P? (e—1,31) = esj(lx—yl). (6.8)
Thus
P*(Ax) = s j(|x —y)P*((x,c3r0) > k= 1)PY(2(y,c3r0) > n—k)
= csj (= y|)P*( max 189 — x| < c3r)P*(max [S? — x| < c3r). (6.9)
J<k— j<n—k
Using (6.5) we get

1k—1 In—k s
P (A) Ses (11—~ ) (12 (=) = (-
(Ax) 65( 5 )( > )J(Ix =4 illx=y)
and (6.4) follows for all n € N and |x —y| > dyry.

Intermediate estimate: We finally show that

PO (n,x,y) > C (o7 ()2, (6.10)

for all n € N and for dyr, < |x—y| < dpr,. For any 1 < K < n we can write

p¢(n,x,y) > Z p¢(Ln/KJ,x,z)p¢(n— [n/K|,z,y).

2€B(y,di1,/2)

We now state the claim which we prove later.

d 20" 40 -1
K=2Vc (dlz) \/(1— ; ) : (6.11)

Then for all n > K the following inequalities hold

Claim 5. Let us set

dlrn T'n

Z (/K] Tn-ln/k) Z 5
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Thus, if |[x —y| > dyr, and z € B(y,dr,/2) then
x—z| = dor,k) and |y—z| <dir, k)

Combining this with (6.2) and (6.4) we get

Py e Y n/Klilk—2) (97 (- n/K )"

2€B(y,d11,/2)

Since |x —y| < dary, for every z € B(y,d r,/2) we get |x —z| < ¢ry, where 7 =d /2 +dy > 1.
By (2.11) and (2.2) we get

J(x—z]) > c;‘*"2 (¢—1(n—1>)d/2n_1

and whence

PP (n,x,y) = cg /K] n (97 () (07 ((n— [n/K)) )P 1BGdiraf2)]

“(n=1n -1 412
>co|n/K|n! <¢ <(¢_1(E1_/1I§J) >> <¢*1(n*1)>d/2, (6.12)
Since n/K > 1 we have [n/K| > n/(2K). Hence |n/K|n~! > 5% and, by (2.4),

g, )

(o)

Combining these two bounds with (6.12) we obtain (6.10) for all n > K and for dyr, < [x—y| <

dyry,. For n < K we proceed as in the end of the proof of the near-diagonal bound.

Proof of Claim 5. Since r,, /g 2 1|,k |, it is enough to find K such that

d ¢ ((n/K)™! 2d,\?
s Sn > ()

By (2.4), forn > K,

e () () = ()

. 200 . . .
and whence K has to satisfy K > ¢* (%) . Similarly, as r,_ |, /x| 2 r—n/k- it 1s enough to

have K such that
Lo o =/ _,

Th_n/K = =th
/K= 2 o~ 1(n1)
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We assume that K > 2 and thus (2.4) implies

o' ((n—n/K)"1) . <1)1/a* ((n—n/K)—l)l/oc* :c;l/a*(l _1/K>—1/a*‘

o1 (n71) C !

ey —1
‘We conclude that K has to be such that K > (1 —4 ) .

Cx

Finally, combining inequalities (6.2), (6.4) and (6.10) we obtain (6.1) and the proof is finished.
[ |

6.2. UPPER BOUND

In this final section we aim at proving the global upper estimates for the transition probabilities
of the random walk S,‘f . Our strategy is to study the continuous time random walk and to
estimate its transition kernel and hitting time of a ball, and then to use these results to get

similar identities in the discrete time.

6.2.1. Estimates for the continuous time random walk

We study the continuous time version of the random walk Sff which is constructed in the stan-

dard way. We take (U;);cn to be a sequence of independent, identically distributed exponential
random variables with parameter 1 which are independent of S?. Let Ty = 0 and 7} = Zé‘zl U,.
Then we define Y; = S,? if T, <t < T,4. Equivalently, we can take (N;);>0 to be a homoge-
neous Poisson process with intensity 1 independent of the random walk S? and then ¥; = Sf\),,.
The transition probability of the process Y is denoted by ¢(¢,x,y) = P*(¥; = y). We want to find
the upper bound for ¢(¢,x,y). The main result of this subsection is formulated in the following

proposition:

Proposition 6.2. There is a constant C; > 0 such that

1
lx —y|d

—1/.,—1\\4d/2 —
gt.xy) <G((97 )P A go(x—y). (6.13)
for all x,y € 74 and for all t > 1.
The proof will be given at the end of this subsection. We first handle the on-diagonal part.

Lemma 6.3. There exists a constant C, > 0 such that for all # > 0 and all x,y € Z¢

dj2

q(t,x,y) <G (971 7Y)) (6.14)
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Proof. By the independence and Theorem 4.1 we get

) o l.ke—t
e = PSY =) = P! =P =) = 3 (st =
k=0 k=0 :
_ otk a2
get—i—cle t];k‘(q) l(k 1))/

k (h—1(p—1\\4/2
:e_l—}-cle_’(q)—l(t—l))d/z(Z+ 3 )]td(q) (k ))

=GR (o))

= rae (976 @+ ). ©15)

Since ¢! is increasing, we obtain

tk (¢*1(k*1))d/2 o ok

b= k! (=1 (—1 S k! !
it K (91— 1)) >t k=0 K

We next find a bound for ¥, and after that, we will show that e™" < ¢4 (4)*1 (fl))d/ > for all

¢t > 0 and for some constant ¢4 > 0. Observe that ¥, = 0 for t < 1. By (2.4) we get

ko1

1

Ty < ot/ >
1<kt

where in the last inequality we applied [29, Cor. 3]. The only thing left to prove is that e~ <
c4 <¢)*1(F1))d/2 forallz > 0. For ¢ > 1, using (2.4) we get

—1 1/a, 1/ ot
() () e s

-1 " \e 1
= (97 > a2

et et

=

<
(9112~ Py mapa,
—t

Hence, there is a constant ¢4 > 1 such that e < ¢4 (¢>—1(r—1))d/2, forallt > 1.Ifr € (0,1) we
have (¢*1(z*1))_d/2 < 1and e’ < 1. Therefore,
s a—d/2 _ L iwd)2
(071 ™) et <l=e < (o7 ).
Plugging the bounds for X1, X, and e into (6.15), we get

q(t,%,x) <G~ (7142,
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Finally, by the Cauchy-Schwarz inequality we obtain

q(t,x,y) = > q(t/2,x,2)q(t/2,y,2)

z€74
1/2 1/2 L dn
< (Y qt/229%) (X q/25.2?) <ot e )"
774 774
and the proof of (6.14) is finished. [ |

Before we prove the off-diagonal estimate in (6.13), we establish a series of auxiliary results.

We follow here the elaborate approach of [11]. We use the notation
' (x,r) =inf{r >0:Y; ¢ B(x,r)}.

Lemma 6.4. For all » > 1 it holds

Proof. Let
S¢ . )
> (x,r) =inf{k > 0:S; ¢ B(x,r)}.

By Proposition 3.13 and Lemma 3.14,

1
o(n=2)’

neN.

E[75° (x,n)] <
Then, by Wald’s identity,
X xr_S¢
EX[TY(x,n)] =E (Ul +...+ UTS(P(x,n)) = [TS (x,n)].

Hence, for every n € N we have

C1 Y Cc
< EY[t" (x,n)] < :
o(n=2) = T o(n?)
Take r > 1. There exists n € N such that r € [n,n+ 1). Since ¢ is increasing, we have
1 1 1
n<r<n+1l= <

< .
¢(n=2) " ¢(r?) " o((n+1)72)
Using (2.2) and n/(n+ 1) > 1/2, which is true for all n € N, we get

o) _( n \?
e < lgr) <4
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Now we have

B ()] > B ()] 3 Sy =G W) e

o(n=2)  ¢((n+1)72) o2 T 4(r?)

Similarly, for the upper bound we have

X[Y XrY &) o ¢(n?) 1
El ol SET ont DS 56172 = 602 ol 1) <2902
[
Lemma 6.5. There exist constants C3,C4 > 0 such that
-2
P*(7¥ (x,r) <1) < 1— G302 ~7) +Catd((2r)72), (6.16)

9(r?)

for all x € Z% and for all r,r > 0

Proof. We first consider the case r € (0,1). Then the process Y exits from the ball B(x,r) as

soon as it jumps to some point other than x. Observe that

() <ty = T <t,80 =83 = =50 | =x,8¢ #x}.
n=1
Hence

Pt (x,r) < 1) = fj P(T, <1) (P(S} = 0))”‘l P(S? +£0) <1,

n=1

where we used Lemma 2.15. Choosing C5 = 1/2 we have

Coen ) 1
o(2) T2
If we set Cj = 1/¢(1/4) we have t < Cjt¢((2r)~2). Hence, for r < 1 we have

C39((2r)~2)
9(r2)

1

P*(c" (x,r) <1) < 1 +Cyg((2r)7?),

and this is precisely (6.16) with C} and C}.

Next, assume that » > 1. Since for any ¢ > 0
o) St (e () =)L
T xr)st+ (T (X, r {2¥ (x,r)>1}>
by Markov property and Lemma 6.4 we get

E*[t" (x,r)] <t +E* [E{TY( >t}]EY’[‘L'Y(x,r) —tH

X,r)
<t+ sup EZ[TY(x, r)]]P’x(‘L'Y(x, r)>t)
Z€B(x,r)

<t+ sup EFY (z,20)]PY (7 (x,r) > 1)
Z€B(x,r)
%)

— < Y X, r .
olry 2y =Y

<t+
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Using again Lemma 6.4 we have

‘P(ilz) < E*[7Y (x,r)] <t + (P((;f)z)ﬁbx(ry(x, r)>t)
and whence
B ) <) 5 QD) 10(20)%)
c20(r2) 1)
If we set C3 = min{Cj,c1/c2} < 1/2 and C4 = max{C},1/c2} we obtain (6.16) and the proof
is finished. |

We now study the truncated process which is built upon the process Y. For any p > 0 we
denote by Y (P) the process obtained by removing from Y the jumps of the size larger than p.

More precisely, the process Y (P) is associated with the following Dirichlet form

EPuw) = 3 () —u(@)(v(x) =v())p’ (x.y),

lx—y[<p
which is defined for functions u,v from the domain of the Dirichlet form of the random walk
S9, cf. [3, Sec. 5]. We write ¢()(¢,x,y) for the transition probability of ¥ ®) and Q,(p ) for its
semigroup. We will also work with killed processes. For any non-empty D C Z¢, we denote
by (OP);>0 the semigroup of the killed process Y. Similarly we write (O, for the

semigroups of ¥ (P):P Let
@) (x,r) = inf{t > 0:¥P) ¢ B(x,r)}.
Lemma 6.6. There exist constants Cs € (0, 1) and Cg > 0 such that for any r,z,p >0
P (clP)(x,r) <1) < 1—Cs+Cet (9((2r)2) Vo(p2)).

Proof. By Lemma 6.5 and (2.2) we get that for all x € Z% and r,t > 0

P (7Y (x,r) <1) < 1—C3/44Catp((2r)72).
According to [11, Lemma 7.8], for all t > 0

0P gy (6) < O 1y (1) 119 (p 7). (6.17)

Remark. In [11, Lemma 7.8] the authors assume more restrictive assumption on the function ¢

then our condition (2.3), namely they require the global scaling. The key tool to prove (6.17) is,
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however, [11, Lemma 2.1] which in our case is covered by Lemma 2.17.

We notice that
o7 L) (%) = EX [T r) (V) Ler (o ysry| = P27 (x,7) > 1),
QPP 1y (1) = B Ly (5 ) Lo oy | = PP (0,0) > 1)
and whence
P* (7Y (x,r) > 1) <P (2P (x,r) > 1) + 1t (p~2).
This and Lemma 6.5 imply
PP (1) <0) < 1= 24 Gt ((2r) ) +entd (o)
and the result follows if we choose Cs = C3/4 < 1 and C¢ = C4 +c¢;. [

Lemma 6.7. There exist constants € € (0, 1) and C; > 0 such that for x € Z¢ and all , A, p >0
with A > C7¢((r Ap)~2) it holds
B | 4770 <1 e, (6.18)
Proof. By Lemma 6.6, for any ¢ > 0 and x € Z¢,
_2a7P) _27P) 7P
Loy {e A } =E {e et ) l{T(P)(x.r)gt}} +E* {6’ G PP

P* () (x,r) <t) +e

N

<1—Cs+Cet (9(2r) )V o(p2)) +e M.

We now choose € = Cs/4 € (0,1). We next take t = ¢1 /¢ ((r Ap)~2), for some ¢; > 0, in such
a way that Cgt ¢ ((2r)~2) +Cstd (p~2) < 2€. Hence, we need to choose ¢ > 0 such that

Coc19((2r)"%) | Csc19(p™?)
o(rrp) D) orap)2) S

Since ¢ is increasing,

0@ 6
o(rrp) ) S ™ Seapy ) !

and thus it suffices to choose c¢; < €/Cg. At last, we claim that there is C7 > 0 such that for
A> C7q)((r/\p)_2) we will have e < €. Indeed, with such a choice we get that Ar > Cycy

and thus we can choose Cy so big that e~ < Cs /4 = €. We finally obtain
E¥ e 77 00] <1 -G Car(9((2) D) +9(p ) +e M <1,
as desired. |
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Lemma 6.8. There exist constants Cg,Co > 0 such that for x € Z¢ and R, p > 0

B | Cro(p TP wR) | o= CoR /P

where C7 > 0 is the constant from Lemma 6.7.

Proof. We first observe that if p > R/2 then we can choose constants Cg and Cy such that
Cgexp(—2Cy) > 1 and the result follows. Thus we study the case p € (0,R/2). Let z € Z¢,
R > 0 be fixed. We write for simplicity T = 7(P)(z,R). For any fixed 0 < r < R/2 we set
n=|R/2r|. Let

u(x) =E'e*] and  my = |[ull = (propry > k€ {1,2,...,n}.
We fix € from Lemma 6.7 and for any 0 < €’ < & we choose x; € B(z,kr) such that
(1 —&my < ulxy) = my.

Since x; € B(z,kr) and n = |R/2r| it is easy to see that for any k < n— 1

B(xx,r) C B(z,(k+1)r) C B(z,R).
Next we consider the following function

ve(x) =Efe™%), x€B(x,r),
where we write 7, = T(P) (xt, r). By the strong Markov property, for any x € B(xg, ),

u(x) = E¥fe—H e M%) — x Al (e—/lr)} _ [e‘“ku(YT(kp))} '
Since Yf(kp) € B(x;,r+p), we get that for every x € B(x, r)
u(x) < v () [l =By rtp)) -
It follows that forany 0 < p <r
(k) < Vi (o) [l (B r4p)) S V(R4 2-

Since u(x;) > (1 — €')my, we have

(1 — Sl)mk < vk(xk)mkH.
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In view of Lemma 6.7, if A > C7¢(p~2) and 0 < p < r then vi(x;) < 1 — €. Hence

- ( 1—¢ )

my < m

k [ —g ) Mkt2
and iterating yields

1—¢ 1—¢)\? 1—e\"!
u(z) <my < ¢ m3 < e ms < ... < e Mop—1-

Since u(x) < 1, we have my,_; < 1. Together with n = |R/2r| this gives us

1—¢ n—1 1—¢ R/2r—2
< < .
u(z) (1—8’) (1—8’)

Setting 2Co =log ((1 —¢€’) /(1 —€)) we get

R
u(z) < Cgexp (—C9> :
.
with Cg = ¢*@. If we set A = C7¢(p~2) and p = r we conclude the result. [

Corollary 6.9. For any R,p,z > 0 and all x € Z¢

]P’X(T(p)(x,R) <1) < Cge—c9§+c7l¢([)72)

where C7 > 0 is the constant from Lemma 6.7 and Cg,Cy > 0 from Lemma 6.8.

Proof. By Lemma 6.8,

P(¢(P)(x,R) < 1) = P* (e*C7¢(P‘2)T<P)(x7R) > efC7¢(p—2)t)

< eC7¢(p*2)t]Ex {e—&q)(p*z)r(p)(xﬂ)} < Cse—C9§+C7l¢(P72)

as desired. |
For any p > 0 and x,y € Z¢, we define

Jp(xa)’> = p¢ (x7)’)ﬂ{\x—y|>p}'

By Meyer’s decomposition and [11, Lemma 7.2(1)], the following estimate holds

t
q(t,x,y) < 4% (t,x,y) —|—E"{/ 3 I (P 2)g(e —s,z,y)ds}, x,y €z (6.19)
0 774
Proposition 6.10. There exists Cjo > 0 such that for all z,p > 0 and x € Z¢

]Ex{/ot Z Jp(Ys(P),Z)Q(t—S,Z,y)ds} < C1otp_d¢(p—2)'

z€74
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Proof. By monotonicity and Proposition 3.3 we get J, (x,y) < Ciop %9 (p~2), for some Cyo >

0. This and symmetry imply the result. [

In the next Lemma we prove the upper bound for the transition kernel of the truncated

process.

Lemma 6.11. Forall7 > 1andx,y € Z¢

d®)(t,x,y) <Cp (97 () Pexp (cut¢(p‘2> —Ci3 ‘x;y ') , (6.20)

where C11,C12,C13 > 0 are constants independent of p.
Proof. A direct application of [11, Lemma 7.2(2)] combined with Lemma 2.17 and Lemma 6.3,

imply that for all > 0 and x,y € Z¢ we have

P (1,x,y) < qlt,x,5)e 100 < (97 (1) Pexplerto(p2).  (621)

We first observe that for |x — y| < 2p relation (6.20) is trivial. Indeed, since

—Cialx—
exp (“E=) > exp-2c),
p
for any Cy3 > 0, we get

d/2 exp(—2C13)

exp(cit9(p~?)) exp(—2C3)

qP (t,x,y) <G (o7 (7 h)

<Cpy (‘P_l(f_l))(l/z exp (Clzt‘P(P_z) —Ci3 |x;y’ ), (6.22)

for any C1; > Cy/exp(—2C13), C12 = ¢
Assume that |x —y| > 2p. By Corollary 6.9,

0 1ty (0) ST ) <1) < Grexp (=G +Cro(p7)). (62

We set r = |x — y|/2 and write

q'P) (2t,x,y) = Zq (t,x,2)q )(t,z,y)
z€74

< Y dPx20dP )+ Y dP(x2)gP (e, z,y).
2€B(x,r)¢ ZE€B(y,r)°

By (6.21) and (6.23) we get
Z C[ l‘ X, Z ( )(t,z,y) <G (¢—l(t—l)>d/2 ec1t¢(P72) Z q(P)(t,x,Z)
z€B(x,r)¢ Z€B(x,r)¢

<Gy (971 (1)) 110 (o) = CopCrio(p™)

Co |x—y|

= CyCy (97 (1)) P et
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We can show the same bound for z € B(y, )¢ and thus, for every r > 0 and |x —y| > 2p we have

Cg |x—y|

qP)(21,x,y) <2C,Cy (¢—1(t_l))d/ze(cl+c7),¢(pfz)_79 =

Replacing ¢ with 7/2 yields (6.20). It only remains to show that

W < o, (6.24)

for some constant ¢, > 0. To prove (6.24) we have to apply scaling condition (2.4) and this is

the reason why estimate (6.20) works only for t > 1. Indeed, for r > 2, by (2.4) we get
0~/ _ <2>”“*
G '

Cx
For 1 <t < 2 we simply use monotonicity and (6.24) follows. [ |

In the rest of this section we use the notation

1
= t>1

Vo
Lemma 6.12. There are N € N with N > (20 +d)/(2a.) and ¢y > 1 such that for all r > 0,

t>1andxez4
S gty <ar (o), (6.25)
YEB(x,r)¢
where 0 < 0 =20 — (20, +d) /N and o, is the constant from (2.3).

Proof. We first observe that for r < r; relation (6.25) is trivially satisfied, as in this case r; /r > 1.

We assume that r > r;,. We set
N=[2+d/2a)] (6.26)
and with this N we define a sequence
pn = Znarlfl/Nrtl/N, neN,

where

d 1
- 1. 27
<d+2a*v2><a< 6.27)

We now show that under this choice we have

n
2 P
Pn It

(6.28)
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and
19(p,?) < 1. (6.29)

Indeed, (6.28) follows from (6.26) and from the fact that o > 1/2, and

n 1/N 1-1/N
20 i) <r>/ , and p”:z”“(r) "

Pn T T I
Similarly, (6.29) follows, since under our choice we see that p, > r;.

Recall that by (6.19) and Proposition 6.10 we have

q(t,x,y) < 4% (t,x,y) +Ciotj(p), (6.30)

for all p,z > 0 and x,y € Z%. Next, by Lemma 6.11, forall £ > 1, x,y € Z¢ and n € N, we have

P(009) < Cu (o7 o)) Penp (Cuaro o, ) - ),

n

where C11,C}2,Ci3 > 0 are constants independent of p,. Hence, for all 2"r < |x —y| < oty

and all r > 1 we have

21’1
d®)(t,x,y) <Cpy (97 (7)) P exp <C121¢(Pn_2) —ch’) .

n

By (6.29) we get

n

q(p”)(t,x,y) <o ((})*1(t*1))d/2 exp (—C132pr> ) (6.31)

Thus, by (6.30) and (6.31) we get, forr > 1 and x € 74

Z t X y Z Z (q(pn)(taxay)+clotj(pn)>

yeB(x,r)¢ n=021r|x—y|<2ntly
(o] zn
< cs Z(znr)d <¢71(t71))d/26—C13p7’
n=0

+ea Y (2'r) % j(pn) =1 + L.
n=0

We first estimate I>. Since pn_2 < ¢! (t_l) < 1, we can use (2.3) to get

(0% < (p)2

69



This implies

> 2\ 1 T 20
L= c4(2"r) dy —d < C4 () — ()
Z 0(p, %)y Z::O o) oo,
_ Cj (,/})206* (2a+d) /Ni <r>206* (n>(2a*+d)/N2a* 2n(dfa(d+2a*))2na(d+2a*) (,,.)d
Cx r n=0 pn r pn
cq [ 1\ 20— (20td)/N & @, 1-1/N, l/N d+2a. 1 (d—a(d+2a))
= — | — 2” 2” *
Cx ( r> Z ( ) prcll+2a*
_“ ()205* (e +d)/N i on(d—a(d+2e,))
Cx r
By (6.27), d — a(d +2a,) < 0 and whence
20— (204:4d) /N
L <cs (%) . (6.32)

We proceed to estimate /;. There exists a constant cg > 0 such that for x > Cj3 we have

e~ < cxgx~K. Applying this, we get

We set
d
K=14+N(d+2a.) vli.

For such K we have K/N > d + 2o, and (1 — o)K > d and this yields
N annd (a1 —1y\4/2 2"r
= ce(2"r) (¢71(t7")) Texp( ~Ci3—~
n=0

Pn
> C132r\ K
< Zc6(2”r)drt_dc1(( 13 r)
n=0 Pn

oo on\d [ona,1—1/N /N K
:nz:: 6CKC13 (Fz) < oy t

d K/N °°
RO

0

= C7 <r

t
B r \K/N-d = I (_a)k\" r\K/N—d
=ar(2) ;:30(2 ) =es(%)

1\ 20 1\ 2% N\ —(20+d)/N
S ¢ (;) S (;) <;)
B Iy 20— (20+d) /N
—cq (;) . (6.33)

Using the definition of 0, (6.32), (6.33) and setting c¢; = ¢5 + cg, we conclude (6.25). |
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Lemma 6.13. Assume that condition (6.25) holds with some 6 > 0. Then there exists a con-

stant ¢ > 0 such that for any ball B(xo,r) and for any 7 > 1

PH(c (x0,7) <) <ear O (0717 Y) "2, x € Blxo,r/4).

Proof. For x € B(xg,r/4), we have B(x,3r/4) C B(xo,r). Using (6.25) we get

P*(7¥ (xo,7) <t) <PY(7¥(x,3r/4) <1)
= P*(2¥ (x,3r/4) < t,Y5 € B(x,r/2)¢) +P*(7¥ (x,3r/4) <t,Ya € B(x,r/2))
<P (Yo € B(x,r/2)°)+ sup  P*(Ya—s € B(x,r/2))

z€B(x,3r/4)¢
s<t

< Z q(2t,x,y)+ sup Z q(2t —s5,2,y)
YEB(x,r/2)¢ ZeB(;‘ftr/4)cy€B(z7r/4)C

~

<ec (rzf>9+c su (rz”>9 (6.34)
el r/2 1s£ r/4 ' '

Since t > 1, we can use (2.4) to obtain

(2 )1/206*
ry < | — It.

Cx

Since s < ¢, we have
2 1/206*
supry s < (C) It.

s<t *

With these estimates used in (6.34) we get

P (e (xo,r) <1) < C129(2)6/206*("1)9_'_“49(2)9/2(1*(’7)9 =0 (r,)e’

Cx r Cx r r

for all x € B(xg,r/4). |

Lemma 6.14. Assume that condition (6.25) holds with 0 < 8 =2a, — (2a. +d)/N. Then for
allz > 1,k > 1 and |xg — yo| > 4kp it holds

—(k-1)0
4P (t.30,30) < (k) (07 (171)) " exp (caro (p2)) (142 . (635)

Tt

Proof. As observed in the proof of Lemma 6.6, for all > 0,

0B15(x) < 0P P1p(x) + c1té (p2)

and

P*(t¥ (xo,7) <1) =1 —QP1p(x).
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This and Lemma 6.13 imply

"’
1— 0P 15(x) — c119(p~2) < 1- 0P 1(x) < 2 () |

Hence

-0
1—Q§P)7313(x)<c3[<r) +t¢(p—2)}, x € B(xp,r/4). (6.36)

I

We now proceed to prove (6.35). If p < r; then clearly

(1 v p)(kl)e < glk=1e,

It
and, by (6.21),

dj2

") (t,x0,y0) < G257V (o7 (e 1)) exp(cotp (p2)) (1 + =

as claimed.
Let us now consider the case p > r;. Fixk > 1,1 > 1 and xo, yg € 74 such that |xo —yo| > 4kp.
Set r = |xo —yo|/2 > 2kp and

w(n) =) (r>_9 +i6(p2). 6.37)

T

Notice that y(r,7) is non-decreasing in . We take R = r/k > 2p and apply [11, Lemma 7.11]

to get
rlk—p

Ty

0P g e (%) < {c4 [ ( )_9 +t¢(p—2)} }k_l, x € B(xo,R).

Remark. In our case the assumption of [11, Lemma 7.11] is valid only for > 1. Since the

lemma is proven by induction, we could repeat the argument and get the same result.

Notice that
-6
(e

Using this and the fact that R > p, we obtain

0 Ly () <l (2)* 419(02)}) . x€Bl.p). (6.38)

I

We notice that

This follows easily by (2.3). Combining this with (6.38), we get

—(k=1)6
P . x€B(x0,p). (6.39)

0P L (x) < (k) (2

Tt
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Moreover, since p > r;, we have

(p)—(k—l)e . 2(k_1)9(1 +p>—(k—l)6.

Iy

Hence, by (6.39),

—(k-1)8
0P gy e (0) < es () (14 2) (6.40)
It
Further, observe that
0P 1500 (x0) = PO (VP € B(ro,r)) = 3 4¢P (t,%0,2)
2€B(xp,r)
and, by the semigroup property,
q'P)(21,x0,y0) Z g (t,x0,2)g"P(t,2,y0)
774
< Z q(p)(tvx()az)q(p) (t7Z7y0) + Z q(p)(t,xo,z)q(p)(t,z,yo).
2€B(x0,r)¢ 2€B(yo.r)"

Using (6.21) and (6.40) we obtain

S g (1,x0,2)4%®) (1,2,30) < Co (67 (7)) explcotd (0 2)) 0P Ly e (x0)

z€B(xg,r)¢
—(k—1)6
<as(k) (7' (7) P explanrop ) (14+2)

Similarly, we show that

> 4P 30,90 (1,2,30) < calk) (67 () expleord(p ) (14 p)_(k_”e.

. T,
2€B(yo,r)° t

This yields

q'®)(2t,x0,y0) < cs(k) (4’71(’71))d/2exp(cot¢>(p’2))(1 n p)(kl)e.

It

As in the proof of Lemma 6.11, we can replace 2¢ with ¢ and the proof is finished. |
We now finally prove the upper bound for the heat kernel of the process Y;.
Proof of Proposition 6.2. Our aim is to prove that for all > 1
q(t,x,y) <citlx—y| " o(x—y7?), x#y. (6.41)

We take arbitrary xg,yg € Z4 such that x # yo and we set r := |xg — yo|/2. Assume that r < r;.
We show that in this case the on-diagonal bound from Lemma 6.3 is smaller than the bound in
(6.41), that is

(07 N <eatr o (2. (6.42)
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Indeed, since 1/2 < r < r;, we can use Lemma 2.16 (with L = 4) to obtain

—1(—1))4/2 Ol A Ol
<?r‘l(:b(r))2) <4c* (ﬁ) 2 (r;) d<4c*'

-
Combining (6.42) with Lemma 6.3 and using (2.2) we get

q(t,x0,0) < C2622|x0 — yo| "9 (4]x0 —yo| 2) < estlxo —yol 9 (lxo—y0| ).  (6.43)

We next consider the case r > r;. We set k=14 (d+2a*)/60 and p = r/(8k). By (6.19),
Proposition 6.10 and (6.35),

—(k—1)6
gt.30.0) <) (071 exp (card (p7) (145) T Ciotp 007,

We observe that t¢(p~2) is bounded. This follows as r > r, implies ¢ (r~2) < 1, and we use
p = r/(8k) with (2.2) to get

190(p~2) =19 (64k*r2) < 64Kk 19 (r~ %) < 64k°.

Hence
—(k—1)0
qlt.50.50) < () (07 1) Pexpleosa) (142) T+ Cuorp~0(p)
—(k=1)6
<e®) (7' () (1+2) T v oo, (6.44)
t

Since p = r/(8k) and r; /r > 0, we get

<1 . p>(k1)9 . c7(k)(r)(k1)9,

Tt Tt

and, by (2.2),

P9(p™%) = (r/(8K) 9 ((r/(8k) ) < (BK)*T2r 9 (r7).

These inequalities together with (6.44) yield

4(t,%.y0) < es(k) (97 (1)) (}:)‘”“”1 es(K)ir o (r2)
-1 v
:cs(k)rrd(l,(rz)bér_z)(;) ’ +1] (6.45)

Thus, (6.45) implies
q(t,x0,y0) < co(k)22t]x0 — yo| ~ (|x0 —yo| 7). (6.46)

Finally, (6.43) and (6.46) yield relation (6.41) for all > 1 and x # y. Keeping in mind Lemma

6.3 we conclude the result. [ |
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6.2.2. Full upper estimate

In this paragraph we establish the upper bound for the transition probability of the random walk
S,? . We follow approach of [5], cf. also [22], which is based on the application of the hitting time
estimates. We start with results for the process Y and then we exploit them to obtain bounds for

S?. Recall that ¥ (x,r) = inf{t > 0: Y, ¢ B(x,r)}.
Proposition 6.15. There exists a constant C14 > 0 such that

P(e" (x,r) <1) < Cratg(r?),
forallxe Z4, r>0andt > 1

Proof. By Proposition 6.2 and Lemma 2.17, we get

=y o (=) < catd(r?),

g
n
2
(]

for all x € Z¢, r > 0 and t > 1. For simplicity we write T = ¥ (x,r). Thus, by (2.2),

P*(t <t) =PX(1 <t,|Yor — x| < r/2) +PX(1 <1, |Yor — x| > r/2)
PY(T <1, Yoy — Y| = r/2) + PX(|[Yar — x| > 1/2)
<E 1oy P (Yoo — Yol = 7/2)] +e220((r/2)2)

EX{IL{K,} sup supPY(|Yy—s—y| > r/2)} +2cot 9 (4r72)
YEB(x,r)¢ st

N

< 20219 (4r D E" [L{zeny| + 20219 (4r72) < Cratd(r2),
as desired. [ |

We use the notation
TY(x,r)=inf{t >0:Y, € B(x,r)} and 5 (x,r) =inf{k € No:S? € B(x,r)}
“1/.—1 —1/2
and we recall that r; = ((p (t )) ,fort > 1.
Lemma 6.16. There exists a constant Cj5 > 0 such that
PY(T" (3,1) <1) < Custr j(Jx =), (6.47)

for all x,y € Z¢ and 1 > 1.
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Proof. We first show that there is ¢; > 0 such that
Pt (z,c1m) > 1) = 1/2. (6.48)

Indeed, we set

20 1/206*
C1:1\/< 14) 5

Cx
where C14 comes from Proposition 6.15. Using Proposition 6.15 and (2.3) we get

Cis <1

\ .
c*c%a* 2

PZ(TY(Z,Clrt) < t) < C14t¢((c1rt)_2) <

We now consider the case |x —y| < 2(1+c¢;)r;. By monotonicity of j(r) and relation (2.11),

we get

trdj(lx—yl) = 1 j(1+e1)r) = (2(1+¢p)) @+

> 2(14c1)) " “IP(TT (1) <1).

Therefore

(T (y,r) <t) < Clstrd j(Jx—y)), (6.49)

with Cls = (2(1+c¢;))4*2.
Next, we consider the case |x —y| > 2(1 +cy)r;. We write 7 = 7Y (y,r,). Using the strong

Markov property and (6.48) we get

P(7<t, sup [Yi—Ys|<ein) =P (sup|¥s—Yo| <ern )BT <1)

T << T+t s<t
1

> 2]P’x(ﬂ <1). (6.50)

If 7 <tandsupyeicqiy|Ys—Yz| <cirythen |V, =Yg | < ciry. As 7 is the first moment

when the process ¥; hits the ball B(y, r;), it follows that
Y=y <Y =Yg+ Yy —y|<cin+ri=(1+4c)r.
Combining these two inequalities with (6.50), we get

P(T <t) 2P (s —y| < (I+ce)rn) <2 ). q(t,x,2). (6.51)
2€B(y,(14c1)rr)

Since x ¢ B(y,2(1+c¢1)r;) and z € B(y, (1 +c¢;)r:), we have x # z and thus we can use (6.41).
Notice also that |x — z| > |x — y|/2. This, monotonicity of j, (2.9) and (6.51) imply

PY(T <t)<eat Y jlx—z) <Cistrfj(lx—y)). (6.52)
2€B(y,(1+c1)r)
Relations (6.49) and (6.52) yield the result. [ |
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Proposition 6.17. There exists a constant Cj¢ > 0 such that
9 .
PH(T (y,ra) < n) < Crnry j(1x =),
forall x,y € Z¢ and n € N.

Proof. As before (Tj)en, stand for the arrival times of the Poisson process (N;);>o that was
used to define the process Y. More precisely, N; = k for all T <t < Ti41. Using the Markov

inequality, we easily get that P(7,, < 2n) > % By independence, Lemma 6.16 and (2.4), we

obtain
;]P’x(yw (y,rn) < n) < ]P’x<<7s¢ (y,rn) <n, T, < Zn) < W(yy(y, ) < 2n)
<P (T (v,r20) < 2n) <2Ci5n75, ([ — y]) = Crenry j(|x = 1),
as claimed. [ |

In the following theorem we finally prove the upper bound for the transition probability of
the random walk S?. In the proof we again apply the parabolic Harnack inequality.
Theorem 6.18. There exists a constant C > 0 such that

d/2 n
x — yl|d

Pnxy)<c((07' () o(x—3?)),
forall x,y € Z¢ and n € N.

Proof. By Proposition 6.17 we have for all k € N

S P (kx,2) SP(TS (3, r0) <k) < Crokrd j(1x—yl).

Z€B(y,r)
On the other hand
> pllkxz) = min p®(kx,z).
2E€B(y,rt) z€B(y,r¢)
Hence
min p¢ (k,x,z) < crkj(lx—y]). (6.53)
ZeB(yvrk)

Next we apply the parabolic Harnack inequality. We choose R > 0 to satisfy y/¢(R™2) =
n, where 7 is the constant from Theorem 5.1. Remember that we can choose Yy to be even
smaller than specified in the theorem. Thus we take y < B~2 where B is the constant defined

in (5.4). By (2.2) we easily get that r, < R/B. By Lemma 5.3, the function g(k,w) = p? (bn —
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k,x,w) is parabolic on {0,1,2,...,bn} x Z%, where b is defined at (5.4). With our choice bn >
|7/6((+v/DR)2)] and thus the function g is parabolic on {0,1,2,..., |y/¢((vVbR)™2)|} x Z°.
By (6.53), we get

min g(0,2)= _min p®(bn,x,2) < min p®(bn,x,z) <cibnj(fx—y)).  (6.54
ZGB(y,R/B)q( ) ZEB(y,R/B)p( ) zEB(y,rn)p( ) 1bnj(|x—y|) ( )

Choosing n big enough we can enlarge R so that we can apply Theorem 5.4. Hence

max k,z) <C min 0,2).
colr o) ymy 109 S O gin, a(0,2)

Since n="7y/¢(R™?), itis clear that (n,y) € Q(|y/®(R~?)],y,R/B). Combining this with (6.54),

we obtain
O((b—1Dn,x,y) =q(n,y) < max k,z) <C min  ¢(0,z
p’((b—1)n,x,y) = q(n,y) ooy /B)CI( ) PHZeB(%R/B)CI( )
< Cpycibnj(|x—y|) =c2(b—1)nj(|x—y|). (6.55)

Similarly as in the proof of Theorem 6.1, we can show that this is enough to get the desired

upper bound for all n € N. Finally, we have

p¢(n,x,y) < C3nj(|X—yD,

for all x,y € Z4, x # y and n € N. This combined with Corollary 4.2 yields the result. [
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