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Summary

In the first part of this thesis, we introduce the fluid-structure interaction problems
that we are dealing with, and present a literature review of completed and ongoing research
on this matter.

In the second part of this thesis we prove the existence of a weak solution to a linear
fluid-structure interaction problem modeling the flow of an incompressible, viscous three-
dimensional fluid, flowing through a cylinder whose lateral wall is described by the two-
dimensional linearly elastic Koiter shell equations coupled with the one-dimensional elastic
mesh equations. The fluid and the composite structure are fully coupled via the kinematic
and dynamic coupling conditions describing continuity of velocity and balance of contact
forces. The methodology of the proof is based on the semi-discretization approach, in
which the full, coupled problem is discretized in time, and, at the same time, split into
a fluid and a composite structure subproblem using the so-called Lie operator splitting
strategy.

The third part of this thesis deals with a nonlinear, moving boundary fluid-structure
interaction problem between an incompressible, viscous fluid flow and an elastic structure
composed of a cylindrical shell supported by a mesh-like elastic structure. The first
main difference with regards to the linear case is that the fluid flow, which is driven by
the time-dependent dynamic pressure data, is modeled by the Navier-Stokes equations.
Furthermore, we had to employ the Arbitrary-Lagrangian Eulerian mapping to deal with
the motion of the fluid domain, which introduces an additional nonlinearities in the
problem. Finally, we prove the existence of a weak solution to this nonlinear, moving
boundary fluid-structure interaction problem by using the same strategy as in the linear
case together with the non-trivial compactness results, which enabled us to pass to the
limit in the weak formulation.

These problems were motivated by studying fluid-structure interaction between blood

flow through coronary arteries treated with metallic mesh-like devices called stents.

Keywords: fluid-structure interaction; moving boundary problem; incompressible
Navier-Stokes equations; linearly elastic Koiter shell; one-dimensional elastic mesh; ki-
nematic coupling conditions; dynamic coupling conditions; operator splitting method;

Arbitrary Lagrangian-Eulerian mapping; semi-discretization; weak solutions; compactness
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Prosireni sazetak

U prvom dijelu ove radnje uvodimo probleme interakcije fluida i strukture kojima ¢emo
se baviti i dajemo pregled literature o istrazivanjima koja su napravljena u tom podrudju.

U drugom dijelu ove radnje dokazujemo egzistenciju slabog rjesenja linearnog problema
interakcije fluida i strukture koji modelira tok inkompresibilnog, viskoznog, trodimenzional-
nog fluida kroz cilindri¢cnu domenu ¢ija lateralna granica je modelirana dvodimenzionalnim
jednadzbama linearne elasti¢ne Koiterove ljuske spojenima s jednodimenzionalnim jed-
nadzbama elasti¢ne mreze. Fluid i slozena struktura su potpuno spojeni kinematickim i
dinamic¢kim rubnim uvjetima koji opisuju neprekidnost brzine i balans kontaktnih sila. Me-
todologija dokaza se sastoji u tome da nas puni problem podijelimo na dva jednostavnija
potproblema, tj. potproblem za fluid i potproblem za strukturu, te ih semi-diskretiziramo,
tj. diskretiziramo u vremenu, koriste¢i Lie operator splitting metodu.

Tre¢i dio ove radnje se bavi nelinearnim problemom interakcije fluida i strukture s
pomic¢nom granicom. Tok inkompresibilnog, viskoznog fluida je, za razliku od linearnog
slucaja, modeliran Navier-Stokesovim jednadzbama i pokrece ga dinamicki tlak na ulazu
i izlazu iz cilindriéne domene. Lateralna/pomi¢na granica je opisana jednadzbama line-
arne elasticne Koiterove ljuske spojenima s jednadzbama elasticne mreze i na njoj su
zadani kinematicki i dinamicki uvjeti spajanja. S obzirom da je lateralna granica pomicna,
u svakom trenutku je njen polozaj jedna od nepoznanica problema, sto uvodi dodatne
nelinearnosti u problem. Dokazujemo egzistenciju slabog rjesenja ovog nelinearnog pro-
blema koriste¢i Lie operator splitting metodu i semi-diskretizaciju, kao i u linearnom
slu¢aju, Arbitrary Lagrangian-Eulerian preslikavanje kojim "fiksiramo” pomi¢nu granicu,
te netrivijalne rezultate kompaktnosti koji nam omogucuju prelazak na limes u slaboj
formulaciji.

Motivacija za oba problema dolazi iz primjena u hemodinamici, odnosno iz proucavanja
toka krvi kroz koronarne arterije tretirane sa stentovima. Stent je mala, metalna, mrezasta
cjevcica koja se postavlja u suzeni ili zatvoreni dio koronarne arterije s ciljem otvaranja i

uspostavljanja normalnog protoka krvi.

Kljuéne rijeci: interakcija fluida i strukture; problem pomi¢ne granice; inkompresi-
bilne Navier-Stokesove jednadzbe; linearna elasticna Koiterova ljuska; jednodimenzionalna

elasticna mreza; kinematicki uvjeti spajanja; dinamicki uvjeti spajanja; operator splitting
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metoda; Arbitrary Lagrangian-FEulerian preslikavanje; semi-diskretizacija; slaba rjesenja;

kompaktnost
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Chapter 1

Introduction

1.1 Problem description

We study a fluid-structure interaction (FSI) problem between the flow of a viscous,
incompressible, Newtonian fluid in a 3d cylindrical domain, and an elastic, composite

structure, consisting of a cylindrical shell supported by a mesh-like elastic structure.

The linear Koiter shell equations allowing displacement in all three spatial directions
are used to model the elastodynamics of the lateral wall of the fluid domain, and a 1d
hyperbolic net model consisting of a collection of linearly elastic curved rods is used to
model the elastodynamics of the mesh-like structure. The mesh and the shell are coupled
via the no-slip condition and via the balance of contact forces and moments. The resulting
composite structure is then coupled to the fluid equations through the kinematic and
dynamic coupling conditions, describing continuity of velocity and balance of forces which
are evaluated along the fluid-structure interface.

Considering the fluid flow, two cases are considered. In the first case, the fluid flow is
assumed to be laminar, modeled by the time-dependent Stokes equations, and the shell
displacement is assumed to be small giving rise to a fixed fluid-structure interface, and
consequently to a linear fluid-structure interaction problem.

In the second case, the fluid flow, which is driven by the time-dependent dynamic
pressure data, is modeled by the Navier-Stokes equations. The lateral fluid domain boun-
dary, whose elastic properties are described by the above mentioned composite structure,
depends on the motion of the fluid occupying the domain and is one of the unknowns of
the problem. The moving-boundary, together with the nonlinear coupling of the fluid and
the composite structure along the fluid-structure interface, leads to a highly nontrivial
fluid-structure interaction problem.

Problems of this type arise in many applications. In particular, the problems studied
here were motivated by a study of blood flow through coronary arteries treated with

vascular stents. A stent is a metallic mesh-like device, which is inserted into a clogged
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artery in order to keep the passageway open. A better understanding of the complex

interaction between blood flow, artery and stent can lead to improved stent design (see
e.g. [16]).

1.2 Literature overview

The development of existence theory for moving-boundary, fluid-structure interaction
problems, has become particularly active since the late 1990’s. The first existence results
were obtained for the cases in which the structure is completely immersed in the fluid, and
the structure was considered to be either a rigid body, or described by a finite number of
modal functions, see for example [10, 34, 37, 38, 40, 41, 42].

More recently, the coupling between the two-dimensional or three-dimensional Navier-
Stokes equations an two-dimensional or three-dimensional linear elasticity on fixed domains,
was considered for linear models in [3, 4, 39], and for nonlinear models in [6, 7, 26, 27, 28,
54].

Concerning compliant (elastic or viscoelastic) structures, the first FSI existence result,
locally in time was obtained in [8], where a strong solution for an interaction between an
incompressible, viscous two-dimensional fluid and a one dimensional viscoelastic string was
obtained assuming periodic boundary conditions. This result was extended in [56], where
the existence of a unique, local in time, strong solution for any data, and the existence
of a global strong solution for small data, were proved in the case when the structure
was modeled as a clamped viscoelastic beam. Coutand and Shkoller proved the existence,
locally in time, of a unique regular solution between a three-dimensional incompressible,
viscous fluid, and a three-dimensional structure, immersed in fluid, where the structure
was modeled by the equations of linear [35], or quasi-linear [36] elasticity. In the case when
the structure is modeled by a linear wave equation, Kukavica and Tufahha proved the
existence, locally in time, of a strong solution, assuming lower regularity for the initial data
[53]. A fluid-structure interaction between a three-dimensional viscous, incompressible
fluid and two-dimensional elastic shells was considered in [24, 25], where local-in-time
existence of the unique regular solution was proved.

In the context of weak solutions, the following results have been obtained. In [23],
existence of weak solutions for the unsteady interaction of a three-dimensional incompres-
sible, viscous fluid, and a two-dimensional viscoelastic plate was considered. Grandmont
improved this result to hold for a two-dimensional elastic plate in [45]. The aforementio-
ned author, together with Hillariet, proved the existence of global strong solutions to a
beam-fluid interaction system in [46].

In [57], the authors proved existence of weak solutions to a class of FSI problems
modeling the flow of an incompressible, viscous, Newtonian fluid flowing through a cylinder

whose lateral wall was modeled by either the linearly viscoelastic, or by the linearly
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elastic Koiter shell equations, assuming nonlinear coupling at the deformed fluid-structure
interface. Similar problem was considered in [55]. In [61], the authors considered the
fluid-structure interaction with Navier slip boundary condition at the interface, and in
contrast with other papers, they considered structure that has both radial and tangential
displacements non-negligible. The three-dimensional geometry was first considered in
[58], but only with the radial displacement of the structure. A weak solution to the FSI
problem where structure is modeled as an elastic shell with nonlinear membrane energy
containing an additional regularizing term was constructed in [60]. For the completeness
of this literature overview, we also enlist some papers that include numerical simulations
[5, 9, 13, 49].

None of the works mentioned above, however, considered a composite structure. The
only works in which analysis of an FSI problem including an approximation of a stent-
supported vessel were considered are [12], [22] and [59]. In [22] a different, simplified,
reduced coupled problems was studied, and in both papers the presence of a stent was
modeled by the jump in the elasticity coefficients of a shell. In [12] a Koiter shell allowing
only radial displacement was considered. This is significantly different from the present
work where a stent is modeled as a separate mesh-like structure, and displacement in all

three spatial directions is taken into account.

Until recently, mathematical modeling of stents has been based almost exclusively on
3D approaches where a stent is assumed to be a single, 3D elastic body, approximated
using 3D-based finite elements. Such approaches are associated with large computer
memory requirements and significant computing time due to the slender nature of the local
stent components, known as stent struts. To reduce computational costs, an alternative
approach was suggested in [64], where a stent was modeled as a network of 1D curved rods,
allowing the use of 1D finite elements for their numerical simulation. Although the model
is one-dimensional, it provides 3D information about the deformation of stent struts in
all three spatial directions. The resulting model has been justified both computationally
[19] and mathematically [47, 50, 51].

In a recent work [18], this 1D stent net problem was coupled to an elastic shell of
Naghdi type, and the corresponding static problem was analyzed. No fluid was considered.
This contrasts the present work where dynamic models for both the stent and shell are
considered, the shell is modeled using the cylindrical Koiter shell equations, and the
resulting composite structure is coupled to the motion of an incompressible, viscous fluid.

In this thesis we prove the existence of weak solutions to two FSI problems modeling
the flow of an incompressible, viscous, Newtonian fluid flowing through a cylinder whose
lateral wall is described by the linearly elastic Koiter shell equations coupled with the
linearly elastic 1D curved rod equations. In both cases, i.e. linear and nonlinear, the
methodology of the proof is based on the same approach. We use the time-discretiation

via Lie operator splitting to divide our problems into two subproblems with different
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physical properties. This method was used in [48] for a design of a stable, loosely coupled
numerical scheme, called the kinematically coupled scheme (see also [15]). Crucial for a
design of a stable scheme (stability was proved in [20]) is the inclusion of structure inertia
into the fluid subproblem, which guarantees energy balance at the time discrete level,
thereby avoiding stability problems due to the so called added mass effect [21]. Added
mass effect is used to describe the elastodynamics of structures interacting with fluids with
comparable densities, for which there is a significant exchange of energy between the fluid
and structure motion, potentially causing instabilities is schemes that do not approximate
well the energy exchange that occurs at the continuous level. These problems were also
addressed in [14] and [59]. The Lie operator splitting scheme has been widely used in
numerical computations, see [44] and references therein.

In the nonlinear, moving boundary problem, we had to employ Arbitrary Lagrangian-
Eulerian mapping in order to overcome the difficulties that arise due to the motion of the
fluid domain boundary. Furthermore, we had to employ a version of Aubin-Lions-Simon

lemma, proven in [62], to be able to pass to the limit.

1.3 Chapter overview

The second chapter titled Linear fluid-mesh-shell interaction problem deals with the
proof of the existence of a weak solution to a linear fluid-structure interaction problem
modeling the flow of an incompressible, viscous three-dimensional fluid, flowing through a
cylinder whose lateral wall is described by the two-dimensional linearly elastic Koiter shell
equations coupled with the one-dimensional elastic mesh equations. The fluid and the
composite structure are fully coupled via the kinematic and dynamic coupling conditions
describing continuity of velocity and balance of contact forces. The methodology of the
proof is based on the semi-discretization approach, in which the full, coupled problem is
discretized in time, and, at the same time, split into a fluid and a composite structure
subproblem using the so-called Lie operator splitting strategy. The results obtained in this
chapter can be found in the article written by the author of this thesis and collaborators
[17], and which is currently under revision.

The third chapter titled Nonlinear, moving boundary fluid-mesh-shell interaction pro-
blem deals with a nonlinear, moving boundary fluid-structure interaction problem between
an incompressible, viscous fluid flow and an elastic structure composed of a cylindrical
shell supported by a mesh-like elastic structure. The first main difference with regards
to the linear case is that the fluid flow, which is driven by the time-dependent dynamic
pressure data, is modeled by the Navier-Stokes equations. Furthermore, we had to employ
the Arbitrary-Lagrangian FEulerian mapping to deal with the motion of the fluid domain,
which introduces an additional nonlinearities in the problem. Finally, we prove the exis-

tence of a weak solution to this nonlinear, moving boundary fluid-structure interaction

4
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problem by using the same strategy as in the linear case together with the non-trivial

compactness results, which enables us to pass to the limit in the weak formulation.
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Chapter 2

Linear fluid-mesh-shell interaction

problem

2.1 Model description

2.1.1 The fluid

We consider the flow of an incompressible, viscous fluid through a cylindrical domain,
denoted by €:

Q:{(Z7$,y) cER3:z ¢ (O’L)7WSR}-

The fluid domain boundary consists of three parts: the lateral boundary I', which is a
cylinder of radius R, the inlet boundary I';,, which is a circular area of radius R located
at z = 0, and the outlet boundary I',,;, which is a circular area of radius R, located at
z=1L.

The time-dependent Stokes equations for an incompressible, viscous fluid are used to
model the flow in Q:

prou = V.o

V-u = 0

inQ, te(0,7), (2.1)

where pr denotes the fluid density, u is the fluid velocity, & = —pI 4+ 2upD(u) is the
fluid Cauchy stress tensor, p is the fluid pressure, pp is the dynamic viscosity coefficient,
and D(u) = 1(Vu + V”u) is the symmetrized gradient of u. At the inlet and outlet we

prescribe the pressure, with the tangential fluid velocity equal to zero (see [33]):

b= -Pin/out (t)

uxe,=0

on 1—‘in/out )

where P, /oy are given. Therefore, the fluid flow is driven by the pressure drop, and the

7



Chapter 2. Linear fluid-mesh-shell interaction problem

fluid flow is orthogonal to the inlet and outlet boundary.

The fluid velocity will be assumed to belong to the following classical function space

Vi={ue H(QR*):V-u=0,uxe, =0on Ly} (2.2)

2.1.2 The shell

The lateral boundary of the fluid domain will be assumed elastic, and modeled by
the cylindrical Koiter shell equations. The shell thickness will be denoted by h > 0, the
length by L, and its reference radius of the middle surface by R. We consider a clamped
cylindrical shell. This reference configuration, which we denote by I', can be parameterized
by

p:w—R  (z,0) = (Rcosf, Rsind, z),

where w = (0, L) x (0,27), and R > 0, thus:
I'={(Rcosf,Rsinb,z):z€ (0,L),0 € (0,2m)}.

The first fundamental form of the cylinder I', also known as the metric tensor, will be

denoted by A. in covariant components, and by A. in contravariant components:

1 0 1 0
AC: N AC:
0 R 0 4

and the area element is dS = v/det A, dzdf = R dzdf. The second fundamental form of

the cylinder I', or the curvature tensor in covariant components is given by

0 0
B, =
0 R

Under loading, the Koiter shell is displaced from its reference configuration I' by a displa-
cement 1 = n(t, z,0) = (n.,m:,n9), where n,,n,, and 7y denote the tangential, radial and
azimuthal components of displacement. The end points of the shell will be assumed to be

clamped, giving rise to the following boundary conditions:

n(t,0,0) =n(t,L,0) =0,6 € (0,2n),
9., (¢,0,0) = 0,n,(t,L,0) = 0,0 € (0,27),

whereas the boundary conditions at 8 = 0, 2x, will be periodic:

n(t,z,0) =n(t, z27),2 € (0, L),
Oy (t,2,0) = Ogn,(t, 2,27), 2 € (0, L).



2.1. Model description

The elastic properties of the shell are defined by the following elasticity tensor A:

2\
A+ 2p

AE = (A°- E)A® 4+ 2uA°EA°, E € Sym(R?),

where \ and p are Lamé constants. Tensor A defines the following elastic energy of the
deformed Koiter shell:

E(n) =

o s

[ Axm)vR+ 1 [ Aot - olm) 23)

where v denotes the linearized change of metric tensor, measuring the stretch of the
middle surface (membrane effects), and @ denotes the linearized change of curvature

tensor, measuring flexure (bending, shell effects). They are given by:

Y =1, :
5(89772 + Razﬁe) ROyme + R,
_azznr —O0z07)r + 82770
o(n) =

_azenr + az”@ —(990% + Qaene + Ny

Let Vi denote the following function space:

Vi ={n=(n.,n,1m0) € Hl(w) X H2(w) X Hl(w) :
n(t,z,0) = 0.n.(t,z,0) =0,z € {0,L},0 € (0,2n), (2.4)
n(tv 270) = n(taz727r)a0977r(tv 270) = 86777“(15’2727?)72 € (0>L)}7

equipped with the corresponding norm:

Il = el En oy + el ) + ImollZ )

We are interested in weak solutions n = (1,,7n,,m9) € Vi satisfying the following elasto-
dynamics problem for a cylindrical Koiter shell (see [31],[52]): find n = (7., 1, m9) € Vi
such that

pich [ Ofm-pR+ (Ln.y) = [ £-pR vy e Vi, (2.5)

where pg is the shell density, f is the outside loading, and L is the linear operator associated

with the Koiter elastic energy (2.3):

() = h [ Ayln) @)+ [ Aom):

We emphasize that from Theorem 2.6-4 in [30], we get the coercivity of the operator
L,ie. (Ln,n) > cln||?, Yn € Vik. The differential form of the cylindrical Koiter shell

9
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elastodynamics problem on (0,7") X w is then given by:
phO?’nR + Ln = R, (2.6)

where f is outside force density, and £ corresponds to the elastic force associated with the

elastic energy (2.3).

2.1.3 The elastic mesh

An elastic mesh is a three-dimensional elastic body defined as a union of three-
dimensional slender components called struts [64, 19]. Since struts are slender or "thin”,
meaning that the ratio between the thickness of each strut versus its length is small, 1D
(reduced) models can be used to approximate their elastodynamic properties. In particular,
keeping the stent application in mind, we will be using a 1D curved rod model to ap-
proximate the elastodynamic properties of slender mesh struts. The one space dimension
corresponds to the parameterization of the middle line of curved rod. For the i-th curved

rod, the middle line is parameterized via
PZ[O,ZZ]—)(P(E), 1=1,...,ng,

where ng denotes the number of curved rods in a mesh. By using s € (0,/;) to denote the
location along the middle line, and d;(t, s) to denote the displacement of the middle line
from its reference configuration, w;(t, s) the infinitesimal rotation of cross-sections, q;(t, s)
the contact moment, and p;(¢, s) the contact force, the following system of equations will

be used to model the elastodynamics of 1D curved rods:

psAidid; = O.pi+ £,
psMO}w; = 0.q; +t; X P,
0 = Ow; —Q:H; 'QTq;,
0 = 0.d; +t; x w;.

Here, pg is the strut’s material density, A; is the cross-sectional area of the i—th rod, M;
is the matrix related to the moments of inertia of the cross-sections, f; is the line force
density acting on the i—th rod, and t; is the unit tangent on the middle line of the :—th
rod. Matrix H; is a positive definite matrix which describes the elastic properties and
the geometry of the cross section, while matrix Q); € SO(3) represents the local basis at
each point of the middle line of the i—th rod (see [2] for more details). The first two
equations describe the linear impulse-momentum law and the angular impulse-momentum
law, respectively, while the last two equations describe a constitutive relation for a curved,

linearly elastic rod, and the condition of inextensibility and unshearability, respectively.

10



2.1. Model description

System (2.7) is defined on a graph domain, determined by the geometry and topology
of the mesh structure. The graph consists of a set of vertices V (points where the middle
lines meet), and a set of edges £ (pairing of vertices). The ordered pair N' = (V, &) defines
the mesh net topology. At each vertex V € V), the following coupling conditions are

enforced:

» kinematic coupling conditions describing continuity of displacements and infinitesi-

mal rotations,

e dynamic coupling conditions describing the balance of contact forces and contact

moments.

Here we note that even though each individual mesh strut is inextensible, the mesh as
whole can stretch/squeeze because the position of vertices is not fixed.

We are interested in weak solutions to the 1D mesh net problem, i.e., to the problem
consisting of all the functions satisfying the system of linear equations (2.7) on a graph
domain, with the above-mentioned coupling conditions holding at graph’s vertices. To
define the weak solution space, we first introduce a function space consisting of all the
H'-functions (d,w) defined on the entire net N, such that they satisfy the kinematic

coupling conditions at each vertex V €V :

HYN;R®) = {(d,w) = ((d1,w1), ..., (dp,, Wn,)) € ﬁHl(O, l;; R%)

i=1

di(P; (V) = d;(P; (V) wi(P (V) = w;(P;H(V)),

? J J

VVEV,V:eiﬁej, Z,jzl,,nE}

The solution space is defined to contain the conditions of inextensibility and unshearability

as follows:
Vo ={(d,w) € H'(N;R%) : 0,d; +t; x w; =0,i=1,...,ng}. (2.8)

For a function (d, w) € Vg we consider the following norms on H'(N;R3):

ng ng
”d|’12L11(N;R3) = Z HdiH?ﬁ(O,li;Riiﬁ HWH%{l(N;Rif) = Z ”WiH%ﬂ(OJi;Ri‘)v
i=1 i=1

and the following norms on L*(N;R3):

ng nE
HdH2L2(N’;]R3) . Z HdiHQm(o,zi;R:%)a HWH%2(N;R3) = Z HwiH%Q(D,li;Rff)'
i=1 i=1

The weak formulation for a single curved rod is obtained by first multiplying the first

equation in (2.7) by a test function &, the second equation in (2.7) by a test function ¢,

11



Chapter 2. Linear fluid-mesh-shell interaction problem

and integrating over [0,[] (we are dropping the subscript ¢ in this calculation). The two

equations added together give:

pSA/()lafd-&ps/olMafw.c—/olasp.g—/olf-g
—/Olﬁsq-CJr/Olp-(tXC):O-

The terms that involve the partial derivative with respect to s can be rewritten by using

integration by parts:

l l l
pgA/O afd~£+ps/0MﬁfW-CJr/Op'ﬁsﬁ—p(l)'E(l)+p(0)-€(0)

~[ter [a-ac—at ¢ +a0)-¢o)+ [p-Ex¢) =0

Finally, by using the constitutive relation and the condition of inextensibility and unshe-
arability, we obtain the weak formulation for a single rod problem: find (d,w) such
that

! 2 ! 2 ! T
pSA/D atd-5+ps/0 Mc’)tw-(j+/oQHQ Dyw - 0,¢

l (2.9)
_ /0 f£-&+p(l)-€(1) —p(0)-£0) +q(l) - ¢(1) — q(0) - ¢(0),

for all (€,¢) € H'(0,1) x H'(0,1) that satisfy the condition of inextensibility and unshea-
rability.

To get a weak formulation for the mesh net problem, we sum up the weak formulations
for each local mesh component (i.e., curved rod, or strut). At each vertex, the boundary
terms from (2.9) involving p and q will add up to zero due to the dynamic coupling
conditions. The weak formulation for the mesh net problem then reads: find (d,w) € Vs
such that

ng l; ng l;

pSZAi/O 8fdi'€i+PsZ/0 M;0Fw; - ¢+
- Zlei z:lnE L

> | QiHQiowi 0.6 =3 [ 6-€.
i=1"0 i=1"0

for all test functions (§,¢) = ((§1,€1),---» (&5 Cny)) € Vs

(2.10)

2.1.4 Koiter shell and 1D mesh problem coupling

We will be assuming that the elastic mesh is always confined to the shell surface so
that the following holds:

UP.(0.4]) € T = ().

12



2.1. Model description

Since ¢ is injective on w, functions 7r;, denoting the reparameterizations of the stent

struts:

‘71'1‘:90_10]?7;1[0,[1'}—)@, 1=1,...,ng,

are well defined. The reference configuration of the mesh defined on w will be denoted by

AU

—
g e

w

Figure 2.1: Parameterization of the mesh struts

ws = Ui, ([0, 1]), and of the mesh defined on I" will be denoted by I's = U"Z P;([0,;]).
See Fig. 2.1

The elastic mesh and the shell are coupled through the kinematic and dynamic coupling
conditions. The kinematic coupling condition states that the displacement of the shell at
the point (Rcos#, Rsin6, z) € ', which is associated with the point (z,0) € wg via the
mapping ¢, is equal to the displacement of the stent at the point s; = m; '(z,6), that is
associated to the same point (z,0) € wg via the mapping ;. For a point s; € [0, ;] such

that 7;(s;) = (z,6) € wg, the kinematic coupling condition reads:
n(t, mi(s:)) = di(t, :). (2.11)

The dynamic coupling condition describes the balance of forces. The force exerted
by the Koiter shell onto the mesh is balanced by the force exerted by the mesh onto the
Koiter shell. More precisely, let J; = m;([0,;]), and

<5Jz7f>:[]fd717 izl?"'v”’E?
where d~; is the curve element associated with the parameterization ;. The weak formu-

13



Chapter 2. Linear fluid-mesh-shell interaction problem

lation of the shell (2.5) can then be written as:

ng

pich [ O - R+ (L) = 3 (0. F - wR)

i=1

_ Z/ £(2,0) - (2, 0) Rd;
=177
ng I

=3 [ () (i) ()| .

i=1

If we denote by f; the force exerted by the i-th mesh strut onto the shell, by force balance,
the right-hand side has to be equal to — Z/ fi(s) - &,(s)ds. Thus, f(m;(s;))||7i(s:)||R =
i=170

fi(s . .
—fi(s;), i.e. f(m;(s:))R = —H,((S))H, s; € (0,1;). For a point (z,60) = m;(s;) € wg, which
) : . f o 77;1
came from an s; € (0,/;), the dynamic coupling condition reads: fR = —m. For
7)o,
an arbitrary point (z,6) € w, the dynamic coupling condition reads:
ppo 3~ fiom (2.12)
=4 |
Now, the weak formulation for the coupled mesh-shell problem reads:
) ng fz o Tri_l
pich [ G- YR+ (Ln ) = =S (0 1), (2.13)
w i=1 [miom; |

for all test functions ¥ € V. Here f;’s are defined in (2.10), where the test functions &,

are such that 1 o ; = &,. The coupled mesh-shell weak solution space is given by:

ng
VKS = {(777d7w) € VK X VS tnmomw = d on H<O7Zl)}7
i=1
where we denoted nomw = (nomy,...,nom,,).
The dynamic coupled mesh-shell problem presented here is an extension of the coupled

mesh-shell problem first studied in [18] for the static case.

2.1.5 The fluid-composite structure coupling

From now on, by ’structure’ we will refer to the Koiter shell coupled with the 1D elastic
mesh described above. The coupling between the fluid and the structure is defined by two
sets of coupling conditions: the kinematic and dynamic coupling conditions, satisfied at
the fixed, lateral boundary I', giving rise to a linear fluid-structure coupling. The coupling
conditions impose continuity of velocity and balance of contact forces. Let us emphasize

that in our work, the dynamic coupling condition also reflects the presence of a 1D elastic

14



2.1. Model description

mesh at the fluid-structure interface. The coupling conditions read:
o the kinematic condition: 9yn = u|r o ¢ on (0,7) x w,
o the dynamic condition:

ng f 071_—1

prhOimR+Ln+> T _1H (0,7T) X w
i=1

=—J(oop)(noy), on

; O T

where J denotes the Jacobian of the transformation from cylindrical to Cartesian coordi-
nates, and n denotes the outer unit normal on I'. For the linear fluid-structure interaction
problem considered here, the Jacobian J is equal to R.

In summary, we study the following fluid-structure interaction problem: Problem 1.
Find (u,p,n,d, w) such that

du =
pree n (0,7) x Q, (2.14)
V-u = 0
om = uoep
"Efiom n(0,7) xw, (2.15)
pxhafnR+£n+ZH,i)7:r_1H5 —J(oop)(noy)
psAi0id; = O.pi +f;
M;Ofw; = 0.q;+t; X p;
psic 4 P n (0,7) x (0,1,). (2.16)
0 = aswz QZ IQqu
0 = asdz + ti X W;

Problem (2.14)-(2.16) is supplemented with the following set of boundary and the initial

conditions:

p = Pin/out(t)a on (O,T) X Fin/out7
uxe, = 0, on (0,7) x T'in/out,
t,0,0) = t,L,0) =0, 0,7) x (0,2m),
n,0.0) = 0(t,L.0) on (0,7) (0, 2) o1
0.n:(t,0,0) = 9.n.(t,L,0) =0, on (0,7) x (0,2n),
n(t, z,0) = n(t, z,2r), on (0,7) x (0, L),
Ognr(t,2,0) = Ogny-(t, 2, 27), on (0,7) x (0, L),
u(0) =ug, n(0 , O = vy,
( ) 0 77( ) No t"7< ) 0 (2.18)
dl(O) = d()l', 8tdz(0) = kgi, W,(O) = Wy, atWZ(()) = Zg;-
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Chapter 2. Linear fluid-mesh-shell interaction problem

2.2 The energy of the coupled fluid-mesh-shell pro-

blem

We formally prove that problem (2.14)-(2.16) satisfies the following energy inequality:

CZE(t) + D(t) < C(Pun(t), Pout (1)), (2.19)

where E(t) denotes the total energy of the coupled problem (the sum of the kinetic and
elastic energy), D(t) denotes dissipation due to fluid viscosity, and C(P;,(t), Pou(t)) is a
constant which depends only on the L?-norms of the inlet and outlet pressure data. More
precisely, if we denote by ||w/||,, and ||w]|, the following norms associated with the elastic

energy of the elastic mesh:

2 - 2 o [
=1 i=1

5 nge 5 ng li T
Wiz =3 Iwil = 3 [ QuHQ duws - duw,
i=1 i=1

and by ||9||12(rw) the weighted L? norm on w, with the weight R associated with the
geometry of the Koiter shell (Jacobian):

032 = | PR
then the total energy of the coupled FSI problem is defined by

PF prch Ps &
E(t) = 7”11”%2(9) + TIIOmII%z(R;w) + 5 ZAiHatdz‘H%%qzi)
=1
Ps 1
2ol + S iemm) + il

while D(t) is given by
D(t) = 2pp D (u)l[72(0)-

Notice that the norm | - ||, is equivalent to the standard L*(N') norm.

Proposition 2.1 There exists a constant C' > 0 such that

Wiy < Cllwllz -

Proof. Since @); is orthogonal and H; positive definite, for each i = 1, ..., ng, the following

16



2.2. The energy of the coupled fluid-mesh-shell problem

inequality holds:

li li
||Wi||2 = / QiHiQTast’ - Osw; = / HinTasWi : eraswi
< / /\maa: QTa W - QTa W; = Amam( z)||Q?ast|’%2(o7ll)

= Amaz (H)10:Wil| 32001 < Amaa(H:) (10:wil320.) + [1WillF20,0))

< Amaz(Hi)||wi||%{1(0,li)7
where A4, (H;) is the maximum eigenvalue of matrix H;. O

To derive the energy inequality (2.19) we first multiply the first equation in (2.1) by

u and integrate by parts over {2 to obtain:

/ppatu-u—/ V- (=pl +2prD(u)) - u

=200 [~ [ 9 ((pT + D)) + [ (-pT + 2eD(w) - Vu

_ 2dt/| /6 p]+2,uFD()n~u—/QpI:Vu+2,up/QD(u):Vu
_ 2dt/\ S p[—|—2,uFD()n-u—/pv-u+2uF/QD(u)3D(u)
=200 [~ [ (~pf + e D(@)n -t 2 [ D)

where we have used Vu : Vu = tr(VuV7u) = tr(VuVu) = V'u: V7u.
To calculate the boundary integral over 0f2, we first notice that on I';, 0, the boundary
condition u x e, = 0 gives u, = u, = 0. Using divergence-free condition, we also obtain

0.u, = 0. Now, since the normal to I';, o, is equal to n = (F1,0,0), we get:

~ [ (=l +2urD(w)n - u

_/cm.u_/ (—pI + 2urD(u))n - u (2.20)
I F'nUFout

—/Un-u—/ puz+/ PU.
r Fq,n Fout

To calculate the boundary integral over I' we first multiply the Koiter shell equation (2.6)

by 0, and integrate over w:

/ f-omR= pKh/ o - OmR + (Ln, dm)

pKhd/ 1d
=57 ] om- 8mR+2dt<£n n)

PKh d

d
L
N7 n,1M).

1
103 + 531
Next, we want to use (0yd;,Oyw;),7 = 1,...,ng, as test functions in the weak for-
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Chapter 2. Linear fluid-mesh-shell interaction problem

mulation for the mesh problem (2.10). Before doing so, we need to check if these test
functions are admissible, i.e. if they satisfy the condition of inextensibility and unsheara-
bility d,d; +t; x w; = 0,7 = 1,...,ng. We differentiate this condition with respect to ¢
and use the fact that t; do not depend on £, to obtain

8((9t )+t X(@twl) O, izl,...,nE,

which implies that, indeed, (0,d;, dyw;) € Vs, i =1,... ,ng.

By using (0,d, Oyw) = ((9kdy, Orw), ..., (0edy,, OrWy,,)) as a test function in the weak

formulation for the mesh problem, we obtain:

i/oli fi - 0d; = PSinz_E;Ai /Oli d;d; - 0,d; + pSinz_E;/oli M,;0}w; - Oyw;
i
+ 3 [ QuH QIO 0,00
= d %A 19l Z2 0,0, 5 ¢ f 10w
2 dt 2 dt m

d 2
+ g 2wl

By enforcing the kinematic and dynamic boundary conditions on I'; and recalling that the

Jacobian of the transformation between I' and w is J = R, we obtain:

_/o-n u——/

:/fﬁijLZ/Olfiﬁmom:/f-(?mR+Z/Olfi-8tdi.
“ i=1 w i=1

fo7r

(2.21)

By inserting the expressions for f and f; from the shell and mesh problems into (2.21), we
get:

prh d

1d ps d
—/FO'II -a = Tdt||atn||L2 Riw) *d7<£77777> + ?%ZA ||8td ||L2(0l (2 22)

re = 2 2

Finally, by replacing the trace of the normal stress on I in (2.20) by (2.22), one obtains
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2.3. The operator splitting scheme

the following energy equality:

P8 a0 + 2e D) ) + T%H&WH% o
1d ps d
+ 5%@"7 n) + 2 dt ZA 10edil|Z2 0.1, 2 dt - Z 10w [5, (2.23)

d & 9
_'_ % ; ”Wl”r B /FZTL puz B */l:‘out puz

The right-hand side is equal to

Pznt z_/ Pou t
/Fin ( )U/ Fout t( )u

Using the trace theorem, Korn inequality and Cauchy inequality (with €), one can estimate:

S C’Pzn/outHlu”Hl(Q) S C|Pzn/out|”D<u)HL2(Q)

/I‘ Pin/out (t) Uy

in/out

C , Ce 9
< ?6|Bn/out| + 7||D(11)HL2(Q)

We note that, indeed, the fluid velocity u satisfies the conditions for Korn inequality
(Theorem 6.3-4 in [29]). Namely, the boundary condition u x e, = 0 on Iy, /o gives us
uy; = uy = 0 and 0,u, = 0. Using the kinematic coupling condition u, = 01, (on w), we
obtain that u, = 0, so u = 0 on I'y; /0. Finally, by choosing e such that % < up, we get
the energy inequality (2.19).

2.3 The operator splitting scheme

Our goal is to approximate the coupled FSI problem using time-discretization via
operator splitting, and then prove that solutions to the approximate problems converge to

a weak solution of the continuous problem, as the time-discretization step tends to zero.

We use the Lie splitting scheme which can be summarized as follows. Let N € N, At =
T/N and t, = nAt. Consider the following initial-value problem

d¢

dt—i—Agzb—O in (0,7),

$(0) = ¢,

where A is an operator defined on a Hilbert space, and A can be written as A = A; + As.
Set ¢° = ¢pg and for n =0,..., N — 1,4 = 1,2, compute ¢""2 by solving

doi
dt

+ Angz =0 in (tn,tn+1),
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Cbz(tn) =

and then set qb”*% = ¢i(tns1)-

To perform the time-discretization via operator splitting, we need to rewrite our FSI
problem as a first order system in time. This will be done by replacing the second-order
time derivative of n, with the first-order time derivative of the Koiter shell velocity v = 0;n,
by replacing the second-order time derivative of d by the first-order time derivative of the
mesh velocity k = 0,d, and by replacing the second-order time derivative of w by the

first-order time derivative of the rotation velocity z = g,w.

We apply this approach to split Problem 1 into a fluid and a structure subproblem.
There are many different ways to split the coupled problem into a fluid and a structure
subproblem. Only certain splitting strategies would lead to a stable and convergent
scheme. Here, we define a structure and a fluid subproblem for the Lie splitting scheme
that will, indeed, provide a convergent scheme, converging to a weak solution of the

coupled, continuous problem.

2.3.1 The structure subproblem

In this step we solve an elastodynamics problem for the location of the deformable
boundary, which is defined by the dynamic coupling condition involving only the elastic
energy of the structure. The motion of the structure is driven by the initial velocity of the
structure, obtained, using the kinematic coupling condition, from the trace of the fluid
velocity calculated in the previous time step. The fluid velocity u remains unchanged
in this step. The structure subproblem reads: for a given (u™,n", v" d" w" k" z"),

calculated in the previous time step, find (u,n,v,d, w, k,z) such that

3tu = O, in (tn, tn—i—l) X Q

Ok;om; ! 0:2;
pKhﬁth—l—En—i—pSZA tiﬂ-_l(s‘] +psZMLﬂ-_15J
[ErCk oo [7vi o7y ||
7 Oswi oyt .
+ ZQlHQ mé]z = 07 1n (tn;tn—i-l) X w,
nori:di, in (tnathrl) X (O,lz), 9, = 1,...,7’lE,

om=v, in (ty,ty1) X w,
od; =k;, in (tn,thy1) X (0,0;), i=1,...ng,
(9twi = Z;, in (tn,tn+1) X (0, ll), 1= 1, ..., Ng,

8Sd2‘ —+ tl X W,; = 0, n (tnatn+1) X (O,ZZ), 1= 1, ..., Ng,
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with boundary data:

n(t,0,0) =n(t,L,0) = 0.n,.(t,0,0) = O.n.(t,L,0) =0, on (t,,t,r1) X (0,27),
n(t,z,0) =n(t, z,27), Oan(t,z,0) = Ogn,(t,2,27), on (t,,t,1) x (0, L),

and initial data:

{ u(tn) =u", T’(tn) =n", V(tn) =v", d(tn) =d",
w(t,) = w" k(t,) = k", z(t,) = 2".

Then set w2 = u(t,11), " = N(tia), VP2 = v(tyy),d"V2 = d(t, ), w2 =

W(tni1), k12 = k(tni1), z" /2 = Z(tny1)-

2.3.2 The fluid subproblem

In this step we solve the Stokes equations for the fluid, with a Robin-type boundary
condition on I'; which is obtained by using the remaining part of the dynamic coupling
condition, not used in the structure subproblem. Thus, the boundary condition involves
the first-order time derivative term corresponding to the shell inertia, and the trace of
the fluid normal stress on I'. Since the fluid and the elastic mesh "feel” each other only
through the motion of the shell, meaning that the fluid motion affects the shell motion,
and then the shell motion affects the mesh motion whose elastodynamics is influenced
by the presence of the mesh, we ezxclude the mesh from the fluid subproblem. Namely,
since we are working with weak solutions of Leray type, the fluid velocity has no trace
on the mesh domain since it is a one-dimensional set. Thus, in this step, the structure
displacement, the velocity of the mesh displacement, and the velocity of infinitesimal
rotation of cross sections remain unchanged. The fluid subproblem reads: for a given

1 1 1 1 1 1 1
(u"tz pta vtz d"te wte k"3 z"t3)) find (u,n,v,d,w,k,z) such that:

ppﬁtu =V o, in (tn, tn+1) X Q,
V-u= O, in (tTZ)tn—‘rl) X Q7

{ pKhatVR = _J(J o QP)(H © 90)7 in (tna tn-i-l) X W,

urop=v, in (ty,ty1) X w,

{p = Pin/out(t>7 on (tnu thrl) X Fin/oum

uxe,= 0, on (tn, tn—l—l) X Fin/outu
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om=0, in (tp,th11) X w,

0d; =0, in (ty,the1) X (0,4;), i=1,...,ng,

Ow; =0, in (t,,the1) X (0,0), i=1,...,ng,

ok, =0, in  (tn,tne1) x(0,5;), i=1,...,ng,
{&zi =0, in (ty,tns1) X (0,0;), i=1,...,ng,

with initial data:

ll(tn) = un+1/2, U(tn) = nn+1/2a V(tn) = Vn+1/2, d(tn) = dn+1/2>
W(tn) = Wn+1/27 k(tn) - kn+1/27 Z(tn> = Zn+1/2.

Then set u"™ = u(t,1),n"™ = n(t,1), vV = v(t,er), d"™ = d(t,.q),
W' = w(t, 1), k" = k(t,y1), 2" = z(thy).

Crucial for a design of a stable scheme is the inclusion of structure inertia into the
fluid subproblem, which guarantees energy balance at the time-discrete level, thereby
avoiding stability problems due to the so called added mass effect. Added mass effect is
used to describe the elastodynamics of structures interacting with fluids with comparable
densities, for which there is a significant exchange of energy between the fluid and structure
motion, potentially causing instabilities is schemes that do not approximate well the energy

exchange that occurs at the continuous level.

2.4 Existence of weak solutions

2.4.1 Function spaces

Motivated by the energy inequality (2.19), we define the following evolution spaces
associated with the fluid problem, the Koiter shell problem, the mesh problem and the

coupled mesh-shell problem:
o Vp(0,T)=L>(0,T;L*()) N L*(0,T; V),
where Vi is defined by (2.2),

o Vg(0,7)=Wh>(0,T; L*(R;w)) N L>(0,T; Vk),
where Vi is defined by (2.4),

o V5(0,T)=WhHe(0,T; L>(N)) N L>(0,T; V),
where Vs is defined by (2.8),

e Vks(0,T)={(n,d,w) € Vk(0,T) x V5(0,7) : mom =d on [[;5(0,;)}.
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The solution space for the coupled fluid-mesh-shell interaction problem involves the kine-

matic coupling condition, which is, thus, enforced in a strong way:
V(0,T)={(u,n,d,w) € Vp(0,T) X Vks(0,T) : uop = dmn on w}.
The associated test space is given by:

Q(0,T) = {(v,9,£,¢) € Co([0,T); Vr x Vis) 1 v o =1 on w}.

2.4.2 Definition of a weak solution

We are now in a position to state a definition of weak solutions of our fluid-mesh-shell

interaction problem, with the fluid flow in €.

Definition 2.2 We say that (u,n,d,w) € V(0,7 is a weak solution of Problem 1 if for
all test functions (v, 4, &,¢) € Q(0,T) the following equality holds:

—pF/OT/Qu-(‘?tv—i—Q,uF/OT/QD(U):D(’U)—pKh/OT/wam-ﬁt'dJR
+/OTGK(7L1/)) —Psinzj;Ai/oT/oliatdi‘atﬁi —PS;ZE;/OT/OQ M;Oyw; - 0,C;
T T
+ [Casw.0) = [F0. )+ or [ 00-0(0)+ pich [ vo-p(0)R
+ PSHZEAZ‘ /Oli koi - £;(0) + Psf:/()li M;z; - €;(0),
i=1 =1

where
aK(nv ¢) - <‘CT’> d’)v
ng I
as(w.0) = > [ QuHQIO.w; - 0.,
i=1
and

F(0,0) 1, = Peult) [ 02 = Poualt) [ .

out

2.4.3 Statement of Main Existence Result

Our goal is to prove the existence of such weak solutions. More precisely, we prove the

following main result of this chapter:

Theorem 2.3 Let ug € L*(Q), n, € H'(w), vo € L*(R;w), (do,wo) € Vs, (ko,2) €
L*(NV;R%) be such that

V-uy =0, (wlroe)- e. = (vo)r, up Cin/our X €2 = 0, My o = dy.
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Chapter 2. Linear fluid-mesh-shell interaction problem

Furthermore, let all the physical constants be positive: pg, ps, pr, A, i1, i > 0 and A; >
0,Vi=1,...,ng, and let Py, ou € L? .(0,00). Then for every T' > 0 there exists a weak

loc

solution to Problem 1 in the sense of Definition 2.2.

The rest of this chapter is dedicated to designing a constructive proof of this existence

result.

2.5 Approximate solutions

We construct approximate solutions to Problem 1 by semi-discretizing the subproblems
defined in Sec. 2.3 using the Backward Euler scheme. Let At = T/N be the time-
discretization parameter so that the time interval (0,7) is subdivided into N subintervals
of width At. We define the vector of unknown approximate solutions

n+i/2 n+i/2 n+i/2 _ n+i/2 yn+i/2
Xy =(uy im vy hdy

n+i/2 3 n+i/2 _n+i/2
N wy ' ky zy ")

Y I

n=20,1,...,N —1,i=1,2, where i« = 1, 2 denotes the solution of the structure and the
fluid subproblem, respectively. We semi-discretize the problem so that the discrete version
of the energy inequality (2.19) is preserved at every time step. We define the semi-discrete

versions of the kinetic and elastic energy, and of dissipation, by the following:
E?/H/Q _ pF/ |un—|—i/2|2 +pKh/ |Vn+i/2|2R+aK(,’,’n+i/2’,,,]n+i/2)
Q w

& li n+i E L n—+i
+p52Ai/0 ykﬁ/?yupsz/o M|z 22 (2.24)
=1 =1

+ as(‘wn-‘riﬂ7 Wn+i/2)’

Dy = zAtuF/Q D™, n=0,....N~-1, i=12 (2.25)

2.5.1 The semi-discretized structure subproblem

In this step u does not change, so

n+1/2 _ _.n

u u .

Furthermore, we define (n"1/2 vn+1/2 dn+1/2 wn+1/2 kn+1/2 gzn+1/2) ag the solution of

the following problem, written in weak form:

yiTL/2 oy ng I; kfﬂ‘l/? _ Kk
h/ . n+1/2 Az/ i (A
PK . At ¢R+CLK(T' ,,”b)—i_pS; 0 At 51

n+1/2  n

+Ps Z/O Mi=— G+ as(w'/2¢) =0,  (2.26)
=1
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2.5. Approximate solutions

/ N2 o R :/ w2 R

At
[ d/*—d & - [0
0 i z’ 1
n4+1 2 TL ) 1 ,...,nE,
/ Wi ’ / i : Cz = /OlzzH_l/Q Cl?

for all test functions (v, &, ) € Vikg, where the solution space is defined by:

V&= {(n,v,d,w,k,z) € Vi x L*(R;w) x Vg x L*(N') x L*(N) :

ng (2.27)
nomw=don [](0,0;)}

=1

Proposition 2.4 For each fixed At > 0, the structure subproblem has a unique solution
(77”+1/2, Vn+1/27 dn+1/27 Wn+1/2, kn+1/2, Zn+1/2) c VsAt-

Proof. The proof is a direct consequence of the Lax-Milgram lemma. To show this, we

,rln+1/2 _ ,r’n, k?+1/2

define a bilinear form on the mesh-shell space by replacing v**t/2 by A7

dn+1/2 _ar w2 _
by T and ZnH/2 by — A7 Lt fori =1,...,ng, in the first equation in

(2.26). We obtain

77n+1/2 — ) ng l; dTH‘l/z _d»
h/ . n+1/2 Az/ 7 (I
PK g (At)2 wR‘f‘CLK(”T 7¢)+pSZ:ZI 0 (At)Q Ez

n+1/2 Wn
+ps2/ M G as (W)
h g K > [
= PK /UJN'QPRJFPS; i At'ﬁﬂrpslzl/o ing S

We multiply this equality by (At)? and move all the terms from the n—th step to the
right-hand side to obtain:

ng 1;

prch [ W BR 4+ (A0 () s D A; [T g

w im1 0

ng I
+PSZ/ Miw?+1/2 ¢ (At)Qas(WnJrl/z,C) _ /)Kh/ (nn + Atvn> PR

i=170 w

ng 1 ng l;
Fps A [ (e an) 4 ps > [ M(wr kA,

=1 =1

The left-hand side of the above equation defines the following bilinear form associated

with the structure subproblem:

(.4 w), (.€,Q)) = pich [ m- R+ (MtPaxcn ) + ps DA [ di-g,
v i=1
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Chapter 2. Linear fluid-mesh-shell interaction problem

+ ps fﬁ /Oli Mw; - ¢; + (At)*ag(w, €). (2.28)
=1

In order to apply the Lax-Milgram lemma we need to prove the continuity and coercivity

of the bilinear form (2.28) on Vig. To show that a is coercive, we write

a((n,d,w), (n,d,w))

ng l;
:pKh/ |n!2R+(At)2aK(n,n)+psZAi/0 |d;|?
w i=1
& [l 2 2
+ps Y [ MW + (A1) as(w, w)
=1
> (Il + I + Iy + (W3 + [0,]3 000
> (Il + e, + Il )-
Now we use the condition of inextensibility and unshearability to get a bound on [|9sd |72y
10:l 2y = | = t x Wllz2on) < Clwllzzon-

Notice how the L?-norm of infinitesimal rotation of cross-sections keeps control over the

gradient of displacement of the middle line. This now provides coercivity, i.e.

al(m,d,w), (.4 w)) > (il + 1l + Iwlen, -

The Lax-Milgram lemma implies the existence of a unique solution of problem (2.26). [

Proposition 2.5 For each fixed At > 0, the structure subproblem (2.26) satisfies the

following discrete energy equality:

BN 4 prch|| vt — V32 (ra) + ax (" =t g T — )
+ psllK" 2 — K2 4 ps |z — 2”2, (2.29)

1/2 1/2
+ ag(w" /2 —wh w2 — W) = B

where

ng
k)12 =" Al r2(0,)-

=1

Proof. We take (v*+1/2 kn+1/2 zn+1/2) ag a test function in the first equation in (2.26), and
replace them with the corresponding expressions: (p"+%/2 —n")/At and (w"1/2 —w™") /At

in the bilinear forms ag and ag, respectively, to obtain:

h 1
Pi(t w<vn+1/2 — V) V2R EaK(UnHﬂ’ nn+1/2 —n")
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2.5. Approximate solutions

PS = b ny1)2 n+1/2 | PS = b n+1/2 n+1/2
4 D5 Ai/ K2 gy g2y s /Mizi _ 2.2
> A [ ") PRl )
+ 7@5(W”+1/2,Wn+1/2 . Wn) —0.

We then use the algebraic identity (a —b) - a = 3(|a|* + |a — b|* — |b|?) to deal with the
mixed products. After multiplying the entire equation by 2At, the first equation in (2.26)

can be written as:

pKh(||vn+1/2H2 4 an+1/2 o VnH2> + aK(nn+1/2,77n+1/2)+
a (™ =" " =) (KT K - )+
P2 2|2, 4 22 = g712) + ag(w 2, wH2) 4 ag(wH2 -

w2 =) = pichlV P+ ax (" 0") + psl[I + s, + as(w, W)

Recall that u"*1/2 = u™ in this subproblem, so we can add pp||[u"*/2||2 on the left-hand
side, and pr||u”||* on the right-hand side of the equation, to obtain exactly the energy

equality (2.29). O

2.5.2 The semi-discretized fluid subproblem

In this step the shell displacement 7, the mesh displacement d, and the infinitesimal

rotation w do not change, thus:

nnJrl — nn+1/2’ dn+1 — dn+1/2’ WnJrl — Wn+1/2.

Furthermore, the velocity of the mesh displacement and of the infinitesimal rotation have
to be zero:

kn+1 — kn+1/2 Zn+1 — Zn+1/2
, .

A weak solution of the semi-discretized fluid subproblem is defined to be a function

(u™t v satisfying:

/ u”“ —u” +9 /D( n+1> D( )
e ¥ u : (¥
PF 0 A7 123 0

vl Vn+1/2

h/—. R:P."/ Z—P"/ .
+pK " At ’lp in FMU out FOMIU

for all test functions (v, 1) € Ve x L?(R;w) such that v|r o ¢ = 1) on w, where the weak

(2.30)

solution space is defined by:

VA = {(u,v) € Vp x L*(R;w) :u|p o = v on w}. (2.31)

The pressure terms are given by Py, = A;t ézlmt Prjour(t) dt.
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Chapter 2. Linear fluid-mesh-shell interaction problem

Proposition 2.6 For each fixed At > 0, the fluid subproblem (2.30) has a unique solution

(untt vty € VAL

Proof. The proof is again a consequence of the Lax-Milgram lemma. We rewrite the first

equation in (2.30) as follows:

Pr n+1 / ntly . prh n+1
—_— . 2 D :D —_ YR
Ap J 0o 2r | (u") : D(v) + A VY
PF n ph n+1/2 n/ n/
= Pr v PR R+ P L~ P ..
At Qu v At wv i+ Fy I‘mv out Foutv

This defines the following bilinear form associated with problem (2.30):

a((u,v), (v,)) == pF/Qu v+ QAWF/QD(u) :D(v) + pKh/wv -R. (2.32)

We need to prove that this bilinear form a is coercive and continuous. In order to prove

coercivity, we write:

a((u,v). (V) = pr | [uf?+ At2p | D@ + prch L VIR
> e([|ulZa + D)2 + [VIE2(s)

> c(|[ullFq) + VT2 (rw))-
By applying Hoélder inequality we get the continuity of a:
a((u,v), (v,9)) < C(prlull 2@ vl + Atpelu] g |vllm @
+ PKh||V||L2(R;w)||¢||L2(R;w))-

The Lax-Milgram lemma now implies the existence of a unique weak solution (u™*! v**1)
of the fluid subproblem (2.30). O

Proposition 2.7 For each fixed At > 0, the solution of problem (2.30) satisfies the

following discrete energy inequality:

ER 4 ppllu™t —u|[7aq) + pch| VT = v ey + DR

s (2.33)
< ENTT 4 CA(PL)? + (Poy)?)-

Proof. We begin by replacing the test functions (v, ) by (u"™!, v"*1) in the weak formu-
lation (2.30) to obtain:

pl (un—l-l _ un) . un+1 4 Q,UF/ D<un+1) . D(um—l)
Q

At Jo
pKh n+1 n+1/2 n+1 n / n+1 n / n+1
At w( ) mn T, z out Cout z
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2.5. Approximate solutions

After applying the algebraic identity (a — b) - @ = 3(|a|* + |a — b|* — |b|?) and multiplying
the resulting equation by 2At we obtain:

pr(l™ 2 + [[u™*t = u[?) + 2Atup D (w2
+ pKh(an-HHQ + ||Vn+1 . Vn+1/2||2>

< prlla® |+ prchl[VUTVRP + CAL(PL)? + (P)?).-

Finally, recall that n**t! = n"*t/2 and w"*! = w"*/2 in the fluid subproblem, so we
can add ag (n"™, n") and ag(w™*', w"*1) on the left-hand side, and ax (n"+/2, n"+1/2)
and ag(w"1/2, w"1/2) on the right-hand side. Furthermore, since k"' = k"*1/2 and
7"t = z2"t1/2 we add ||k"*Y|? and ||z"*!||?, on the left-hand side, and ||k"*'/2|? and

|z"1/2||2, on the right-hand side, to obtain exactly the energy inequality (2.33). O

2.5.3 Uniform energy estimates

Our goal is to ultimately show that there exists a subsequence of functions, parameteri-
zed by N (or At), defined by the time-discretization via Lie splitting specified above, which
converges to a weak solution of Problem 1. To obtain this result, we start by showing
that the sequence of approximations defined above, is uniformly bounded (uniformly with

respect to At) in energy norm.

Lemma 2.8 Let At > 0 and N = T//At. Furthermore, let En/? E%! and D% be the
kinetic energy and dissipation given by (2.24) and (2.25), respectively. Then there exists
a constant K > 0, independent of At (or N) such that the following estimates hold:

1. B < KB < K,Wn=0,...,N — 1,
2. Yo DY <K,

n=0

3. ZN—l <pF”un+1 . unHQ —G—pKhHVn"H - Vn+1/2H2 + pKhHVn—s—l/Q . VnH2> S K,
1 ps (I =12 + 2 - 22,) < K
5. X ag(nmtt —nt gttt — ) < K,

27]:7;01 aS(WnJrl _ Wn’ Wn+1 _ Wn) S K.

Proof. We begin by adding the energy estimates (2.29) and (2.33) to obtain:

n+1/2 n n n n o..n n
ER 4 prch|V 2 P s (T g )
+ ps K" = K7 pslz" T — 27,

4 aS(Wn+1/2 _ Wn7wn+1/2 _ Wn) + EZT\L[+1 + pF”un+1 _ unH2

+ pich||v"T = v 4 DL < B+ BTV CAK(PR)? + (PR)?).
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Chapter 2. Linear fluid-mesh-shell interaction problem

We take the sum from n = 0 to n = N — 1 on both sides to obtain:

N-1 N-1
E]]\\ff + Z DR/:FI + Z (pFHunJrl . un||2 +pKhHVn+1 _Vn+1/2H2
n=0 n=0

+ o[V =P ps| KT KD ps]|z Y — 2",

+ aK(,rln-i-l/Q . nn),,,,n—&-l/? . ,rln) + CLS(Wn+1/2 o Wn,WTH_l/Q . Wn))

N-1
< Ey+ CAt S ((PR)* + (Poy)?)
n=0
The term involving the inlet and outlet pressure data can be easily estimated by recalling
that on each subinterval (,,t,.1) the pressure data is approximated by a constant, which
is equal to the average value of the pressure over that time interval. Therefore, after using

Holder inequality, we have:

N-1 o N-1 1 (n+1)At 2 9
MY B =T (5 [y Paldd) <WPlsor 230

We can now bound the right-hand side in the above energy estimate by using the just
calculated pressure estimate, to obtain all the statements in the Lemma, with the constant
K = Bo+ CAt (| Pul320) + 1 Poutl3201)) - O

2.6 Convergence of approximate solutions

The approach described above defines a set of discrete values in time, which can be
used to define approximate functions on (0,7). Indeed, we define approximate solutions

on (0,7) to be the functions, which are piecewise constant on each subinterval ((n —

1)At,nAt], n=1,...,N of (0,7T):
« uy(t,) = uy, ny(t, ) =0k, vVt € ((n— 1)At, nAt],
o vt ) =V, In(t ) = v 2Vt € (n — 1)At, nAt],
o dy(t,:) =d%, wy(t,:) =wh,Vt € (n — 1)At, nAt],

o ky(t,:) =K%, zn(t,:) =2z%,Vt € ((n — 1)At, nAt].

In the second bullet above we used Vy(t,-) = V”N_l/ ? to denote the approximate

shell velocity functions determined by the structure subproblem, and vy (t,-) = vl to
denote the approximate shell velocity functions determined by the fluid subproblem. We
emphasize that these are not necessarily the same. As a consequence, the kinematic
coupling condition, which involves the shell velocity, is asynchronously satisfied by this
scheme at each time step. We will show, however, that the difference between these

approximate sequences for the shell velocity converges to zero in L? as At — 0.
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2.6. Convergence of approximate solutions

2.6.1 Weak and weak™ convergence

Using the energy estimates presented in Lemma 2.8, we will show that the approximate
sequences of functions defined above for all t € (0,7"), are uniformly bounded in the
appropriate solution spaces involving both space and time. This will provide weakly
and weakly* convergent subsequences of approximate functions, for which we will show

convergence to a weak solution of the coupled, continuous problem, as At — 0.

Proposition 2.9 The sequence (uy)yey is uniformly bounded in L>(0,T; L?(2))
N L0, T; H(Q)).

Proof. The uniform boundedness of (uy) in L*°(0, T’; L*(Q2)) follows directly from the first
statement of Lemma 2.8. To show the uniform boundedness of (uy) in L*(0,T; H'(2)),

notice that from the second statement of Lemma 2.8 we have:
N
Z/ ID(ufy)|*At < K, (2.35)
n=1 Q
where D(u}) is the symmetrized gradient. By applying Korn inequality we obtain
[V uR [1720) < ClID (i) 1720

Taking the sum from n =1,..., N, we get the following estimate
N N
n |2 n (|2
E_:l [VuR||72)At < C 2_:1 1D (uiy)72(0)At,

which implies that the sequence (Vuy) is uniformly bounded in L?(0,T; L?(Q2)), and so
the sequence (uy) is uniformly bounded in L*(0,T; H'(Q)). O

Proposition 2.10 The sequence (1) yen is uniformly bounded in L>°(0,T’; Vi), and the
sequence (Wy ) ey is uniformly bounded in L>(0,T; H'(N)).

Proof. From Lemma 2.8 we have that £y < K, Vn =0,..., N — 1, which implies

Inn @i < ax(ny(t),ny(t) < K, vte[0,T].

Therefore,

752 0.75v) < K.

The boundedness of the sequence (Wy)yen also follows from the first statement of

Lemma 2.8. Namely, we have

W Oz < Wa @)l < K,
10swn ()72 < as(wn(t), wa(t)) < K,
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Chapter 2. Linear fluid-mesh-shell interaction problem

which concludes the proof. n

The following uniform bounds for the shell and mesh approximate velocities are a direct

consequence of Lemma 2.8.

Proposition 2.11 The following uniform bounds for the shell and mesh approximate

velocities hold:

(i) (vn)nen is uniformly bounded in L>(0,T; L*(R;w)),
(V) ven is uniformly bounded in L*°(0,T; L?(R;w)),

(i) (ky)nen is uniformly bounded in L>(0,T; L*(N)),
(zx)new is uniformly bounded in L>(0,T; L*(N)).

To pass to the limit in the weak formulation of approximate solutions, we need
additional regularity in time of the sequences (my)nen, (dy)nven and (Wy)yen. For
this purpose, we introduce a slightly different set of approximate functions. Namely,
for each fixed At, define 1y, dy and Wy to be continuous, linear on each subinterval
[(n —1)At,nAt], n=1,..., N, and such that

uy(nAt, ) = uy(nAt, ),
ﬁN(nAta ) = nN(nAta )7 {,N(nAt7 ) = VN(ﬂAt, '>7 (2 36)
aN<nAt7 ) = dN(nAt7 ')7 v~VN(nAtu ) = WN(nAta ')7 .
lN{N<nAt7 ) = kN(nAt7 '>7 ZN<nAt7 ) = ZN(nAta )
We now observe:
n+1 n n+1/2 n
- _ NN — 7NNy _ NN — NN _ _nt1/2
Omn(t) = A7 = A =vy 7, te (nAt, (n+ 1)At].
Since Vv is a piecewise constant function, as defined before via Vy(t,:) = V?VH/ 2 for
t € (nAt, (n + 1)At], we see that
Omy =V a.e. on (0,7). (2.37)

From (2.37), and from the uniform boundedness of E]T\L,H/ ? provided by Lemma 2.8, we

obtain the uniform boundedness of (7)) yey in WH(0,T; L*(R;w)). Now, since sequences
(My)nen and (My)ven have the same limit (distributional limit is unique), we get that
the weak* limit of ny is, in fact, in WH(0,T; L*(R;w)).

Using analogous arguments, one also obtains that the weak™ limits of (dy)yen and
(Wx)nen are in WHo°(0,T; L2(N)). This is because the corresponding velocity approx-
imations are uniformly bounded in the corresponding norms, as stated in part 4. of

Lemma 2.8.
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2.6. Convergence of approximate solutions

Notice that we do not get any bounds on the sequence (dy)yen from the uniform
energy estimates. Nevertheless, using the condition of inextensibility and unshearability,
together with the regularity of wy, one can easily prove the H'-regularity in space of dy.

More precisely, the following result holds true:
Corollary 2.12 The sequence (dy)yey is uniformly bounded in L>(0,T; H'(N)).

From the uniform boundedness of approximate sequences we can now conclude the

following weak and weak* convergence results:

Lemma 2.13 There exist subsequences (ux)nen, (My)nen, (VN)Nen, (V) Nven,

(dn)Nen, (Wx)nvens (Kn)nvens (Zy ) ven, and the functions u € L°°(0,T; L*(2))NL*(0,T; H(Q)),n €
L>(0,T; Vi) NW1he(0,T; L*(R; w)),d, w € L0, T; H'(N))NWh>(0,T; L*(N)),v,v €
L>(0,T; L*(R;w)), and k,z € L>(0,T; L*(N)), such that

uy — u weakly* in L>=(0,7T; L*(Q)),

uy — u weakly in L*(0,T; H*(Q2)),

ny — n weakly® in L>°(0,T; Vi),

Ny — 1 weakly™ in WH>°(0, T; L*(R;w)),
dy — d weakly* in L>(0,T; H*(N)),

dy — d weakly* in Wh>(0,T; L*(N)),
wy — w weakly* in L>(0,T; H'(N)),
wy — w weakly® in W (0, T; L*(N)),
vy — v weakly* in L°(0,T; L*(R;
Uy — v weakly* in L°(0,T; L*(R;
ky — k weakly* in L>°(0,T; L*(N),
zy — z weakly® in L>(0,T; L*(N)).

~— —

w)),
w))

)

Furthermore,

vV = V.

Proof. We only need to show that v = ¥. To show this, we use the definition of approximate

sequences as step functions in t, i.e.

T
IV = ¥n 20702 (R = /0 v = ¥l dt
N—-1 tnt1
+1/2
= 3 IV =
n=0 ’tn

N-1
= Y IV = VR gy A < KAL
n=0
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The last inequality follows from the third statement of Lemma 2.8. By letting At — 0,
we get that v =v. O

2.6.2 Passing to the limit and proof of main result

We start by first writing the weak formulation of the coupled, semi-discretized problem.
For this purpose take ((t),&(t),{(t)) as the test functions in the first equation in (2.26),
and integrate with respect to ¢ from nAt to (n+ 1)At. Then, take (v(t), (1)) as the test
functions in the first equation in (2.30), and again integrate over the same time interval.

Add the two equations together to obtain

pp/n /QiAt cv A+ 2up/n /QD(u”“) : D(v)

At At
h/ / ¥R n+1
* PK nAt w AN 1# + nAt CLK(T’ ¢)
(n+1)At ME L kntl _ kn (n+1)At nE gntl _ gn
+ / A; / - g+ / / |/ ——— Zi Zi
ps | ., ; ; A7 €+ ps Ci

(n+1)At (n+1)At (n+1)At
[ st = [ R [ e [T, / =
nAt nAt T nAt Tout

wm

By using the definition of approximate solutions as functions of ¢, and by taking the sum

fromn =0,...,N — 1 to get the time integrals over (0,7), we get:

PF/OT/QatﬁN"U‘i‘QMF/OT/QD(uN)3D(’U)

vorh [ [ aw R+ [ axiny, )
+Ps/TnE /OatkN) §+PS/THE/ M;0(z

-|-/0 as(wn, Q) :/0 / UZ_/ OUt/Fout

Here, Gy, Vv, ky and zy are the piecewise linear functions defined in (2.36), while uy, ny

and wy are piecewise constant functions. Integration by parts with respect to time gives:

—pF/OT/QﬁN-athuF/T/D(uN>:D(v)—pKh/OTLvN-at¢R
T TTLE
+/O ag(My, P PS/ / N)i - O,
_pS/TnE/ i(zn)i - 0, +/ as(wy, ¢ ):/OTBJX/FMUZ (2.38)
—/ P [ vetor [ uo-v(0) + pich [ vo ()R
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2.6. Convergence of approximate solutions

ng l; nE l;
+P52Ai/0 ko¢'§¢(0)+032/0 Mz - €;(0),
i=1 i=1
where we recall that
V-uy =0, uN’FOSD:VN, T]Noﬂ':dN.

Using the convergence results obtained for the approximate functions in Lemma 2.13, we
can pass to the limit in all the terms. Thus, we have shown that the limiting functions
satisfy the weak form of Problem 1 in the sense of Definition 2.2. This completes the proof

of the main result of this chapter, stated in Theorem 2.3.
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Chapter 3

Nonlinear, moving-boundary

fluid-mesh-shell interaction problem

3.1 Model description

3.1.1 The fluid

We consider the flow of an incompressible, viscous fluid, modeled by the Navier-Stokes
equations, in a three-dimensional time-dependent cylindrical domain of reference length L
and reference radius R. The reference fluid domain will be denoted by (). The boundary
of the cylindrical domain consists of three parts: the lateral boundary, whose location is
not known a priori but depends on the motion of the fluid occupying the domain, the inlet
boundary I';, and the outlet boundary I',,;. The elastodynamics of the lateral boundary
of the fluid domain is modeled by the linearly elastic Koiter shell equations coupled with
a system of linearly elastic one-dimensional curved rod equations describing the motion
of a mesh-like structure. The reference location of the lateral boundary will be denoted
by I'. We will be assuming that the lateral boundary displacement is non-negligible in all

three spatial directions and is given by a function 1 : (0,7) x (0, L) x (0,27) — R? with
n(ta 2y 0) = (T]Z(t7 <, 6)7 nT(tv 2, 0)7 779(t> <, 0))

The time-dependent deformation of the fluid domain determined by the interaction
between fluid flow and the elastic (lateral) part of the domain boundary is defined as an
arbitrary, injective and orientation preserving mapping ¢"(t,-) : Q@ — R3¢t € (0,T), such
that

@"(t)|r = id + n(t, 2, 6).

We denote by Q7(t) = ¢"(t,2) the deformed fluid domain at time ¢ and by I'"(t) = ¢"(¢,T")

the corresponding deformed lateral boundary. Notice that we included superscript 1 in
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Chapter 3. Nonlinear, moving-boundary fluid-mesh-shell interaction problem

the notation in order to emphasize the dependence of the position of the fluid domain, as
well as the lateral boundary, on the displacement n, which is one of the unknowns in the

problem.

()

W

Figure 3.1: The fluid domain

We are interested in studying a pressure-driven flow through 2"(¢) of an incompressible,

viscous, Newtonian fluid modeled by the Navier-Stokes equations

pr(Ou+ (u-V)u) = V-0,
V-u = 0,

in Q(¢),t € (0,T), (3.1)

where pp denotes the fluid density, u is the fluid velocity, & = —pl + 2upD(u) is the
fluid Cauchy stress tensor, p is the fluid pressure, up is the dynamic viscosity coefficient,
and D(u) = 1(Vu + V'u) is the symmetrized gradient of u. At the inlet and outlet

boundaries, we prescribe zero tangential velocity and dynamic pressure ([33]):

PF 2

p+7|11| = ]D@n ou (t)7
2 fout on T fout. (3.2)
uxe, = 0,

where P, /o, are given. Therefore, the fluid flow is driven by a prescribed dynamic pressure
drop, and the flow enters and leaves the fluid domain orthogonally to the inlet and outlet

boundary.

3.1.2 The shell

The elastodynamics of the lateral boundary of the fluid domain will be modeled by the
linearly elastic cylindrical Koiter shell equations ([52]) capturing displacement in all three
spatial directions. The shell thickness will be denoted by h > 0, the length by L and its
reference radius of the middle surface by R. Furthermore, we assume that the cylindrical

shell is clamped at its end points. This reference configuration, which we denote by T,
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3.1. Model description

can be parameterized by
p:w—R (2,0 = (2, Rcosf, Rsinb),
where w = (0, L) x (0,27), and R > 0. Therefore, the reference configuration is given by
I'={(z,Rcosf,Rsinf) : z € (0,L),0 € (0,27)}.

The first fundamental form of the cylinder I', or the metric tensor in covariant A, or

contravariant A° components are respectively given by

1 0 1 0
Ac: ) AC =
0 R? 0 2

and the area element is dS = /det A, dzdf = R dzdf. The second fundamental form of

the cylinder T, or the curvature tensor in covariant components is given by

0 0
0 R

B, =

Under the action of force, the Koiter shell is displaced from its reference configuration I"
by a displacement nn = n(t, z,0) = (9., 1-,1), where 7., 7, and 7y denote the tangential,
radial and azimuthal components of the displacement.

The cylindrical Koiter shell is assumed to be clamped at the end points, giving rise to

the following boundary conditions:

n(t,0,60) =n(t,L,0) =0, 6§ € (0,2n),
9.m,(t,0,0) = 0,n,.(t,L,0) =0, 6 € (0,2m),

and at 0 € 0,27, we assume periodic boundary conditions:

n(t7 Z7 0) - n(t7 Z7 2ﬂ-)7 Z E <O7 L)7
Oy (t, 2,0) = Ogn,(t, 2,27), 2z € (0, L).

Deformation of a given Koiter shell depends on its elastic properties. The elastic

properties of our cylindrical Koiter shell are defined by the following elasticity tensor A:

A
A+ 2u

AE (A°- EYA® 4+ 4uA°EA°,  E € Sym(R?),

where p and A are Lamé constants of the elastic material constituting the shell. A Koiter

shell can undergo stretching of the middle surface and flexure. Stretching of the middle
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Chapter 3. Nonlinear, moving-boundary fluid-mesh-shell interaction problem

surface is measured by the change of metric tensor, while flexure is measured by the change
of curvature tensor. The linearized change of metric tensor v and the linearized change

of curvature tensor g are given by the following matrices

aznz %(8977/2 + R(?an)
ym) =, 7
5(0gn. + RO.mg)  ROpmg + Ry
—0z21r —0.9nr + 0210
o(n) =

—0.0mr + 0.m9  —Ogonr + 200m9 + 1y

With the corresponding change of metric and change of curvature tensors, we can write

the elastic energy of the deformed shell:

Bm) =" [ avtm) s ymr+ " [ Aem) < elm

Let Vi denote the space of all H? functions which satisfy prescribed boundary conditions,

i.e.

Vie = {n = (n:,0,,1m0) € H?(w) x H*(w) x H*(w) :
n(t, z,0) = 0.n(t,z,0) =0,z € {0,L},0 € (0,27) (3.3)
n(t, z,0) =n(t, z,27), dn,(t, 2,0) = g, (t, z,27), 2 € (0, L)},

equipped with the corresponding norm

1072y = Il msy = [0 + 10l ) + 6l -

Given a force f, the loaded shell deforms under the applied force, and the displacement

1 is a solution to the following elastodynamics problem, written in weak form: find

n= (N, M) € Vi

pKh/wafn-ibR—l— (L, ) = / f.pR, Vap € Vi. (3.4)

w

Here, pk is the shell density and £ is an operator that describes elastic properties (change
of metric tensor and change of curvature tensor) of the shell and includes the regularization

term (with the regularization parameter e ):

h3
(L, b h/ Ay(n) : v ()R + E/ Ae(n) : o(¥)R
ek / (A AW, + ApAgg)R

By using the same procedure as in the proof of Theorem 2.6-4 in [30] (inequality of

Korn’s type on a general surface), we can easily get the coercivity of the operator L, i.e.
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3.1. Model description

(Ln,m) = clnllFe(.). ¥n € Vk.

Remark We would like to draw the attention of the reader to the fact that the bound
on the H?-norm in the tangential and azimuthal direction was made possible by the

regularization term.

The differential formulation of the shell elastodynamics problem on (0,7") X w is given by:

phd?nR + Ln = fR. (3.5)

Justification of a Koiter shell model can be found in [32].

3.1.3 The elastic mesh

An elastic mesh is a three-dimensional elastic body defined as a union of three-
dimensional slender components called struts. Since each strut is "thin”, meaning that
its height and width are small comparing to its length, one-dimensional curved rod model
can be used to approximate strut’s elastodynamic properties. The i—th curved rod is
parameterized via

P;,:[0,;] = p@), i=1,...,npg

keeping in mind that one spatial dimension corresponds to the parameterization of the
middle line of the curved rod. Here, ng denotes the number of the curved rods in a mesh.
By using s € (0,/;) to denote the location along the middle line, and d;(t,s) to
denote the displacement of the middle line from its reference configuration, w;(¢, s) the
infinitesimal rotation of cross-sections, q;(¢, s) the contact moment, and p;(¢, s) the contact
force, the following system of equations will be used to model the elastodynamics of 1D
curved rods:
psAidid; = Osp; +fi,
psMiOiw; = 0.q; +t; X pi,
0 = dw; — Q:H; 'QFq;,
0 = 0,d; +t; x w;.

(3.6)

Here, pg is the strut’s material density, A; is the cross-sectional area of the i—th rod, M;
is the matrix related to the moments of inertia of the cross-sections, f; is the line force
density acting on the i—th rod, and t; is the unit tangent on the middle line of the :—th
rod. Matrix H; is a positive definite matrix which describes the elastic properties and the
geometry of the cross section, while matrix @; € SO(3) represents the local basis at each
point of the middle line of the i—th rod (see [2] for more details).

The first two equations describe the linear impulse-momentum law and the angular
impulse-momentum law, respectively, while the last two equations describe a constitu-

tive relation for a curved, linearly elastic rod, and the condition of inextensibility and
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Chapter 3. Nonlinear, moving-boundary fluid-mesh-shell interaction problem

unshearability, respectively.

System (3.6) is defined on a graph domain, determined by the geometry and topology
of the mesh structure. Let us denote by V a set of graph vertices (points where the middle
lines meet), and by £ a set of edges (pairing of vertices). The ordered pair N' = (V,€)
defines the mesh net topology. At each vertex V' € V), the following coupling conditions

are enforced:

e kinematic coupling conditions describing continuity of displacements and infinitesi-

mal rotations,

e dynamic coupling conditions describing the balance of contact forces and contact

moments.

We are interested in weak solutions to the 1D mesh net problem, i.e., to the problem
consisting of all the functions satisfying the system of linear equations (3.6) on a graph
domain, with the above-mentioned coupling conditions holding at graph’s vertices. To
define the weak solution space, we first introduce a function space consisting of all the
H'-functions (d,w) defined on the entire net N, such that they satisfy the kinematic

coupling conditions at each vertex V € V:

HYN;R®) = {(d,w) = ((d1,w1),...,(dn,, Wn,)) € ﬁHl(O, l;; R%)

=1

d;(P; (V) = d;(P; (V) wi(P; (V) = w; (P (V)),

i J J

VW eV, V=enNe,ij=1,...,ng}

The solution space is defined to contain the conditions of inextensibility and unshearability

as follows:
VS = {(d,W) € H1<N7R6> : 3Sdl +t;, X w; = O,Z = 1, R ,nE}. (37)
For a function (d,w) € Vs we consider the following norms on H!(AN;R3):
2 - 2 2 < 2
”dHHl(N;RS) = Z HdiHHl(O,li;RS)a ”WHHl(N’;R3) = Z HW%'HHl(O,li;R?’)J
i=1 i=1
and the following norms on L?(A;R3):

ng ng
||d||%2(/\/’;]R3) = Z ||di||%2(0,li;R3)7 HWHQLZ(N;RS) = Z Hwi|’%2(0,li;R3)'
i=1 i=1

We obtain the weak formulation for a single curved rod model in a standard way. More
precisely, by summing up the first equation in (3.6) multiplied by a test function & and

the second equation in (3.6) multiplied by a test function , integrating over [0,!] (we
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3.1. Model description

omit the subscript 7 in the following calculation), using integration by parts and involving
the constitutive relation and the condition of inextensibility and unshearability, we get

the weak formulation for a single curved rod model: find (d, w) such that

! 2 ! 2 ! T
pSA/[)atd-£+p5/O M&tw-C+/OQHQ Dw - D¢

/ (3.8)
- /0 £.&+p(l)-€(01) —p(0) - £(0) +q(1) - ¢(1) — q(0) - ¢(0),

for all (£,¢) € H'(0,1) x H'(0,1) that satisfy the condition of inextensibility and unshea-
rability.

To obtain a weak formulation for the mesh net problem, we sum up the weak formu-
lations for each mesh component (i.e. curved rod). At each vertex, the boundary terms
from (3.8) involving p and q will sum up to zero due to the dynamic coupling conditions.

The weak formulation for the mesh net problem then reads: find (d, w) € Vg such that

ng I nE l;

PSZAi/ 3t2dz"€¢+PsZ/ M;0}w; - ¢;
=1 70 =170

ng li ng li (39)

+3 [N QHQlow 0.6, =3 [ fi-€.
i=1 i=1

for all test functions (€,¢) = ((€1,€1),---, (&0 Cnyp)) € Vs.

3.1.4 Coupling between the shell and the elastic mesh

We will be assuming that the elastic mesh is fixed to the shell surface
UL Pi([0,L]) € T = ().
Since ¢ is injective on w, functions m;
mi=¢ oP;:[0,;] >w, i=1,...,ng,

are well defined. The reference configuration of the mesh on w will be denoted by wg =
UrE ([0, 1;]) and the reference configuration of the mesh on I' by I's = U5 P;([0, 1;]).
The elastic mesh and the shell are coupled through the kinematic and dynamic coupling
conditions. The kinematic coupling condition states that the displacement of the shell
at the point (z, Rcosd, Rsinf) € T', that is associated with the point (z,60) € wg via the
mapping ¢, is equal to the displacement of the mesh at the point s; = ; *(z,6), that is
associated to the same point (z,0) € wg via the mapping ;. For a point s; € [0, ;] such

that 7;(s;) = (z,6) € wg, the kinematic coupling condition reads:

n(t,mi(s;)) = di(t, s;). (3.10)
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Chapter 3. Nonlinear, moving-boundary fluid-mesh-shell interaction problem

The dynamic coupling condition describes the balance of forces. The force exerted
by the Koiter shell onto the mesh is balanced by the force exerted by the mesh onto the
Koiter shell. More precisely, let J; = m;([0,;]), and

<5J17f>:[]fd717 izl?"'v”’E?
where d~; is the curve element associated with the parameterization ;. The weak formu-
lation of the shell (3.4) can then be written as:
ng

pich / 02 - R+ (L, ) = (6, - PR)

- HZEj/J £(2,6) - (=, 0) Rdv,
=3 [ ) -l ) o)

If we denote by f; the force exerted by the i-th mesh strut onto the shell, by force balance,
ng l'L

the right-hand side has to be equal to — Z/ fi(s)-&;(s)ds. Thus, f(m;(s;))||7i(s;)|| R =
i=170

£ (s . .
—f£i(si), i.e. £(mi(s;))R = —”,((S))H, s; € (0,1;). For a point (z,0) = m;(s;) € wg, which
. . . fiom
came from an s; € (0,/;), the dynamic coupling condition reads: fR = —m. For
T o,

an arbitrary point (z,6) € w, the dynamic coupling condition reads:

fR = %E: fiom” (3.11)
= R |
Now, the weak formulation for the coupled mesh-shell problem reads:
) ng fz o 7‘-1‘_1

pKh/atn-¢R+<ﬁn,¢> = _Z<5Jwﬁ"/)>a (3-12)

w i=1 [miom; |

for all test functions @ € V. Here f;’s are defined in (3.9), and the test functions £, are

such that 1 o m; = £,. The coupled mesh-shell weak solution space is given by:

Vis = {(m,d,w) € Vig x Vs :mom =don [](0,5)},

=1

where we denoted nomw = (nomy,...,nom,,).

44



3.1. Model description

3.1.5 Coupling between the composite structure and the fluid

From now on, by 'composite structure’ we denote the Koiter shell coupled with the
elastic mesh. The coupling between the fluid and the structure is defined by two sets of
boundary conditions satisfied at the lateral boundary I'"(¢), giving rise to a nonlinear fluid-
structure coupling. They are the kinematic and dynamic boundary conditions, describing

continuity of velocity and balance of contact forces.

« the kinematic condition: 9;n = (uo @¢")|[r o on (0,7) x w,

-1

1||5Ji = —J((O' © ¢"7)|F ©

ng

o the dynamic condition: pxhd?nR + Ln + Z
@)((n" 0 @")|rop)on (0,T) X w,

where J denotes the Jacobian of the composition of the transformation from Eulerian to

fiom;

< || o,

Lagrangian coordinates and the transformation from Cartesian to cylindrical coordinates,
and n"” denotes the outer unit normal on I'(¢) at point ¢"(t, ¢(z,0)). We emphasize that
the dynamic coupling condition also reflects the presence of a one-dimensional elastic mesh
at the fluid-structure interface.

In summary, we study the following fluid-structure interaction problem:
Problem 1. Find (u,p,n,d, w) such that

r(Ou+(u-V)u) = V.o

in Q"(¢t),t € (0,7T), (3.13)
Vu = 0
om = (wodMlop
& fiom; ! on (0,T)xw
prchfnR + Ln + Z il on, ] 65, = —J((g0o@")|rop)(n0@")|rop)
(3.14)
psAidid; = Ospi+f;
MiaZWi = 85 i + ti X Pi
S 4 P n (0,7) x (0,1:). (3.15)
0 = Osw; —Q;H IQqu
0 = asdi +t; X w;
Problem (3.13)-(3.15) is supplemented with the following set of boundary and initial
conditions:
p+ %‘u|2 = Pin/out(t)a on (OaT) X Fin/outv
uxe, = 0, on (0,7T) X Tip fout
t,0,0) = t,L,0) =0 0, T 0,2

n( ) 9 ) ,r’( b 9 ) ) On( ) ) >< ( b 7T)7 (3‘16)

0.mr(t,0,0) = 0.nr(t,L,0) =0, on (0,7) x (0,2m),

n(t,z,0) = n(t,z2m), on (0,7) x (0,L),

Oonr(t,2,0) = Ogny(t, z,2m), on (0,7) x (0,L),
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Chapter 3. Nonlinear, moving-boundary fluid-mesh-shell interaction problem

u(0) = ug, n(0) =mny, 9n(0) = vo,
d;(0) = do;i, 0:d;(0) = kos, w;i(0) = wo;, Oyw;(0) = 2zg;.

(3.17)

This is a nonlinear, moving-boundary problem in 3D, which captures the full, two way
fluid-structure interaction coupling. The nonlinearity in the problem is represented by the
quadratic term in the fluid equations, the moving boundary, whose position is one of the
unknowns of the problem and by the nonlinear coupling between the fluid and structure

defined at the moving boundary I'(t).

3.2 The energy of the problem

Problem (3.13)-(3.15) satisfies the following energy inequality:

jtﬂ t) + D(t) < C(Pin(t), Pour(t)), (3.18)

where E(t) denotes the total energy of the problem (the sum of the kinetic and elastic
energy), while D(t) denotes dissipation due to fluid viscosity. C(P;,(t), Pou(t)) is a
constant which depends only on the inlet and outlet pressure data, which are both functions
of time. More precisely, if we denote by ||w||,, and ||w]||, the following norms associated

with the elastic energy of the mesh:

E l;
Iwil Z Iwilly = 3 [ Mows e
=1

5 nge 5 ng li T
Wiz =3 Ihwil = 3 [ QuH Q! duws - duw,
i=1 i=1

and by ||9||12(rw) the weighted L? norm on w, with the weight R associated with the
geometry of the Koiter shell (Jacobian):

032 = | PR

then the total energy of the coupled FSI problem is defined by

PF
E(t) = 7||u||%2<m(t)> ||8m||Lz Riw) +2 ZA 10k | 720,10,
Ps
+ 2 law2, + §<£n,n> + [l

while D(t) is given by
D(t) = 2up D) |72 0ny)-

Remark The norm || - ||,, is equivalent to the standard L?*(A) norm.
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3.2. The energy of the problem

We derive formal energy inequality (3.18) in a standard way. First, we multipy first

equation in (3.1) by u and integrate over Q7(¢) to obtain:

omu-u+ u-Vu-u:/ V-o)-u.
Jopy 7 @ wt (- Vuewy = [ (Vo)
Having in mind that the velocity of the lateral boundary is equal to u|rm (), we use Reynold’s

transport theorem to deal with the first term on the left-hand side of the previous equation:

2 d 2 2
[ omea [ a(MEyd e
Qn(t) Qn(t) 2 dt Jom@w) 2 o) 2

1d o~ L

2
= —— u u/“u - n.
2dt Jan(t) [ul

2 Jey

The convective part of the Navier-Stokes equations can be rewritten by using integration

by parts and the divergence-free condition:

1
u-Vju-u= - V- u2u—/ V- u)lul?
S @) 3 Joy V(0P = [ (V- w)fu

1

= - lul*u-n
2 Joqm(t)
1 1 1

= - lul*u-n — —/ |u[2u-ez+f/ lul*u-e..
2 F"(t) 2 Tin 2 Tout

These two terms added together give:

1d 5 1 )
/Qn(t) atu -u+ m(t)(u . V)u U= 5%“11”[/2(9"@)) — § /Fm ‘u‘ Uy
1
2 Tout

(3.19)
+ lu|?u..
Now we use integration by parts to deal with the right-hand side in the Navier-Stokes

equations:

/ (V-o) u= V-(Uu)—/ o:Vu
an ) an(t) an ()

:/ ou-n+ pI:Vu—QuF/ D(u) : Vu
o0 (t) an(t) an(t)

= ou-n-+ V-u—-2 / D(u) : D(u
ont oy HE fon (u) : D(u)

= a‘u-n—2,up/ ID(u)]?.
aQn (t) (L)

To deal with the boundary integral over 9€27(t) we first notice that on Iy, /o, the boundary
condition u x e, = 0 implies u, = u, = 0. Using divergence-free condition, we also obtain

0.u. = 0. These two facts combined together imply that D(u)u-n = 0 on I';, /0. Finally,
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since the normal on Iy, /0, is equal to n = (F1,0,0), we get:

/ ou-n= a’u-n—{—/ (—pI+2prD(u))u-n
8Qn(t) Fn(t) I"i'n/out (3 20)

= o‘u-n—i—/ pU, — pU,.
F"(t) Tin Tout

What is left is to calculate the boundary integral over I'(¢). To do that, we first multiply
the Koiter shell equation (3.5) by d;n and integrate over w :

/ f-omR = pKh/ O'n - OmR + (Ln,0m)

_ prhd Ld
= dt./wam at"?R‘i‘20hf<£77,"7>

pxhd 1d

P 2 _——
9 dtHathLQ(R;w) + 2 dt <£n7n>

Next, we want to use (9, d;, Oyw;),7 = 1,...,ng, as test functions in the weak formulation
for the mesh problem (3.9). Before doing so, we need to check if these test functions
are admissible, i.e. if they satisfy the condition of inextensibility and unshearability
0sd; +t; xw; =0,7=1,...,ng. We differentiate this condition with respect to ¢ and use
the fact that t; do not depend on %, to obtain

85(8td1)+tl X (8th) :O, 1= 1,...,77,E,

which implies that, indeed, (0,d;, dyw;) € Vs, i =1,... ,ng.

By using (0,d, O,w) = ((0ydy, Orwy), ..., (0edy,, OrWy,,)) as a test function in the weak

formulation for the mesh problem, we obtain:

nE l; ng l; ng l;
Z/O f; - 0,d; ZPSZAi/O afdi.atdierSZ/O M;0%w; - Oyw;
i=1 i=1 i=1
ng lL
+3 [ QuHiQI 0w - 0.0,
=1
ps d & ps d =
=5 3 2 Allodill iz + 5 2 D llowilz,
=1

2 dt = 2

+ LS
- Willy-
dt i =
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By enforcing the kinematic and the dynamic boundary conditions on w, we obtain:

- on-u= _/ J((e 0 @")r ow)((noqﬁ”)lr o) ((uod")roep)

In(t)
f oT;

,1|| J at"l
:/f-amR—i—Z/Olfi-ﬁmoﬂ'i
w i=1
ng I
:/f~8t’l7R+Z/O f, - 0d;
w i=1

(3.21)

By inserting the previous calculation for f and f; from the shell and mesh problems into
(3.21), we get:

~ _phd oo Ld
o T T2 ae 19z th(ﬁn )
s d & s d §-
+ ?%ZA |0:d; ||L2 0.0;) 2 dt Z 10w |5, (3.22)

£ LS w2
- Willp-
dt =

Finally, by combining (3.22) with (3.20), and by adding the remaining contributions to
the energy of the FSI problem calculated in equations (3.20) and (3.19), one obtains the
following energy equality:

prh d

PF
5 dt||u||L2(Q’7() +2MF||D(U)||i2 @) T 5 5 dt||8t77||L2 (Rw)
1d ps d ps d ¢
+ iawﬂ n) + 2 dt: ZA 10|20, + 2 dt - Z 10wil[7, (3.23)

a 112 — PE |12 _/ ( PF 2)
+dt;nwzur / (p+2|u|)uz [ (p+ Sl)

wm

What is left is to bound the right-hand side which is equal to

[ Pultyu. = [ Pty
Tin Pout

Using the trace theorem, Korn’s inequality and Cauchy inequality (with €), one can

estimate:

< C|Pjoutl 0] 1)y < ClPrnjout| D (W) || L2(0m 1))

/ Pin/out(t>uz
I,

in/out

C ,  Ce 9
< £|Pin/out’ + THD(U)HLQ(QTI(t))'
We note that the fluid velocity u satisfies the conditions for Korn’s inequality (Theorem 6.3-
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4 in [29]). Namely, the boundary condition u x e, = 0 on Iy, /ou gives us u, = u, = 0
and 0,u, = 0. Using the kinematic coupling condition u, = 9yn, (on w), we obtain that
u, =0, s0o u= 0 on Iy, /0. Finally, by choosing ¢ such that % < up, we get the energy

inequality (3.18).

3.3 Existence of weak solutions

3.3.1 Function spaces

To define a weak solution to Problem 1 we introduce the necessary function spaces.

For the fluid velocity we will need the classical function space:
Ve(t) ={ue H'(Q"(1)): V-u=0,uxe, =0on Ly} (3.24)

Motivated by the energy inequality (3.18), we also define the following evolution spaces
associated with the fluid problem, the Koiter shell problem, the elastic mesh problem, and
the coupled mesh-shell problem:

C Ve(0,T) = L%(0, T L(@7(8))) 0 I2(0, T Vi),
where V() is defined by (3.24),

o« Vi(0,T) = Wh(0,T; L*(R;w)) N L(0,T; Vi),
where Vi is defined by (3.3),

o V5(0,T)=Wre(0,T; L*(N)) N L>(0,T; Vs),
where Vg is defined by (3.7),

e Vis(0,T) = {(n,d,w) € Vg(0,T) x V5(0,T) : pom =d on ﬁ(o,zl-)}.

i=1
The solution space for the coupled fluid-mesh-shell interaction problem must involve the

kinematic coupling condition, which is, thus, enforced in a strong way:
V(0,T) ={(u,n,d,w) € Ve(0,T) x Vgs(0,T) : (wo @")|r o = n on w}.
The corresponding test space will be denoted by:

Q(0,T) = {(v,4,€,¢) € CH[0,T); Ve x Viks) : (v o @d")|row =1 on w}.

3.3.2 Definition of a weak solution

We are now in position to define weak solutions of our moving-boundary, fluid-mesh-

shell interaction problem, defined on the moving domain Q7(¢).
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3.3. Existence of weak solutions

Definition 3.1 We say that (u,n,d,w) € V(0,T) is a weak solution of Problem 1 if for
all test functions (v, 4, &,¢) € Q(0,T) the following equality holds:

PF <—/OT/m(t)u.8tv+/0Tb(t,u,u,v)—;/(]T/Fn(t)(u.v)(u.nn)>

T T T
t2ue [ [ D :Dw)~pih [ [ an-owR+ [ axin.v)
nE T l; nE T l;
_pSgAi /0 /0 8tdi-8t€i—ps; /O /0 M;0yw; - 0,C; (3.25)
T T
+/0 as(w,¢) :/0 <F(t),v>rm/m+pF/Quo~v(0)+pz<h/w@mo"¢(0)3

nE l; nE l;
+m§:&[;@%r§w»+m§jﬁJm@mexm,
i=1 =1

where ) )
b(t,u,u,v) = 3 m(t)(u -Vu-v — 3 /m(t)(u -V)v - u,
GK("% ¢) = <£777 1;0)7
ng I
aS(W7 C) = Z/o Qin‘QiTasWi : asCia
i=1
and

(F (), 0 = Ponlt) [ 0= Poalt) [ .

in Cout

In deriving the weak formulation, we used integration by parts in a classical way. Here

we present the transformation of the inertial and convective term of the fluid part:

ou-v = / o.(u-v) — / 0
pp/m(t) V= DF J(u-v) — pp iy 00

t
d
= op— cv— : .n) — )
P Gt oy 00 =P [ (@) wem) —pp [ w0
= —,opuo-v(O)—pF/ (u-v)(u-n)—pp/ u - oy,
(1) an(t)

2 ' 2 Jang
o - (v
5 am(t)<u v)(u-n) 5 m(t)( u)u - v
PF PF
_pr v —/ v
5 m(t)( Ju-u+ 5 Qn(t)(u Ju-v
PF
= ppb(t,u,u,v) + — u-v)(u-n
pebitun )+ 5 [ (v)(n)
PF
_pr(tau7u7v)+7/ (Ll ’U)(ll Il)
2 Jra@)
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Chapter 3. Nonlinear, moving-boundary fluid-mesh-shell interaction problem

3.4 The fluid domain boundary reparameterization

Due to the fact that the structure/shell is moving in all three spatial direction, i.e. all
three displacements are non-negligible, the fluid domain boundary may degenerate in such
a way that it ceases to be a subgraph of a function. Let us recall that the lateral boundary

of the fluid domain (which coincides with the fluid-structure interface) is given by:
I'"(t) ={(z+n.(t,2,0), R+n.(t, 2,0),0 +n(t,2,0)) : 2 € (0,L),0 € (0,27m) }.

In order to avoid such degeneracy, we introduce an additional assumption that there exists
a time 7' > 0 such that for every ¢t < T, I"(t) remains a subgraph of a function. Under
this assumption, we reparameterize the lateral boundary of the fluid domain in such a way
that the radial displacement becomes the only unknown. More precisely, we introduce

new variables

Z=2z4+n,(t, z0),
i(t, 2,0) = n.(t, 2,0), (3.26)
é =0+ 779(75, 2y 9)7

and define the reparameterized lateral boundary of the fluid domain by
I(t) = {(z, R +1i(t,%,0),0) : € (0,L),0 € (0,27)}. (3.27)
It is easy to check that the displacement 7} satisfies the following:
ii(t,2,0) = 1, 0 (id. + 1z, idg +109) (8, 2,0),

where id, and idy are projections of the identity to the second and third variable.

Now, the shell displacement is given by the function 7 = 7e,, where e, = e,(0) =
(0,cosf,sin @) is the unit vector in the radial direction. We need to check under which
conditions is this reparameterization well-defined. For the simplicity of notation, we leave

out the time variable and define auxiliary function g : w — R2,
g(z,0) = (z+1n.(2,0),0 +n9(z,0)). (3.28)

Our goal is to prove that g is an injective function from w to its image. For now, we leave

this as an assumption which will be justified in further sections.
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3.4. The fluid domain boundary reparameterization

3.4.1 The operator splitting scheme

Our goal is to prove the existence of a weak solution to the coupled FSI problem.
The strategy is the following: we will approximate the coupled FSI problem using time-
discretization via operator splitting, and then prove that solutions to the approximate
problems converge to a weak solution of the continuous problem, as the time-discretization
step tends to zero.

We use the Lie splitting scheme which can be summarized as follows. Let N € N, At =
T/N and t,, = nAt,n =0,..., N — 1 and consider the following initial-value problem:

@+A¢:0 in (0,7),

dt
¢(0) = ¢o,

where A is an operator defined on a Hilbert space, and A can be written as A = A; + A,.
Set ¢ = ¢y and for n =0,1,...,N —1,i = 1,2, compute ¢"2 by solving

de;
dt

+ Angz = O n (tn, tn+1),

i—

Gi(tn) = "7,

and then set ¢ = Gi(tns1).

To perform the time-discretization via operator splitting, we need to rewrite our FSI
problem as a first order system in time. This will be done by replacing the second-order
time derivative of m, with the first-order time derivative of the Koiter shell velocity v = 9;n,
by replacing the second-order time derivative of d by the first-order time derivative of the
mesh velocity k = 9,d, and by replacing the second-order time derivative of w by the
first-order time derivative of the rotation velocity z = g,w.

We apply this approach to split Problem 1 into a fluid and a structure subproblem,
and then

1. solve the structure subproblem on (¢,,t,.1) using for the initial data the solution of

the fluid subproblem from the previous time step, and then

2. solve the fluid subproblem on (¢,,t,,1) using for the initial data the solution of the

just calculated structure subproblem.

In the structure subproblem, we solve an elastodynamics problem for the location of the
deformable boundary by involving only the elastic energy of the structure. The motion of
the structure is driven by the initial velocity obtained from the trace of the fluid velocity
in the previous time step. The fluid velocity u remains unchanged in this step.

In the fluid subproblem, we solve the Navier-Stokes equations with a "Robin-type’

boundary condition on w/I" which involves the shell inertia and the trace of the fluid
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Chapter 3. Nonlinear, moving-boundary fluid-mesh-shell interaction problem

normal stress. Since the fluid and the elastic mesh "feel” each other only through the
motion of the shell, we exclude the mesh from the fluid subproblem. Namely, since we are
working with weak solutions of Leray type, the fluid velocity has no trace on the mesh
domain since it is a one-dimensional set. Thus, in this step, the structure displacement,
the velocity of the mesh displacement and the velocity of infinitesimal rotation of cross

sections remain unchanged.

The inclusion of the shell inertia into the fluid subproblem guarantees energy balance
at the time-discrete level, thereby avoiding stability problems due to the so called added
mass effect. Here we emphasize that there is no added mass effect associated with the
mesh since the fluid velocity does not have the trace defined on the 1D set describing the

mesh, and therefore it is enough to include only the shell inertia into the fluid subproblem.

3.4.2 Arbitrary Lagrangian-Eulerian mapping

Before we apply the Lie splitting method to our fluid-mesh-shell interaction problem,
we need to overcome the difficulties that arise due to the motion of the fluid domain
boundary. More precisely, at each time step t,, = nAt, n =0,..., N — 1, we will have a

different domain
Q" = ¢™(Q) := ¢ (nAL Q) (3.29)

on which we have to solve both the structure and the fluid subproblem. It is convenient
to have a mapping between the physical fluid domain Q7(¢) and the discrete fluid domain
Q"1 We define the corresponding Arbitrary Lagrangian-Eulerian mapping in the following
way:

A7) Q" QU(),  AT(t) = @"(t,-) o p"T() L.

Since we reparameterized the fluid domain boundary, we can construct the ALE mapping

A (t) by the following explicit formula:

Z Z
7] . On+1 i i - 7(t,2,0) ~
A7) QU (1), AT#) |7 | = %r : (3.30)
0 0

where (%, 7,0) denote the cylindrical coordinates in the discrete physical domain Q"+,
Due to the fact that we are working with the Navier-Stokes equations written in Cartesian

coordinates, it is useful to write an explicit form of the ALE mapping A7(t) in the
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3.5. Approximate solutions

Cartesian coordinates as well:

z z
i _ R+7(t,2,0
AT |2 | = | min®

RAij(t,2,6)
y R+7~]"+1(2,§) y

Mapping A7(t) is a bijection, and its Jacobian S7 and the ALE domain velocity s7 are

respectively given by:

§7(1) = | det VAR(1)] = ] R 56)
R4z, 0) (3.31)
Sﬁ — atAﬁ (t) _ atn(ta 2 9) Fe,.

R+, 0)
We define the ALE derivative as a time derivative evaluated on the domain Q7! :
8tu]9n+1 = 8tu + (Sﬁ . V)u

Using the ALE mapping, we can rewrite the Navier-Stokes equations in the ALE formula-
tion as follows:
ou|gnir + (0 —s")-V)u=V-o.

3.5 Approximate solutions

We use the Lie operator splitting scheme and semi-discretization to define a sequence
of approximate solutions to Problem 1. More precisely, we discretize in time each of the
subproblems (defined in the previous section) using Backward Euler scheme. Let At =
T/N be the time-discretization parameter so that the time interval (0,7") is subdivided
into IV subintervals of width At. We define the vector of unknown approximate solutions

X2 = (i R A ),
n=0,1,...,N —1,2=1,2, where ¢« = 1, 2 denotes the solution of the structure and the
fluid subproblem respectively. The semi-discretization of the problem will be performed in
such a way that the discrete version of the energy inequality (3.18) is preserved at every

time step. We define the semi-discrete versions of the kinetic and elastic energy, and of
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Chapter 3. Nonlinear, moving-boundary fluid-mesh-shell interaction problem

dissipation, by the following:
B2 = pe [T pwch [ VPR + a(m i)

nge l; i ng l; i
+PSZAi/ (k7)1 +psZ/0 M| (272, (3.32)
J i=1

+ag(wi 2 witi?), =12,

DI = 2ty /W Dy, n=0,1,...,N—1 (3.33)

Throughout the rest of this section, we fix the time step At, i.e. we keep N € N fixed, and
study the semi-discretized subproblems defined by the Lie splitting. To simplify notation,

we omit the subscript N and write (/2 nti/2 yn+i/2 qrti/2 wnti/2 gn+i/2 gn+1/2)

n+z/27nn+i/2 n+i/2 dn+z/2’ n+i/2 kn+z/2 n+1/2>

instead of (u N Ly

3.5.1 The semi-discretized structure subproblem

We write a semi-discrete version of the composite structure subproblem defined by the

Lie splitting. In this step u does not change, so

un+1/2 —u

Furthermore, we define (ng"+1/2, v /2 dnt1/2 wnt1/2 knt1/2 zn41/2) ¢ Wy as the solution

of the following problem, written in weak form:

Vn+1/2 — . kn""l/2 k™
h/ . n+1/2 A / i (A
pich | xg ¥R ax(n +psZ o At S
n 1/2 n
+ / —Z; n+1/2 _
+pSZ M C+a5( 7C)_07
n+1/2 _
/ L Sy / vt R, (3.34)
w At w
l; dn+1/2 _ d? 5 / kn+1/2
0 n Z’ izl,...,nE,
/ w; +1/2 'lrz Cl _ /iZ:L+1/2 Cl’
0

for all test functions (2, &, ) € Vikg, where the solution space is defined by:

Wy :={(n,v,d,w,k,z) € Vg x H*(w) x Vg x H'(N) x H'(N) :

ne (3.35)
nomw=don H(O,li)}

i=1
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3.5. Approximate solutions

Proposition 3.2 For each fixed At > 0, the structure subproblem has a unique solution
(,r’n+1/2’ Vn—|—1/2’ dn—|-1/27 Wn+1/2’ kn+1/2, Zn+1/2) c WS-

Proof. The proof is a direct consequence of the Lax-Milgram lemma. To show this,

n+1/2 _ n
we rewrite the first equation in (3.34) by replacing v**/2 by %7 k?+1/2 by
4 2 _gr . w2 g
ZTtl and zi+1/2 by thZ, fori=1,...,ng We get

n n n+1/2 - 4 i £
puch [ g R O s SoA TS

nE l; WT.H_1/2 — wh +1/2
M T nt1/2
+PS;/O L ¢ +as(w <)
) v A ng A 1 kzn nE ., \ Zzn
= PK /w&‘ib +Ps; i/o At‘ﬁﬂ‘ﬂs;/o iE'Ci'

We multiply this equality by (At)? and move all the terms from the n—th step to the
right-hand side to obtain:

ng I
pKh/ nn+1/2.¢R+ (At)QaK<nn+1/2’¢) +PSZA¢/ d?ﬂ/z.&
w =1 70
ng l;
5D [ MW ¢ (ADPas(w R 0) = puch [ (74 A7) R
=170 w
ng I; ng
bps oA [ (dr Ak & ps S [ 0w+ Aty ¢,
i=1 i=1

The left-hand side of the above equation defines the following bilinear form associated

with the structure subproblem:

ng I
“ i=1
+ ps ZE /0“ Miw; - ¢; + (At)*as(w, €). (3.36)
=1

In order to apply the Lax-Milgram lemma we need to prove the continuity and coercivity

of the bilinear form (3.36) on Vkg. To show that a is coercive, we write
a((n,d,w), (n,d, w))
ng l;
= oich [ InPR+ (Max(mm) + ps YA [l
“ i=1

ng I
+ps Y [ MWl + (At Pas(w, )

i=1
> ¢ (1712 ) + 032y + IdlZagnr, + IW12200) + 0] 220

57



Chapter 3. Nonlinear, moving-boundary fluid-mesh-shell interaction problem

¢ (Imlew + lalFepn + Wl 30 -
Now we use the condition of inextensibility and unshearability to get a bound on [|9sd |72y
10:dl 22wy = || = t X Wl[L2v) < Cl[W[ L2000,

Notice how the L?-norm of infinitesimal rotation of cross-sections keeps control over the

gradient of displacement of the middle line. This now provides coercivity, i.e.

Continuity follows immediately after employing Holder’s inequality. The Lax-Milgram

lemma implies the existence of a unique solution of problem (3.34). O

Proposition 3.3 For each fixed At > 0, the structure subproblem (3.34) satisfies the

following discrete energy equality:
E?/—"_I/Q + pKhHV”H/Q N Vn”%?(R;w) + aK(nn+1/2 B ,',’n7,’7n+1/2 o nn)
+ ps| KT = K2+ pslzE = 27, (3.37)
+ aS(Wn—l—l/Q . Wn’wn+1/2 o Wn) _ ERU
where

|k||2 : ZA ||k ||L2(01

Proof. We take (v*1/2 k"+1/2 z71/2) a5 a test function in the first equation in (3.34), and
replace them with the corresponding expressions: (9"+'/2 —n")/At and (w"/2 —w") /At

in the bilinear forms ag and ag, respectively, to obtain:

h 1
PK (Vn+1/2 — V") V2R o faK(n"“/Z, nn+1/2 —")

At At

N E%Al /li(k?+l/2 “ k) -k n+l/2 Z/ ' n+1/2 e _Z?+1/2
0

+ A]'ta (Wn+1/2’wn+1/2 . Wn) —0.

We then use the algebraic identity (a — b) - a = 3(|a|* + |a — b|* — |b|?) to deal with the
mixed products. After multiplying the entire equation by 2At, the first equation in (3.34)

can be written as:

pKh(||Vn+1/2H2 + an+1/2 . VnH2> + aK(,’,’n+1/27nn+1/2>+
aK(,’,’n—H/Q _ ,’,’n’ ,’,’n+1/2 _ ,r'n) + pS(Hkn—i—l/QHg + ||kn+1/2 _ anZ)_'_

Pl 212, 4 |22 = 2712) + ag (w2, W) 4 ag (w2 —

bl

W —w) = pich[VP? + ax(n”,0") + sl k"G + psll2t 7, + as(w" w").
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3.5. Approximate solutions

Recall that u"*/2 = u™ in this subproblem, so we can add pp||[u"*/2||2 on the left-hand

side, and pr||u™||* on the right-hand side of the equation, to obtain exactly the energy

equality (3.37). O

3.5.2 Discrete ALE mapping

As we already mentioned, at each time step t, = nAt, n =0,...,N — 1, we have a
different domain 2" on which we have to solve the fluid subproblem. So it is not clear
how to define the discrete time derivatives, since each of the functions, defined by finite
differences, is defined on a different domain. For that reason we employ the Arbitrary
Lagrangian-Eulerian method in order to map the current domain Q"*! to the previous

one Q" via mapping:
AYH-L” : Qn—i-l N Qn, An+1,n _ ¢N() o ¢n+1(,)—1.

Notice that the mapping A"T5" is a discrete analogue of the mapping A7 introduced in

the Section 3.4.2. We can now write the explicit formula for the mapping A"T1" .

Z Z
n+1,n ~ _ R+7™ 2,5 ~
e || = | ey | (3.38)
6 g

where (Z,7, é) denote the cylindrical coordinates in the reference domain 2", Mapping

A" is a bijection, and its Jacobian is given by

R+ 0" ’

~ 2’ ~)
R+ im+1(2,0)

S — | det VA = ’

We define the corresponding ALE domain velocity as a discrete version of the ”"continuous”

ALE velocity s7, i.e. ) )
Sn+1,n _ ﬁnJrl(gv 0) - ﬁ"(ZlH)

At(R 4+ n"t1(Z,0))

Composite functions with this ALE mapping will be denoted by

re,.

" =u" o A", (3.39)

3.5.3 The semi-discretized fluid subproblem

The structure subproblem updated the position of the elastic boundary n™*!. Since
we want to have the explicit formula for the ALE mapping, we are working with repara-

meterized displacement in the fluid subproblem. In this step the shell displacement 7, the
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Chapter 3. Nonlinear, moving-boundary fluid-mesh-shell interaction problem

mesh displacement d and the infinitesimal rotation w do not change, so we have:

ﬁn—i-l _ ﬁn+1/2 dn+1 _ dn+1/2 Wn+1 _ Wn+1/2
Furthermore, the velocity of the mesh displacement and of the infinitesimal rotation have

to be zero, thus:
kn+1 — kn+1/27 Zn—l—l — Zn+1/2‘

We define a function (u"™, v"*1) € W as a solution of the semi-discretized fluid subpro-

blem, written in weak form:

un+1 —{" pF
7-1)—1——/ Vs (G v
PE ) A 5 o ) )

Iol an _ ntlny n+l (" _ gntlny L4l
+ 5 -~ {((u s )-V)u v—((0"—s )-V)v-u }

(3.40)

vl yntl/2

+ 2up /Qn+lD(u”+1) . D(v) —i—pKh/wT-v,bR

_ mn n
_Rn/ UZ—Pout/ Uz,
I 1—‘out

in

for all test functions (v, 1) € Vi+! x L2(R;w) such that (vo@"™)|r o = 1 on w, where

the weak solution space is defined by:
We={(u,v) € Vi x L*(R;w) : (uo ¢”+1)|F op=vonuw},

with
V}H_l _ {u e Hl(Qn—H) :V-u=0,uxe, =0on Fin/out}'

The pressure terms are given by P Jout = ﬁ féZng)At P jout(t) dt.

Proposition 3.4 For each fixed At > 0, the fluid subproblem (3.40) has a unique solution

(un+17vn+1) c WF

Proof. We rewrite the first equation in (3.40) as follows:

pl n+l pi An _ nt+lny n+1
AL Jopin O v+ 5 Jomis [((u S )-V)u v
_(nn _ ontlny L+l n+ly . pKh n+l
(" —s )-V)v-u } +2up /Qn+1 Du"™) : D(v) + Ar /wv YR
_ pl N pi L Qntlnyan pKh’ / n+1/2
AL Jois B vt (V-s (" v) + ALY PR

n mn
+Pzn/ UZ—Pout/ Uz,
F'Ln Fout

and define the bilinear form associated with problem (3.40):

a((u,v), (v,v)) = pr u-v4+ prAt

an _ ntlny X
Qn+1 2 Qn+1 |: <u S ) V)u v
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3.5. Approximate solutions

— (" — sn“’") Vv - u} + 2Atup /m D(u) : D(v)

+1
—i—pKh/ v-R.

We need to prove that this bilinear form a is coercive and continuous on Wg. To see that

a is coercive, we write

al(wv), () =pr [l +2800 [ D@)P+pich [ VPR
> c([[ulZ2iqenny + D)l z2@rrty + (V]2

> c([[ullFgnry + 1VIT2(re)-

To prove continuity, we apply the generalized Holder’s inequality to obtain:

a((u,v), (v, 9)) < prllallr2@nen|[V] 2@y + 2Atup||D(w) || 2 @nn) [ D (V) || L2001
+ pKh||V||L2(R;w)||1/’||L2(R;w) + pFAt||vu||L2(Qn+l)||u||L4(Qn+1)||v||L4(Qn+1).

Using the continuous embedding of H! into L® and furthermore continuous embedding of

L? to L4, for ¢ < p, we obtain:

a((u, V), ('U, ’l,/))) < C (pF||u||H1(Qn+1) ||’U||H1(Qn+1) + 2AtlLLFHu||H1(Qn+1) ||’UHH1(Qn+1)
+ pich [Vl 2 (e 19| 22(ri) + AL 1 0y [0 1 ey [0 1 @) )
This shows that a is continuous. The Lax-Milgram lemma now implies the existence of a

unique solution (u"*!, v"*1) of problem (3.40). O

Proposition 3.5 For each fixed At > 0, the solution of problem (3.40) satisfies the

following discrete energy inequality:

EN 4 ppllu™ — (1 — a)@"|| 22 qnery + oIV = VT2 (R

(3.41)
+ DR < BYTYR o OAH(PR)? + (PR,

where « is a constant that will be specified in the proof.

Proof. We begin by replacing test function (v, ) by (", v**!) in the weak formulation
(3.40) to obtain:

pl (un—i-l . ﬁn) . un+1 + pi (V . Sn+1,n)<ﬁn ‘u

n+1
At Jon+1 2 Jan+1 )

n+1y . n+1 prch n+l _ on+1/2y  ntl
+2’MF/Qn+1D(u ):D(u )+At /w(v % )- V'R
=P [t P, [t
Fin Fout
After applying algebraic identity (a —b) - a = 3(|a]* + |a — b|* — |b]?) to take care of terms
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involving mixed products and multiplying the resulting equation by 2At, we have:

n+12 nt+l _ an|2 A |2
pF Qn+1 ‘u | +pF Qn+1 |u u ‘ pF A)n+l u |

+ prit / (Vs @ w4 A / D(u') : D(u™)
Qn 1 Qn

+1
+pKh/ |Vn+1|2R+pKh/ |Vn+1 —Vn|2R—,0Kh/ |Vn|2R
—pr /F - P, /F ot
To get the desired energy inequality we add and subtract the term pg [o. [u™|* (which

corresponds to the discrete kinetic energy of the fluid at time ¢, = nAt) on the left-hand
side of the equality. Recall that S"™1" = | det VA" so change of variables gives us:

ni2 __ n+1,n
pp/ u"|* = pp/ S
Qn Qn+1

Furthermore, by using the formula for the divergence in cylindrical coordinates V - f =

of.  10(rf,), 10,

a2,

Oz r o, "0 the following yields:

(2, 0) — i7" (2,0)

V L entlin ~i
S AHR + 7+1(3,0))

. (3.42)

(2, 8) — (2,0 2

7 & ~) 77~ (QZ’ ) so that V-s"*1n = 22
R+ n7+1(Z,0) At

omit pr and rewrite the terms that correspond to the fluid kinetic energy (and numerical

We put a :=

. For the simplicity of notation we

dissipation) in the following way:

/ |un+1|2 + |un+1 o ﬁn|2 _/ |ﬁn|2
Qn+1 Qn+1 Qn+1

+ At(V X Sn—‘rl,n)(ﬁn . un+1) + |un|2
Qn+1 Qn

_ ’un+1|2+/ ’un+1|2_/ out! . G 4 a2
Qn+1 Qn+1 Qnt+l Qn+1

o |ﬁn|2+/ 2aﬁn_un+1+/ Sn+1,n|ﬁn|2_/ |un|2
Qn+1 Qn+1 Qn+1 Qn

— ’un+1|2_/ |un|2+/ |un+1|2
Qn+1 Qn Qn+1

o 2(1 . Oé)U.nJrl . ﬁn 4 Sn+1,n|ﬁn‘2
Qn+1 Qn+1

— ’un+1‘2 _ / |un|2 +/ ’unJrl _ (1 _ Oé)ﬁnP
Qnt+l Qn Qn+1

o ’(1 . Oz)ﬁn|2 4 Sn+1,n|ﬁn’2_
Qn+1 Qn+l

First two terms on the right-hand side correspond to the discrete kinetic energy at time

tna1 and t,, respectively, while the third term corresponds to the numerical dissipation.
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3.6. Uniform energy estimates

By a simple calculation we obtain that S"™'" — (1 — «)? = 0 so the last two terms cancel.

After the estimate of the pressure terms, we obtain the following inequality:

PF (||11n+1||%2(9n+1) + [Ju = (1 - a)ﬁn||%2(m+1)) + 2AWF||D(UTZ+1)||%2(QTL+1)
+pKh”Vn+1||2+pKhHVn+l _Vn+1/2H2

< prlla™| 2 + prchlVP 4+ CA(PR)* + (Pr,)?)

It is interesting to notice how the presence of nonlinear advection term together with
adding (and subtracting) the term pg [, [u™|* makes the discrete kinetic energy of the
fluid subproblem to be decreasing in time, and to thus satisfy the desired energy estimate.

Finally, recall that "' = "*%/2 and w"*! = w”*1/2 in the fluid subproblem, so we
P2 nt1/2)
and ag(w"t/2 w"t1/2) on the right-hand side of the previous inequality. Furthermore,
since k"1 = k"2 and z"! = z"*Y/2 we add |k""!||? and ||z"*!||?, on the left-hand
side, and ||k"*'/2||2 and ||z"*'/2||?, on the right-hand side, to obtain exactly the energy

inequality (3.41).

can add ax (n" ™, ") and ag(w™t, w"t1) on the left-hand side, and ax(n

]

3.6 Uniform energy estimates

Our goal is to show that there exist subsequences of functions, parameterized by
N (which depends on At), defined by the time-discretization via Lie-splitting specified
above, which converge to a weak solution of Problem 1. We show that the sequence of

approximations defined above is uniformly bounded (with respect to At) in energy norm.

Theorem 3.6 Let At > 0 and N = T/At. Furthermore, let E%™/% E% and D% be
the kinetic energy and dissipation given by (3.32) and (3.33), respectively. If there exists
a time T' > 0 such that for every ¢t < T, I'"(¢) remains a subgraph of a function, and if
the injectivity of the mapping A7 is ensured, i.e. function g defined in (3.28) is injective,
then there exists a constant K > 0 independent of At (and N) such that the following

estimates hold:

1. RV < K EMP' < K,Wn=0,1,...,N — 1,

2. YN DRt < K,

3. 05 (prlluntt = (1= @)@ + preh([[vHh = viH2|2 4 viHl2 — vr2)) < K,

4. 2050 ps (k™ = K"J2 + (12" — 20 |7) < K,
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5. S a(pttt =gttt — ) < K,

N-1 n+1 n n+1 n
g ag(W'tH —w" Wit —w") < K.

Proof. We begin by adding the energy estimates (3.37) and (3.41) to obtain:

n-+1/2 n n n n o,.n n
BN 4 pch| VY2 =3 4 age (g = gt g — )
+ ps| K" =K%+ sz — 2|2,
Fas(w 2 - wh, w2 ) B gt — (1 )

DY+ prch [V = VR < By BT OAH((PR)? + (P

We take the sum from n =0 to n = N — 1 on both sides to obtain:

N-1 N-1
Eﬁ + Z DK]‘H + Z <pF||un+1 . (1 . Oé)ﬁn||2 + pKhHVn-H . Vn+1/2”2

n=0 n=0

+ o[V =P ps| TR XD ps]|z 2 — 2",

+ag(m =g T — ")+ ag(WrT? — wr w2 - Wn)>

N—-1
< Eo+CAt Y. ((PR)* + (Poy)?) -
n=0
The term involving the inlet and outlet pressure data can be easily estimated by recalling
that on each subinterval (,,,.1) the pressure data is approximated by a constant, which
is equal to the average value of the pressure over that time interval. Therefore, after using

Holder’s inequality, we have:

A N—lp 2_ A N-1 /1 (n+1)AtP p 2
t )2 — At — / (1) dt
S -ary (5 [0 nu )
1 N=1/ r(nt1)at 2
= — P, (t)dt
At = (/nAt (®) )
1 N=1 (n+1)At (n+1)At
< — / P2 (t) dt / 1dt
At n—=0 nAt nAt

By using the pressure estimate to bound the right-hand side in the above energy estimate,
we have obtained all the statements of the Theorem, with the constant K given by
K = Eo+ CHPm/outH%Q(O,T)' O
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3.7. Weak convergence of the approximate solutions

3.7 Weak convergence of the approximate solutions

The approach described above defines a set of discrete values in time, which can be used
to define the set of approximate solutions on (0, T"). Indeed, we define approximate solutions
to be the piecewise constant functions on each subinterval ((n—1)At, nAt],n =1,2,..., N,
such that for ¢ € ((n — 1)At,nAt],n =1,2,..., N we have:

uN(t’ ) = uy, nN(ta ) =Ny, ﬁN(tv ) =1,
VN(ta ) = V?Va V?V(t? ) = VT]tfil/za dN<t7 ) = ?V? (343)

wn(t, ) =wh, kn(t,:) =kR, zy(t, ) = z}8.

)=V 172 to denote the approximate shell velocity functions

Notice that we used v (t,
determined by the structure subproblem, and vy(¢,-) = v} to denote the approximate
shell velocity functions determined by the fluid subproblem. Consequently, these are not
necessarily the same. However, later we will show that ||[vy — Vi || z2(rw) — 0 as At — 0.
Using Theorem 3.6 we now show that these sequences are uniformly bounded in the
appropriate solution spaces.

Due to the fact that at each time step we deal with a problem defined on a different
domain, the uniform energy estimates for the fluid velocity in Theorem 3.6 give us boun-
dedness of u%; in L>(0,T; L*(Q")), for each n = 1,2,..., N. Since we need to make sense
of the limit of the approximate velocity uy = (u},...,u N) when N — oo, we introduce
the maximal fluid domain Qj; which is a cylinder of radius R, and define (constant)

extensions of the approximate solutions in the following way:

i (2.7 0) uf(z,r,0), (z,7,0) in Q" (3.44)
ay(z,r,60) = )
Y W(z, R4 7m,0), (2,r,0) in Qu\Q".

The maximal fluid domain is such that contains all the time-dependent domains, i.e.
Q(t) € Qur, Vt € [0, T]. Throughout the rest of this chapter, we intend to work only with
reparameterized domains, so we omitted ~ from the cylindrical coordinates in order to
keep the notation more clear.

We are now in position to prove the following proposition:
Proposition 3.7 The sequence (fiy)yey is uniformly bounded in L*(0,T; L?(2/)).

Proof. From the definition of the extended sequence tiy we have:

N
1N (D122, = D 108117204

—_

3

N
> (||uN||L2 @ny T lu (2, B+ iy, 9)”%2(9,”\9”))

3
—
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N
= > (I l720m + ClIvR I Re) -
n=1

where C' = Ry — (R+17}) is a positive constant. Using Theorem 3.6, precisely Statement

1, we obtain the desired result. O

Proposition 3.8 The sequence (1, )nen is uniformly bounded in L>°(0,7; Vi) and the
sequence (Wy ) ey is uniformly bounded in L>(0,T; H'(N)).

Proof. The first statement of Theorem 3.6 states that En™! < K, ¥vn = 0,...,N — 1,
which implies
15O Fr2w) < ax(ny(t),my(t) <K, Vte[0,T).

Therefore,

7]z 0.75v) < K.

The boundedness of the sequence (wy)yen also follows from the first statement of Theo-

rem 3.6. Namely, we have

W )220 < Iwa O], < K,
105w ()72 < as(Wi(t), wi(t) < K,

which gives us the desired bound. O]

Notice that from the uniform energy estimates we do not get any bounds on the
sequence (dy)nen. However, using the condition of inextensibility and unshearability,
together with the regularity of wy, we can easily prove the following result on the boun-

dedness of the sequence (dy)yen-
Corollary 3.9 The sequence (dy)yey is uniformly bounded in L>(0,T; H'(N)).

The following uniform bounds for the shell and mesh approximate velocities are a direct

consequence of Theorem 3.6.
Proposition 3.10 The following statements hold:

(i) (vn)nen is uniformly bounded in L>(0,T; L*(R;w)),
(V) ven is uniformly bounded in L°°(0,T; L?(R;w)),

(ii) (kn)nen is uniformly bounded in L>(0,T; L*(N)),
(zn)nen is uniformly bounded in L>(0,T; L*(N)).

To pass to the limit in the weak formulation of approximate solutions, we need
additional regularity in time of the sequences (my)nen, (dy)nven and (Wy)yen. For

this purpose, we introduce a slightly different set of approximate functions. Namely,
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3.7. Weak convergence of the approximate solutions

for each fixed At, define B, dy and Wy to be continuous, linear on each subinterval
[(n —1)At,nAt], n=1,..., N, and such that

ﬁN(nAtv ) = T’N(nAtv ')7VN(nAtv ) = VN(nAtv ')7

dy(nAt,-) = dy(nAt, ), Wy (nAt, ) = wy(nAt, ), (3.45)

kN(nAta ) = kN(nAta ')7ZN<nAt7 ) = ZN(nAta )
We now observe:

n+1 n n+1/2 n
_ My —Nx My — NN _  nt1/2
Omn(t) = A7 = Y =vy 7, te (nAt, (n+1)At].
Since v}y is a piecewise constant function, as defined before via vi (¢,:) = VnNH/ 2 for
t € (nAt, (n + 1)At], we see that
Oy = Vy a.e. on (0,7). (3.46)

From (3.46), and from the uniform boundedness of E}?Li/ ? provided by Theorem 3.6, we
obtain the uniform boundedness of (7 y ) ven in WH(0, T; L*(R;w)). Now, since sequences
(My)nen and (Ny)ven have the same limit (distributional limit is unique), we get that
the weak™® limit of n, is, in fact, in Wh>°(0,T; L*(R; w)).

Using analogous arguments, one also obtains that the weak® limits of (dy)nen and
(Wy)nen are in WH(0, T; L?(N)). This is because the corresponding velocity approxi-
mations are uniformly bounded in the corresponding norms, as stated in Statement 4 of
Theorem 3.6.

From the uniform boundedness of approximate sequences we can now conclude that
for each approximate sequence there exists a subsequence which, with a slight abuse of
notation, we denote the same way as the original sequence, and which converges weakly

and weakly*, depending on the function space. More precisely, the following result holds:

Lemma 3.11 There exist subsequences (Gyx)nen, (My)Nen, (VN ) Nven, (Vi) ven,
(dN)N€N7 (WN)N€N7 (kN>N€N7 (ZN)N€N7 and the functions @ € LOO(O, T LQ(QM)),
n e L2(0,T; Vg) NWhH°(0,T; L*(R;w)),d,w € L0, T; H (N)) N Wh>(0,T; L*(N)),
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v,v* € L>(0,T; L*(R;w)), and k,z € L>(0,T; L*(N)), such that

iy — 1 weakly* in L>(0,T; L*(Qu)),
ny — n weakly® in L>°(0,T; Vi),

Ny — 1 weakly™ in W>°(0, T; L*(R;w)),
dy — d weakly* in L>(0,T; H(N)),

dy — d weakly* in Wh>(0,T; L*(N)
wy — w weakly* in L>(0,T; H'(N))
wy — w weakly* in Wh>(0,T; L*(N)),
vy — v weakly* in L°(0,T; L*(R;w
v — v* weakly* in L>(0,T; L*(R;w
ky — k weakly* in L>(0,T; L*(N),
zy — z weakly® in L>(0,T; L*(N)).

),

Y

Y

)
),

Furthermore,

Proof. We only need to show that v = v*. To show this, we use the definition of approxi-

mate sequences as step functions in ¢, i.e.

Ivie = Vilaamen = [ v = Viliagm dt
NZbrtn +1/2
=3 [ I =
n=0 tn

N—
Z||vn+1 V2120 gy At < KAL

The last inequality follows from Statement 3 of Theorem 3.6. By letting At — 0, we get
that v = v*. O

3.8 Strong convergence of approximate sequences

To show that the limits obtained in the previous section satisfy the weak form of
Problem 1, we need to show that our sequences converge strongly in the appropriate

function spaces.
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3.8. Strong convergence of approximate sequences

3.8.1 Strong convergence of the shell displacement

Recall that from Lemma 3.11 we have that
(M) nven is bounded in L>(0, T; Vi) N W(0, T; L*(R; w)).

We use interpolation of Sobolev spaces (Theorem 4.17 from [1]) to obtain the following

inequality:

775 (t + At) =T (8) | 200y < Ol (¢ + AL) =Ty ()| 26 [T (¢ + AL) = Ty (D150
< C(AH)'"™, where 0 < a < 1,
(3.47)

i.e. we get that (7y)nen is uniformly bounded in C%'~([0,T]; H**), 0 < a < 1. Now,
from the continuous embedding of H?® into H?*¢, and by applying the Arzela-Ascoli
theorem, we conclude that (77 )nen has a convergent subsequence, which we again denote

by (7 y)nen such that
Ny —nin C([0,T]; H(w)), 0 <s <2

Here, we used the fact that the sequences (fy)nven 1 (My)ven have the same limit. We

now prove the following result:
Proposition 3.12 ny — n in L>(0,7; C(w)).

Proof. First, we prove that ny — 1 in L>°(0,7T; H*(w)), for 0 < s < 2. That result follows
from the continuity in time of 1, and from the fact that 7 — n in C([0,7]; H*(w)), for
0 < s < 2. Namely, we write

[ () = n(1)]

Hew) = M ( Ho (w)
= [Iny(nAt) — n(nAt) + n(nAt) — n(t)||m:)
< ny(nAt) = n(nAl)|| nsw) + [[n(nAL) = ()| o)
= |Mn(nAt) = n(nAL) || 1) + [[n(nAL) = ()| 1)
<é€

Here, we used the fact that for t € ((n—1)At, nAt] it follows 75 (nAt) = ny(nAt) = ny(t).

Furthermore, for s > 1 we have H*(w) — C(w), so we can conclude the proof. O

However, the spatial regularity of the sequence (n,)nen that we obtained in the
previous proposition, will not be sufficient to pass to the limit, or even to apply some well

known results. So we have to assume some stronger convergence properties of approximate
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solution for the shell displacement, i.e. we will be assuming that

Imnleqomwrew) < C,

i.e. that (ny)nen is a sequence of uniformly Lipschitz functions. In particular, we have
that ||y |lw1.=@w) < C. By applying the same procedure as in the proof of Theorem 5.5-
1 from [29], we can prove that the mappings id + m, are injective. This implies the
injectivity of function g defined in (3.28) and ensures that the reparameterizations 7, are
well defined. Now we have that the sequence id + 1y is a sequence of injective, uniformly
Lipschitz functions. Furthermore, from ||9y||w1.~@) < C, we have that the gradient of
id +n, is bounded from below, which implies that the gradient of (id +n,)~! is bounded
from above, i.e. (id + n,)~! is a sequence of uniformly Lipschitz functions. Finally, we
have that the sequence id + 1y is a sequence of uniformly bi-Lipschitz functions.

Using the previous conclusions and the definition of the reparameterized shell displa-

cement, we can easily prove the following proposition:

Proposition 3.13 The sequence (1) nen is a sequence of uniformly bi-Lipschitz functions,
i.e. sequences (7j) and (7j5') are bounded in C([0, T]; W1 (w)).

3.8.2 Convergence of the gradients

We need to additionally show that the sequence of the gradients of the fluid velocity
converges weakly to the gradient of the limiting velocity in order to be able to pass
to the limit in the weak formulation of the fluid-mesh-shell interaction problem. From

Theorem 3.6, we know that the symmetrized gradient is bounded in the following way:

N-1
> [ DaiPAr< K.
n=0

Since we are not able (at least for now) to show the boundedness of the gradient of
the extended sequence of the approximate fluid velocity Viiy, we map the approximate
fluid velocities and the limiting fluid velocity onto the corresponding physical domains.
For this purpose, for n = 0,..., N — 1, we introduce the following functions which are

defined on the maximal domain €2, :

1, te At (n+ 1AL, x e Q"
xn(t,x) = (3.48)
0, otherwise ,

1, te€(0,7], x € Q(t),
x(t,x) =
0, otherwise ,
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3.8. Strong convergence of approximate sequences

where 7 is the weak* limit of 7,y in L*°(0,T; W' (w)). First we show the boundedness

of the xy Vi in order to get weakly convergent subsequence:

T N—-1
/0 X Vin T2, = D VU [ (gner) At
n=0

N—-1

< Q") > IDay) [ 720ne At
n=0

where C'(2"1) is a constant from Korn’s inequality that depends on Q"1 n=0,..., N —
1. Since the approximate reparameterized shell displacements are uniformly bi-Lipschitz
functions, from Lemma 1 in [65] we obtain the existence of a universal Korn constant for
all the domains, i.e. there exists a constant D such that

cQQ*hYy <D, ,n=0,...,N—1.

Finally,

T N—
/0 ||XNvﬁN||%12(QJ\/[) S Z n+1 ||L2(Qn+l At < DK

which implies that the sequence (xxViy)nen is uniformly bounded in L?(0,T; L*(Qyr)).
We can furthermore conclude that there exists a subsequence, which we denote the same
way, and a function G € L*(0,T; L*>(Qys)) such that

xnVily — G weakly in L2(0,T; L*(Q)),

i.e.

T T
lim xnvViy - v = / G-v, YveCXr((0,T) x Qu).
0

N—=ooJo Jau Qumr
We want to show that G, which is a weak limit, is equal to the yVa. In order to do that,
we first consider the set Q,,\Q7(¢) and show that G = 0 there, and then the set Q7(¢) and
show that G = Vu there.

Take a test function v; such that suppwv; C (0,7) x (2, \Q7(¢)). Using the uniform
convergence of the sequence 7, we can find N; such that yn(x) = x(x) =0,N > Ny,x €

supp v1. Therefore, we have

T T
/ G v, = lim xyViy - v, =0.
0 JQum N—oo Jo JQu

Thus, G = 0 on (0,7) x (Q2,\Q7(¢)).

For the second part of the proof, we take a test function vy such that suppwvy C

(0,T) x Q7(t). Using the uniform convergence of the sequence 7, we can find N, such
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that xn(x) = x(x) =1, N > Ny, x € supp va. Therefore, we have

T T T
/ G vy = lim xyViy - vy :/ Vu - vs.
0 Qs N—oo Jo Qs 0 Qﬁ(t)

Thus, G = Vu on (0,7) x Q7(t). Therefore, we have shown that

xnvVily — xVii in  L*(0,T; L*(Quy)). (3.49)

3.8.3 Strong convergence of velocities

In this section, we will apply the main result from [62] to obtain the strong convergence
of the approximate fluid, mesh and shell velocities. For the completeness of the proof, we
first state this result.

Theorem 3.14 ([62]) Let V and H be Hilbert spaces such that V' CC H. Suppose
that {uy} C L%*(0,T; H) is a sequence such that uy(t,-) = u¥(-) on (n — 1)At, nAt,
n=1,...,N with NAt = T. Let V} and Q% be Hilbert spaces such that (V{, Q%) <
V' x V, where the embeddings are uniformly continuous with respect to N and n, and
Ve ccQn < (Q%). Let u € V&, n=1,..., N. If the following is true:

(A) There exists a universal constant C' > 0 such that for every N

(A1) ©I1, ||u§(,H%/JGAt <C,

(A2) |lun|lzee(o.r:m) < C,

(A3) [ITaruy — uN||L2(At,T;H) < CAt,

where Taun(t,-) = uy(t — At, -) denotes the time-shift.

(B) There exists a universal constant C' > 0 such that

n+1

np1lUy - — Uy n .
Py A7 ||(Q7V+1), < C([Juylvp +1), n=0,...,N -1,
n+1 : : n+1H
where Py" is the orthogonal projector onto Q'

(C) The function spaces Q' and V3 depend smoothly on time in the following sense:

(C1) For every N € N, and for every [ € {1,...,N} and n € {1,..., N — [}, there

. 1 . I o
exists a space Q% C V and the operators J&,, : Q% — Q%™ i =0,...,1,

such that for every q € QR}I

"J;Q,z,nQ|’Q’1;+i S CHq“Q?]’la (NS {07 ER) l}? (350)

72



3.8. Strong convergence of approximate sequences

and

(e = Thn@) i) < CAtlal grellui™ s, j € {0, 11},
(3.51)
| Txima = alle < CViAHallgre, i €40, 1}, (3:52)

where C' > 0 is independent of N,n and [.

-V )
(C2) Let Vi'' = Q%' . There exist the functions I VR — Vel i=0,...,1,

and a universal constant C' > 0 such that for every v € Vi

“]JZ‘V,Z,nV”V!Q“Z < C”VHVﬁ'Ha i€ {07 R l}7 (353)

1wy = Vil < gUADIVyoss, i€ {0, 0}, (3.54)

where g : RT™ — R™ is a universal, monotonically increasing function such that
g(h) > 0as h— 0.

(C3) Uniform Ehrling property. For every ¢ > 0 there exists a constant C'(§) > 0
independent of N, [ and n such that

Vil < of[vllyne + CONVI gty (3.55)

then {uy} is relatively compact in L*(0,T; H).

We want to apply Theorem 3.14 to our fluid-mesh-shell interaction problem. To state

the compactness theorem we introduce the following overarching function spaces:

V = H*(Qy) x H*(w) x L*(N) x L*(N),
H=L*Qy) x L*(w) x H*(N) x H*(N), 0<s<1/2,

where €, is the maximal fluid domain containing all the time-dependent domains. Furt-

hermore, for n = 1,..., N, we define the approximation solution spaces:
Vi ={(u,v,k,z) € V& x H'?(w) x L*(N) x L*(N) : (uo¢")|ro@ =v},  (3.56)
and the approximation test spaces:
Qx = {(v,9,£,¢) € (VENH> (")) x Vi x Vs x Vs : (vog@")|rog = 9, thom = £}. (3.57)

Remark We assume that all the functions are extended by 0 to 2.

It is also useful to write the weak formulation of the coupled, semi-discretized problem
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which we obtain by summing up the weak formulation for the semi-discretized structure
subproblem (3.34) and the weak formulation for the semi-discretized fluid subproblem
(3.40):

un+1 - ﬁn pF
- p+ =
PE Qn+1 At 2 Qn+1(

pl an _ ntlny n+1 _ (" _ gntlny | Ly tl
+ 5 - [((u s )-V)u v—((6" —s )-V)v-u }

n+1l _ n
+ Q[LF Ar&l D(u”“) : D(’U) +pKh/ u . 'I,bR—FCZK('nn—H,'I,D) (358)
ng 1 knJrl
+PSZA2'/ 5 +PSZ/ MA— T2 ¢t ag(w™ Q)
=1

=P [ v P / v
m out z
Fin 1_‘out

Theorem 3.15 Let {(uy,vn,ky,zy)} be the sequence of approximate solutions defi-

n+1, n)(

V-s " - v)

ned in (3.43), satisfying the weak formulation (3.58) and uniform energy estimates from
Theorem 3.6. Then {(uy, vy, ky,zy)} is relatively compact in L*(0,T; H).

Remark For the simplicity of notation, throughout the rest of this section we will be

assuming, without loss of generality, that all physical constants are equal 1.
Proof. We would like to show that the assumptions (A)-(C) from Theorem 3.14 hold.

Property A. We need to show that there exists a universal constant C' > 0 such that for
every N, the estimates (A1)-(A3) hold. We start by showing (A1).

(A1) The L*(0,T; V) estimate:

N

N
> Ha, v, kv, z2) [T = Z (I 1 @y + VR 2 + IR 2oy + 12801220 ) -
n=1 n=1

The approximate fluid and mesh velocities are bounded by Statement 1 from Theo-
rem 3.6, i.e. uniform energy estimates. For the shell velocity, by trace theorem, we
have

||VnN||12L11/2(w) < OH“X{H%}I(Qn)a (3.59)

and the right-hand side is again bounded by Theorem 3.6.

(A2) The L>(0,T; H) estimate:

||(uN7VN7kN7ZN)”L°°(O,T;H)
= ||uN||L°°(0 T;L2(Q)) + ||VN||L°O (0,T;L2(w) + ||kN||L°°(O,T;H*S(/\/)) + ||ZN||L°°(0,T;H*5(N))

= max_ (|l llzzom + VR llz2e) + IRl + 125 i)

n=1,...,

< max ([l + VRl + IRl + 25 200 ) -

=1,...,
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3.8. Strong convergence of approximate sequences

The right-hand side is bounded by Statement 1 from Theorem 3.6.

This completes the proof of Property A since the condition (A3) is a consequence of

Property B which we show next (Theorem 3.2. in [62]).

Property B. We need to show uniform time-derivative bound, i.e. we need to estimate
the following norm

‘ Pn+1 (u7v+1 n+1 kn+1 n+1) - (uanvan k%v Z%)
At (QRTJA)I
n+1 n n+1 n
= sup / NN _|_/ N N s
|0 &)l gnsr=1 [/ At w At
kn+1 Zn+1 i . .
+Z/ €+Z/ ]

We start by adding and subtracting the function @ which is defined in (3.39):

n+1 n An n+1 n
Qntl w

At A Y
kn+1 . Zn+1 2 7
+ Z / &+ Z / o
n+1 An n+1
Uy " — Uy / VN — VN
< NN N N
= /gm N N I
kn+1 Z7]‘<[+1 Z _ ZN)i ﬁ'?\[ _ u?\[
+Z/ £+Z/ G o T

We rewrite the first term by using the weak formulation (3.58) to obtain the following
estimate:

n+1 An n+1 n
Uv TUN u a
Qnt1 At

R = e

n+1/2 n
< Cy|lvi ||L2||uN||L2||U||L°° + 02||Vu”+1||L2|| NHL2||||U||L°° + C3||Vuit || 2| Vo | 2
+ Cullnll g2 || 2 + Cs|0sw || 22|05 [ 2 + Col|v ]| L
< C(||(ujt, 7v+1,k%+1”k%+1)||vg+l + Dl(v, 4, & ¢l gne-

To estimate the second term, we first notice that function 0% is 0 outside domain Q"*1,
while function u%; is 0 outside domain Q". This is why we introduce A = Q"' N Q" B =

QO™ and By = Q™"\Q"!| and estimate the integrals over A, By and B, separately.

First we start with the integral over A, i.e. over the area of the intersection of two
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gy

— . . N n+1
e :;&_:-_ ~ — — — _ -_-_:""34_\____ ___’:-}{-.___ ::‘—Hq:__ 0
— - — nn

Figure 3.2: The 2d fluid domains at time steps t = nAt and t = (n + 1)At

consecutive domains Q" and Q"1 :

J @ =) v = | [ o A w0

n, B4R 0)

/A (“N(’Z’ R+ (= 0)

r,0) —uy(z,r, 9)) ~v(z,1,0) dzdrdf

By using the mean value theorem and Hoélder’s inequality we get:

[ (@ =) v < CITuR - G = el ol
< OO VU] 2o VR 2y 10| oo )

< Olluy|larallvl g

< CH(U%, V?Va kxfa Z?V)HV](}H(,U’ 77[;7 £7 C)HQXr

Notice how the higher regularity of the test space Q) provided the upper bound for the

L-norm of the test function v.

To estimate the integral over B;, we use the fact that u}, = 0 on B; to obtain:

[ =) o] = | [ k(0 vz, 0) dadrd)

B, B

R+

= / (/ an(z,7,0) - v(z,r,0) dr) dzd9|
w R+

sn+
Tin

< | [ max(@g (e 0) vz 0)) [

R+,

drdzd0|

< [ 1002, 0) [0 | AR 2
< OOV o] 1

< C“(u%? VRH R/v er]if)HVﬁ”(U? w’ €7 C)HQT{;

The integral over By can be estimated in the same way as the integral over By by using

the fact that @i}, = 0 on Bs. These estimates, together with the estimate obtained from
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3.8. Strong convergence of approximate sequences

the weak formulation, complete the proof of Property B, i.e. we have

Property C. We need to show the smooth dependence of function spaces on time. Before

n+1 n+1 n+1 _n+l1 n n n n
pr+l (upy' ", viv' Lk zh ) — (u, ViR KR ZR)
N

At

< O (| (i, vi K zh) vy +1)

@ytty

defining the common test space required by Property C1, we first define the "local” maximal

domain Q™! which contains all the fluid domains Q" i =0,...,1:
Qv ={(z,7,0):2€ (0,L),r < R+ 7™ (2,0),0 € (0,2m)}, (3.60)

where 7™!(z,0) = max 7""(z,6), mollified if necessary to get the smooth functions.

1=0,...,

Property C1. A common test space is then defined in the following way:

Qv = {(v,9,&,¢) € (Ve(Q"HNH>(Q™)) x Vig x Vg x Vg : (vod™)|rop = b, pom = £}

(3.61)
Let us take (v, 4, €,¢) € Qn'. We define Ji 1. @ a restriction:
J]i\/,l,n(lvv ’lﬂ, 57 C) = (U|Q"+i7 U‘F"“ °¥, (U‘F”“ © Q0)|N7 C)
and set
(’Uiv 'lpia éiv CZ) = (’U|Q"+i7 U|F”+i °, (U|F”+i © (P)|./\/’7 C) (362)

Property (3.50) follows from the definition of the mapping Jj, ,,. To verify property (3.51),

we need to calculate

(P (0,4, €,¢) = J (0,3, €, ), (ui™ ™ v G 2 (3.63)

We estimate each term separately. We estimate the first term in the similar way as we

did in Property B:

n+j+1
v - uN

/ (vt — wd) | = /
Qur Qnti+lAQn+i

Ryt ,
= / (/ w v(z,7,0) - a7 (2,7, 0) dr) dzd@‘

Rty

R+ﬁ]7t[+j+1

<| [ max((zr.0) -y (= 0))

_n+j
R+

drdzd@‘

< C [ ol 0y )|l AWK 2 dzdo

< Oflv poe [ Vap | g2 | AR 2

< CAH(0,3.£.€) | VR IR ) [,
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Before estimating the second term, note that

' = vl oo = (o ro g,

s0, by using the mean value theorem, we get

(/T — ) i
w

< [ =) VT < = VR

= [[(v(¢™ () = v(@" 7 ())Ir 0 @l VR 22
< IV e (@ny (7 = @")p 0 | 2y VRl 22w

(3.64)

Recall that ¢'|r o ¢ = id + 1y, so we can further estimate the right-hand side to obtain

(@ = 9) - VEI < V0 gy 15— 5 L IV 2

= |V mz>At|rv"ﬂ“/2||L @ VR 12 @
< CAL (0,3, & €l g (i VTG 25 |,
(3.65)

What is left is to take care of the term

nE- el . )
Z/ (& — €2) . KT | Recall that
n=1 0

&' = (Wlrmsi o @)lv =y =9l o,

SO

S [ g g
0

n=1

<& = E | oo IKNT | e

= (" — ) |l 2o KN 2
] 1 n 1
< Ol — || 2 1N L2y
< CAt||(v,, &, C)||in||( uy 7t v 7v+]+1,k%+]+1,z7xr+‘7+1)||v13+1‘+17

where in the last inequality we used the fact that [[4p'™" —17|| 12, is bounded from (3.64)
and (3.65). At last, we have to check that property (3.52) is valid, i.e.

||‘]]i\f,l,n(v’,’7b7£7C) - (v7¢7€7 C)HH S C\/E||(Ua¢7€7C)HQ’XIZ

It is clear that Ji, ,(v,%, &, ¢) and (v,, €, ¢) differ only in the region Q™\Q"* so the
H-norm of the difference between the two functions can be bounded by the Q?V’l—norm of
(v,9, €&, ¢) and the H'-norm of the difference 7%’ — 7%, i = 0,...,1. Since 75 is the

maximum of the finitely many functions 7y, we calculate the H'-norm of the difference
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3.8. Strong convergence of approximate sequences

At — f%,i = 1,...,1, and get, the same way as in (3.47), that the upper bound on

Hﬁ?vﬂ — Ayl 1(w) only depends on the width of the time interval, which is [At, namely
|75 — i) < OVIAL, i=1,...,1.

This completes the verification of Property C1.

Property C2. This property requires us to check approximation properties of solution
spaces. More precisely, we need to verify that every function in V™, i =0,...,1, defined
by the time-shift iAt, can be approximated by a function in the common solution space,
which we will denote by V]G’l. To do so, we need to construct a mapping I;w VT — V]G’l
with good approximation properties (3.53) and (3.54). We start by defining the common

solution space V' to be the closure of Q%' in V' (for s = 1/2 ):

Vel = {(u, v, k) € H(QM) x HY2(w) x L(N) x LX) : V- u =0,

(3.66)
(o @™)rop—v) - n=0}

We want to construct a divergence free extension @ of the function uly € Vg = Vp(Q")

to the maximal domain €2,,. This is done in the following lemma:

Lemma 3.16 Let u € V. Then there exist a divergence free function u € V' such that

u or = Uu and
[ally < Cllullys, (3.67)
where C' is independent of N and n.
Proof. Take u € V}? and set
up =uo¢". (3.68)

Recall that ¢"(2) = Q" so ug is a function defined on the reference domain €2. For ug

we have the following estimate:

[urllai@) < [[ullaiomll@" lwie@ < Cllullgon).

Now we extend ugp to R? and then define i as a restriction of that particular extension
to Q. It is clear that the following bound holds:

1R z1en) < Cllulla@n).

Since we are constructing our divergence free extension from 2" to €2,;, we use the

mapping ¢" to go back to the physical domain, i.e. we define the extended function @ in
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the following way:
tigo (¢")~ 1 in O,
igo(@") " in Qu\Q",
where @ : 0 \Q — Qu\Q" is the extension of the mapping ¢" = ¢7(nAt,-) to the

maximal domain {2);. One can easily check that the following bound holds:

1Tl 1 (0) < Cllull 1 my-

Unfortunately, @ is not divergence free so we need to "correct” it. We aim on applying
Theorem I11.3.1. from [43] which deals with the problem of finding a vector field v €
W1P(Q) which satisfies

V.v=f, (3.69)

where f € LP(Q) such that [,f = 0. Of course, the solvability of the problem requires
some regularity on €2 which we will specify later.
First, we need to find a mapping k : (Q,/\Q") — R3 such that the following conditions

are satisfied:

(1) K';‘Fn - O,

ii u+k) - n=0,
(i) /8<QM\Q“)( )
(i) (&l zr@unem) < Cllullmg@ny.

The first condition will ensure that (@ + k)|r» = u, while the second condition is a
compatibility condition corresponding to the fact that the integral of the right-hand side
of problem (3.69) has to be zero.

We take function & to be the function from C°(w x (R + 7", Rynaz))- It is clear that

the first condition is then automatically satisfied. The second condition reads:

- n=0
/BQM(u—I—H,) n

and if we define Kk := —ct, where ¢ = [ 0 -n and ¢ is such that [, ¢-n =1, then
the second condition is also satisfied. If we choose ¢ independent of @ and n (for example,
we take ¢ such that supp ¢ does not intersect any of Q"), then we get the desired upper

bound on the norm of k, i.e.
16l m @) < Cllalla ) < Cllullm@n.

Finally, since our approximate domain 2" is Lipschitz, the complementary domain

Qu \Q" is also Lipschitz, so we can decompose it as a union of finitely many star-shaped
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domains. Let us briefly describe why we can choose the number of domains to be indepen-
dent of n. More precisely, we claim that we can write the complementary domain €2,,\2"
as a union of exactly 4 star-shaped domains (with respect to fixed balls), which we obtain
by taking the longitudinal and cross-sectional cut of our domain. Since the approximate
reparameterized shell displacement 7 satisfies ||y |1y < C, i.e. Lipschitz norm of
My is small, we know that 7, is limited in how fast it can change. For that reason, we
can find a ball (in each of the four sections), such that the angle between a line connecting
an arbitrary point from the ball with an arbitrary point from I'* (corresponding to that
section) with the normal vector at the latter point will always be less than 7/2, i.e. the
line will never intersect I'™. This tells us that each of the four sections is a star-shaped
domain with respect to a fixed ball.

We are now ready to apply Theorem II1.3.1. from [43] with f = —V - (@ + K) to see
that there exists V such that the following holds:

V-V=-V-(i+r)

with
HVHHl(QM) < OHﬁ + F"'“Hl(QIVI)'

Finally, if we define n := ti+k+V, then u is a divergence free extension of the function u €

Vi to the maximal domain Qy, that satisfies the desired estimate [[ully < Cllullyz. O

Now we define mappings Iy, : 5 Vil in the following way:

]i\f,l,n(unN—i_i’ V?V—’_i» k?V+i> ZRI—H) = (ﬁyjif—m‘ﬂnﬂl’ (ﬁnN—HlQ“’l © ¢n)|f‘ °®, an—H’ ZR/—H) (370)

What is left is to prove that inequalities (3.53) and (3.54) hold. The inequality (3.53)
follows from the definition of mappings []i\/,l,n and from Lemma 3.16. To see that inequality
(3.54) holds, we need to prove that there exists a universal, monotonically increasing

function g, which converges to 0 as h — 0, where h = [At, such that

“[Ii\f,lm(unNH’ V?V+i> kr]i/—i_i? ZRTH) - (unN+i’ V?V+i> k?\f—H? ZRTH) HH

< gAY (uy, v K 28 [[yns.
To simplify notation, we drop the subscripts N, [, n, and take care of each term separately:
1/2
I o = 195t~ o = ([, 15T

n,l\Qn-H
R+ﬁn’l
/ dr
R+ﬁn+i

< Cv lAt||u7V+iHV£+i.

1/

2
< OV |l 20 dzdf < CVIALS |1 o)

81



Chapter 3. Nonlinear, moving-boundary fluid-mesh-shell interaction problem

We estimate the second term by using the mean value theorem, just like in (3.64):

IV = Vi l2w) = (@R an 0 @™)|r 0 ¢ — (ui™ 0 6™ )|r 0 |12
< CIIVaR" |2 18" = Al 2)

< Cv lAtHu%HHV;H.
Taking into account the previous estimates, we get

HI}'\/',l,n(uq]lVJri? VnNJriu k7V+i7 Z%+i) - (u%+i7 VnNJria k?VJriv Z%+i) HH
= [y = i lra@y) + 11V = VRl

< CVIALuR lymes < gUAG[ (R, VT KR, 28|y

This finishes the proof of Property C2.

Property C3. We need to prove the uniform Ehrling property, stated in (3.55). The
main difficulty comes from the fact that we have to work with moving domains, which are
parameterized by N, [, n. To show that the uniform Ehrling estimate holds, independently
of all three parameters, we simplify the notation, and replace the indices N, [, n with only
one index n, so that our function spaces are now denoted V,,, H,, and Q/,. We show the
uniform Ehrling property by contradiction. We start by assuming that the statement of
the uniform Ehrling property (3.55) is false. More precisely, we assume that there exists

a dp > 0 and a sequence h,, = (u,,v,, k,,2z,) € H, such that
[yl = [hn|[zn > dollh]lv, + nfhllq,.

Here we have extended the functions u,, onto the maximal domain 2y, by 0. We also

replace the V,, norm on the right-hand side by the norm on V :
][z > dolhlv;, +nllhllq, = Cdollhnlv + nllhnlle,-

Without the loss of generality we can assume that our sequence (h,,) is such that ||h, ||z = 1.
The two terms on the right-hand side are uniformly bounded in n, which implies that

there exists a subsequence, which we again denote by (h,,), such that:
1
Cdo

Since (h,,) is uniformly bounded in V', and by the compactness of the embedding of V
into H, we conclude that there exists a subsequence (h,,) that converges to h strongly
in H. We now show that h,, — 0 in H which will be contradiction with the assumption
e [g = 1.
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3.9. The limiting problem and main result

Conclusion. We have checked that all the assumptions from Theorem 3.14 hold, so we

can finally conclude that {(uy, vy, ky,zy)} is relatively compact in L*(0,T; H). ]

We summarize the strong convergence results obtained in Subsection 3.8.1 and The-
orem 3.15. We have shown that there exist subsequences (uy)nen, (My)nen, () Nen,

(vN)nen, (Kn)nen, (Zn)ven such that

uy — uin L2(0,7; L*(Qy)),
Ay — uin L2(0,T; L*(Quy)),
Ny — n in L=(0,T;C(@)),
fiy — 7 in L>(0,T; C(w)),
vy — vin L*(0,T; L*(w))
AN — vin L2(0,T; L*(w))
ky — k in L*(0,T; H*(N)),
zy — z in L*(0,T; H*(N)).

(w
@ (3.72)

’

The statements about convergence of (7a;tny)nven and (7a;vy)nen follow directly from
Statement 3 of Theorem 3.6. We conclude this section by stating one last convergence
result that will be used in the next section to prove that the limiting functions satisfy the
weak formulation (3.25) of the full F'SI problem, i.e.

Tauy — uin L2(0,T; L*(Q)).

3.9 The limiting problem and main result

Next we want to show that the limiting functions satisfy the weak formulation (3.25)
of the full fluid-mesh-shell interaction problem. We need to consider what happens in the

limit as N — oo, that is, as At — 0.

3.9.1 Construction of the test functions

We begin by recalling that the test functions (v, 1, &, {) for the limiting problem are
defined by the test space Q(0,7), which depends on 1. Similarly, the test spaces for the
approximate problems depend on N through the dependence on n,. The fact that the
velocity test functions depend on N presents a technical difficulty when passing to the
limit as N — oo. For that reason, our goal is to construct test functions, both for the
limiting problem and for the approximate problems, which are smooth, independent of N
and divergence free.

We start by taking the test function ¢ € C}([0,T); H*(w)), and define its extension on
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Qs to be the function © such that ©|r o o = 1p. Then © € CL([0,T); H*(25/)). Using the
function © and mappings ¢", we define the test functions associated to the corresponding

"discrete” physical domains:

o(e")7t, in O,
o (gbn)il, in QM\Qn,

-}

o]

where mapping (}n is the extension of the mapping @" to the maximal domain 2,
as introduced in Lemma 3.16. It is easy to check that vy € H'(Qp),¥Yn = 1,...,N.
Furthermore, we also define the test function associated to the ”continuous” physical

domain:
Do ("), in Q(t),
Do (@)L, in O \Q(1),

v =

where mapping g?)ﬁ is the extension of the mapping ¢7 to the maximal domain Q. It is
clear that v € H'(Q)/). We emphasize that the test functions v% and v depend on the
choice of the test function ¥. However, for the simplicity of notation, we will not explicitly

write that dependence.

From the uniform convergence of 7,5, we obtain that
vy — v uniformly in (0,7") x Qyy, (3.73)

where vy = (v}, v%,...,vY). Using the chain rule, and the fact that Vny — Vn in
L*(0,T; LP(w)), one can see that

Vuy — Vo in L*(0,T; LP(Qy)), p < oo.

Even though the functions © are smooth both in the spatial and time variable, the functions
vy are discontinuous at nAt because ¢"(z,7,0) = ¢ (nAt, z,7,0) = (2, (R +i%)r, 0) is a
step function in time. For that reason, we define an approximate test function Ty to be

continuous, linear on each subinterval [(n — 1)At, nAt],n = 1,..., N, and such that
Ty (nAt, ) = vy(nAt, ).
Using the strong convergence of the shell velocity in L*(0,T; L*(w)), we get that
00N — O in L*(0,T; LP(Qy)) p < 2.

Unfortunately, neither vy nor v are divergence free. In order to get around this
difficulty, we will again use Theorem I11.3.1. from [43], just like in Property C2. First, we

define mappings a% : Q" — R? satisfying the following conditions:
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(i) suppal; C Q"
(i) | V- (vi+ay) =0,
(it) [lay [l @) < Cllokllm @u,
and mappings b% : (Q/\Q2") — R3 satisfying the following conditions:
(i) supp b’ C Q,/\Q",
( ) /QM\Q” ( N N)
(iii) [[bXlla@unem < Cllokllm @,

in the same way as in Lemma 3.16. Furthermore, the same reasoning as in Lemma 3.16
tells us that we can decompose both 2" and Q,,\Q" as a union of exactly 4 star-shaped
domains (with respect to fixed balls). We are now in position to apply Theorem I11.3.1.

from [43] to see that there exists a function A%, such that:
V- Ay =-V. (v} +ay)
with
HAR/HHl(QM) < 0”’07\1 + a%HHl(QM)?

and a function BY; such that:
V-BYy =-V - (vy +Dby)
with
IBY |10 < Cllox + bRl @u)-

Finally, if we set
vy +ay + Ay, in Q7

v’ + b} + BR, in Q,/\Q7,

’UN('%b) =

we have that vy (7)) is a smooth, divergence free function on the maximal domain 2.
In the same way, we can construct a divergence free extension v (1)) of the test function

v corresponding to the limiting problem:

v+a+ A, in Q",
v+ b+ B, in Q\Q",

v(¢) =

with ||a||H1(Q”)7 HA”Hl(Q") < C||UHH1(QM) and “b“Hl(QM\Q")? ”BHHl(QM\Qn) < O”U||H1(QM)‘
Due to the fact that A%, A, B%, B are solutions of equation (3.69), with corresponding
right-hand sides —V - (v} +a}), —V-(v+a), =V - (v} +bY),—V-(v+b), which belong
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to LP(Qyy), we can write their explicit formulas by using Bogowskii construction, and use
Theorem I11.3.3 from [43] to obtain additional regularity on A%, A, B% B :

lon(¥) —v()wir@y) = [V +ay + A} —v —a— Allwis@n
+ ||[v% + by + By — v — b — Bllyis,\an)
< |[(viy +ay) — (v +a)llwir@n + [|AY — Allwis@n
+ [[(vy + bY) = (v + D) lwrr@unam + 1By = Bllwis@,am

The uniform convergence of vy — v, provides that the right-hand side of the previous
inequality tends to 0. Furthermore, using the Sobolev embedding of W1?(Q,/) to C(Quy),
for p > 3, we obtain that

vy () = v(¢) uniformly in (0,77) x Q.
Additionally, by using Remark II1.3.3 from [43], we can show that

Voun() = Vou() in L*(0,T; LP(Qy)), p < oo,
0N () = Ov(vp) in L2(0,T; LP(Qy)), p < 2.

To conclude, for any test function (v, 4, &,¢) € Q(0,T), the fluid velocity component
v can be written as (v — v(¢) + v(Y), 1, &, ¢), where v — v(1p) can be approximated by
divergence free functions vy, which have compact support in Q7(t) U T, UT 4. Therefore,
one can easily see that the functions (v,4,€,{) = (vo + v(¢), ¥, &, () are dense in
Q(0,T), with V - v = 0,Vu. The corresponding test functions for approximate problem

have the same form, i.e. (vy,%,€,¢) = (vo + VN (Y), Y, &, ).

3.9.2 Passing to the limit

We start by writing the weak formulation of the coupled, semi-discretized problem. For
this purpose, take (¢(t),&(t), {(t)) as the test function in the structure subproblem (3.34),
and integrate with respect to ¢ from nAt to (n+1)At. Then, take the (vy(t), 9 (t)), where
vy (t) = vo+un(¢) € Hp, as the test functions in the fluid subproblem (3.40), and again

integrate over the same time interval. Add the two equations together to obtain:

(n+1)At utt — e (n+1)At
N N n+1 PF / n+ln\/an n+1
— v + — V.-s" M (b v
/)F/n /mH N Qn+1( (O - o)

At At 2 Jnat
—pF (n+1)At nn n n n n AN n n n n
* 2 /nAt /Qn+1 [((u — st ) ) V)UN+1 ) /UN+1 - ((uN —s"th ) ) V)UN+1 . UN+1}
(n+1)At (nt1)At Yty
2 / / D(u%) : DY) + prch /u R
e nAt Qn+1 ( N ) ( N ) PK AL 5 A qp
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(n+1)At (n+1)At ME (kn+1) (k” )
n+1 A/ )
+/n ax(my ’¢)+ps/m ; “Jo At &

(n+1)At nE )i — (z); (n+1)At .
+Ps/ / M ( v) 'CHF/ as(wi™, ¢)

At
(n+1)At (n+1)At
v, — / P / U,.
nAt / out Fout

We take the sum from n =0,..., N — 1 to obtain:

N-1 L (n+1)At urtl — gn N-1 (n+1)At
N N | n+1 pi Qg tlnyran n+1
pr 3 Lo > / [ (7@ vy

At nAt

3

oF N-1 /(n+1)At

* 2 Z A
n=0 ¢
N=l r(n+1)At (n+D)AL Ty — TV
+ 2pp Z/ /QWD(urfv“)iD( ) +pKh /n /wiN SN R

n—o /At At

=0
N-1 (n+1)At N-1 (nt+1)At NE k . — 1k
o SN T RCROES Sl Y / Wil
n n=0 nA

/Qn+1 {((ﬁ% — ") V)upt - o - (A — ") - Vot u}ifkl}

n=0 /nAt
N=1 . (n+1)At RE [, (Zn)i — Tac(Zn)i N-1 (nt+1)A
w2 o XM oy )
ps n—0 Y nAt ; 0 At nz:;) nAt ( ) C>
N-1 ,(n+1)At N=1  (n+1)At
ap VNS SESD O IV - A
n=0 nAt Tin n=0 nAt Tout

where we have used the definition of 1, and wy as a piecewise constant approximations
(defined in (3.43)), and the definition of Vv, ky an Zy as a piecewise linear approximations
(defined in (3.45)). The terms that include the shell and the mesh unknowns can be written

as
T T ”E L
i [ [ o+ [ alms ) 4 os [3 A o)
T ”E
+PS/ / M;0y(Zn ) C+/ as(wn, (),
and integration by parts with respect to time gives:
T T
—puch [ [ 0B = pch [ vo- p(OR+ [ ax(ny. )
T ”E
—Ps/ / (kn)i - 0i&; — PSZA/ koi - &;(0)
T "E ; T
—Ps/ / e —PSZ/O M;zo; - €;(0) +/O as(wy, €).
i=1

We now leave the structure terms aside and take care of the fluid part. First of all, the

characteristic functions, as defined in (3.48), enable us to rewrite the fluid part on the
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maximal domain Q. In order to do that, we set yn(t,-) = xx', for t € (nAt, (n+1)At],

and write:
N-1 (n+1)At o LR N-1 (n+1)At
n+1 “N N n+1 PF / n+1 n+ln\/an n+1
— v + — V-s iy - v
PFT;)/HN /QMXN At N 2 2 Juae QMXN ( )(ay - vR")
N-1
pF (n+1)At n AT n n n n AT n n n n
+ ) > /At 0 Xn [((UN — ") V)up o = (AR - s - V)oRT UNH]
n=0"" M
= (n+1)At n+1 n+1 n+1
+oury [ VD (i) - D(wi ).
’VL:O TLAt Q]W

Let us take care of each term separately. The first term does not have the right form, so

we add and subtract u}, from the numerator to obtain:

N-1 1AL n+l _ ..n N—-1 1AL n __ an
(1) Uy UN it ntl (1) Uy —Ux 1
N Un -
Qe Qs

: vy +
Pr n—0 Y nAt At XN N pr nAt At X

i (3.74)

We now use the summation by parts formula (discrete analogue of the integration by parts
formula) to take care of the first term in (3.74):

= pintnat uy ! —uy 1, 041 N _N..N 0 1.1
n n _
PFZ/ / N XN Un —PF/ uN'XN'UN_PF/ Uy - XnUn
n=0 nAt QA{ t Q]w Q]\/j
N-1 .(nt1)At 1
n n+1, . n+1 n,n
— PF / KuN “(XNTURT = XRUN)
=1 InAt Qn Al
N-1 (nt1)At 1
o 0 1 1 n n+1 n+1 n
= —PF/Q Uy - XNUpn — PF / (VN —vR)
M

N N
n=1 nAt Q]\,{ At

N-1 (n41)At 1 "
_ u” - n — v Yo"
PF 1/nAt N, N (XN XN) N

T
1..0 1
= —PF/ XNUy " Upn — PF/ / XNTALUN - QU
Qp 0 JQu

N-1 .(nt1)At R [R+i"t? . .
2 [ L ai S v

n—1 JnAt RA7™

T T
= —PF/ levu?v ) U}v - PF/ / XNTAUN - OUN — PF/ / 5t77NR(TAt11N : TAtUN)-
QM 0 Q]\/j 0 w

Notice that in the last equality we used the mean value theorem for integrals. To deal
with the second term in (3.74), we recall that G}, was defined in (3.39) as a composition

of u% with A" and calculate:

N—-1 1AL n o __ a8n
(nt+1) Uy —Uy p1, ntl
X
Qnr

. v
PE nAt At N N

n=0

= pF nz: /n /QM Kt <LIN<Z,7’, (9) — LIN(Z, ﬁﬁn]—ilr’ 0)) . XN+1UN+1
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1 (n+1)At 1 nn—H . ﬁn
v N N . n+1,_.n+1
/n /QM At <( ux) R+t © ) v UN

3

= Inat

= pmtna +1, +1, n+1
_ n n n n
= PF / / (Vuy)s "XN Un

n=0 nAt Qs

= [erDad +1, +1, n+l
_ n n n n
= PF / / (s -V)uy - XN vy

0 nAt Qs

S

(sn - V)Taun - XnUN

I
>
=

S— >—

XN(SN : V)TAtUN *UN,

where ~ ~ R
N — TadIN N
At(R+17y) ~ R+1n

We rewrite the convective part in the following way:

SN = .

N-1
PF (n+1)At n n n AT n n
2 / Xn [<uN V)uy™ - ot — (8 - V)ogtt - uNJﬂ
n=0 nAt Qs
(3.75)
+ pljvg:l /(n+1)At Xn+1 [( n+ln V) n+1 un+1 ( n+1ln V) n+1 vn—f—l}
2 n=0 nAt Qnr N N .

Furthermore, we calculate:
n+1l/.n+1ln n+1 n+1 __ n+l/n+ln n+1 n+1
0 XN (s Vv - uy / XN (s n)uy" - uy

M

- XN

Tm
[ MLy L gLyl |l / L (s L )L L
M

By using the definition of s"*1", the boundary term can be rewritten as follows:

n+1l/.n+1l,n n+1 n+1l __ n+ln n+1 n+1
XN (s ‘n)uy" uy = l(S njuvy - uy
Ty rnt
n+1 ~n
N — 7N n+l . ntl
= s e N Uy Uy
ol (At(R + it

~n-+1 ~n,
n —n n n
_/( N N) 1y
ﬁTLJrl o ,,7
/ ( N NR) n+1 ur]{[—&-l.

By inserting the previous calculations into (3.75), we obtain that the convective term is

equal to:

pr [T . .
= */ / XN [(TAtuN : V)uN “UN — (TAtuN . V)UN . uN]
1\/[
+br / OfinRuy -uy — */ . xn(V -sy)un - un
M
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T
_pF/ / XN(SN'V)UN"UN-
0 JQum

We are finally ready to see what we have obtained from the fluid part:

N-1 ,(nt1)At it — N-1  (n+1)At
N N n+1, n+l1 PF / n+1 n+1l,n\/an n+1
—_. vy 4+ V-s ay v
szo/nAt L R+ DOl U A (@ - i)
N-1
W (0 = 8" - V)ut o - (@ - ) V)oRt e
n=0 nAt Qnmr
= (n—i—l)At n+1 n+1 n+1
+2I~LFZ/ Xy D(uy™) : D(vy™)
n=0 At Qs

T
= _PF/ Xnuy - Uy — PF/ / XNTAUN - QUN —,OF/ /@ﬁNR(TAtuN-TAtvN)
+PF/ / XN SN - V TAtuN ’UN+f/ o XN V SN)TAtuN VN
M

+7/ / XN [(TAtﬁN'V)uN"UN—(TAtﬁN'V)UN'uN]

0 JOu

T T
+pi/ /atﬁNR’UN'llN— pi/ XN (V-sy)uy - uy

2 Jo w 2 Jo Qs

T T
—,OF/ / XN(SN'V)UN"UN—I—Q,MF/ / xnvD(uy) : D(vy).

0 Q]\/[ 0 Q]\4

Now the weak formulation of the full, coupled problem can be rewritten as follows:

- PF/ UNXN UN PF/ / XNTAtUN - QU N —PF/ /amNR(TAtuN TAt’UN)
+PF/ / XN SN - TAtuN UN+f/ / XN V SN)TAtuN VN
"‘7/0 /Q XN [(TAtﬁN'V)uN"UN— (TAtﬁN'V)’l)N'uN]
pr (T _

+ 7/ /atnNR'UN Uy — 7/ XN V SN)’UN uy

0 Juw Qnr

T
—pF/O A XN(SN'V)UN'UN—FQ[LF/O /Q XND(uN) : D(’UN)

T T

—pKh/ /VN-Gtv,bR—pKh/vo-w(O)R+/[) ax (M, )

T nE ng l;
—PS/ / )i'atgi_pSZAi/o kOi'ﬁi(O)

=1

—PS/T 3 / atCi_pSfj/oli Mizoi’C¢(O)+/0TaS(WN,C)

:/OTBJX(t / Uz_/ aut / Uy
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Using the strong convergence results summarized in (3.72), we can pass to the limit in all

the terms:

_pF/QUO"U<O)_pF/OT/ Xu-ﬁtv—pF/T/E)tﬁR(u-v)
0

+pF/T/QMx< Dre, Vvt 21w —reJu
// [(u-V)u-v—(u-V)v-u
/8mR'U u—p—/ /QM am rer)v-u

—wmA AMMR+ﬁmWVﬁPU+mwA AMﬂX®2D@)

—pKh/T/v-atwR—pKh/vO-w<0>R+/TaK<n,¢>
—PS/TnE /k 0, PSZA/ koi - &;(

s [ 32 [ )i 0= s Y [ M- G0) + [ astor.0

_ /OT Pult) [ e - /O Poal®) [ .

Using the definition of the characteristic function y, we write the weak formulation on

the physical domain Q7(¢) :

—pp// u- o %/ /&mRuv pF/T/m(tb(t,u,u,v)
<2 [ [ D D) = pih [ [ v-owR+ [ alnw
—PS/TnE i/o kz"atﬁi—Ps/TnE/ i(Zn)i - 0,6, +/ as(w,¢)
:/ Pl-n(t)/ Uz—/TPOUt(t)/ Uz—l—pp/uo-v(O)

+PKh/V0 P(0 R+PSZA/ koi - €;( )‘i”PSnE/ M;zg; - ¢;(0).

To see that we obtained exactly the weak formulation (3.25), we have to rewrite the second

term from the right-hand side, i.e. / /&mR u - v). Using the fact that 7(t,2,0) =
n-(t, z,0), it is not hard to check that the following equality holds true:

az Ty . - 80 T
[ R

Oy} = Oy — - Oymg-
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Additionally, the outer normal n on T'(¢) is equal to (—0:7), 1, —9;7), and if we rewrite it in

aznr 1 80777’ ) .

"original” coordinates, we obtain that the outer normal is equal to | —————, 1, —
1+ 6an 1+ (99779

This yields that on I'"(t) we have:

Finally, using (3.76) and the kinematic coupling condition on I'?(t), we obtain:

/(]T/watﬁR(u.u) _ /OT/F&ﬁ(u_U) _ /OT /Fn(t)@m'n)t]%u_,v)
- /oT /rn(t)(am )= /oT /rn(t)(u -n7)(u-v),

where J = ||n|| is the Jacobian of the transformation from I' to I'"(¢), and n" is the outer
unit normal on I'(¢). Thus, we have shown that the limiting functions satisfy the weak
form (3.25).

3.9.3 The main result

We have shown that the limiting functions (u, n, d, w) satisfy the weak form of Problem
1 in the sense of Definition 3.1, for all test functions (vy, ), €, ). The following theorem
holds:

Theorem 3.17 Let ug € L2(2"(t)), n, € H'(w), vo € L}(R;w), (do, Wo) € Vs, (ko, 7o) €
L*(N;R®) be such that

V-uy =0, ((uo@d”)[roep) e =(vo) lr,,,, X e =0, n0m=do,

and let all the physical constants be positive: pg, ps, pr, A\, p, i > 0 and A; > 0,Vi =
1,...,ng, and let Py, /o € Lj(0,00). Furthermore, we assume an additional regularity
estimate on the approximate shell displacement, i.e. |[ny|lwie < C,VE < T,¥VN €
N. Then for every such T there exists a weak solution to Problem 1 in the sense of
Definition 3.1.

Remark The additional regularity assumption on the approximate shell displacement that
we assumed is not artificial. For example, if we have a structure with a regularization term
of sixth order, like in the paper by Boulakia [11] (this term can be physically interpreted
as a tripolar material, for example, see [63]), then the elastic operator £ is coercive in H?,
and, by Sobolev embedding, we indeed obtain that the shell displacement is a Lipschitz

function.

Remark Let us emphasize one more time the significance of difficulties that arise from

the fact that the shell is moving in all three spatial directions. If we had only radial
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displacement non-negligible, we would not need an additional regularity assumption on
the shell displacement. Namely, the Korn’s equality for the fluid space would hold true
(see [23],[59]), so the convergence of the gradients would be straightforward.
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Conclusion

In this thesis we proved the existence of weak solutions to the coupled problem of fluid,
mesh and shell interaction, both in the linear and nonlinear, moving-boundary case. The
main tools that we employed in order to obtain these results were: Lie operator splitting
method together with the semi-discretization, Arbitrary Lagrangian-Eulerian mapping
and compactness of sequences in Bochner spaces L(0,T’; H(t)), where H(t) is a family of
Hilbert spaces parameterized by t.

In the linear case, where the stationary fluid-structure interaction problem was conside-
red, we used the time-discretization via Lie operator splitting to decouple the problem into
two subproblems with different physical properties (fluid and composite structure). We
then proved that the solution to the semi-discrete problem converges to a weak solution
of the continuous problem, as the time-discretization step tends to zero. We emphasize
that the weak convergence was sufficient to be able to pass to the limit.

Regarding the nonlinear problem, we also employed Lie operator splitting scheme
to decouple the problem into two subproblems. What we also needed is the Arbitrary-
Lagrangian Eulerian mapping to deal with the motion of the fluid boundary since the
approximate fluid velocities (obtained by the time-discretization) were defined on different
domains. Passing to the limit was not straightforward, since we had to show that the
sequences of approximate solutions converge strongly in appropriate function spaces. To
obtain strong convergence, we had to employ a recent compactness result obtained by

Muha and Canié in their paper [62].
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Appendix

This Appendix gives a brief overview of the notation used throughout this thesis.

The fluid

Q reference fluid domain
r reference elastic boundary
, , Linout inlet and outlet boundary
Domain and mappings ) ) _
¢"(t) deformation of the fluid domain
Q"(t) deformed fluid domain
r deformed elastic boundary
W dynamic viscosity
Constants PF fluid density
Py jout () inlet and outlet pressure
u = (uy, uy, uy) | velocity
D(u) symmetrized gradient
Unknowns o Cauchy stress tensor
P pressure
v associated test functions




Appendix

The shell

shell domain

Domain and mappings ® shell parameterization
I'=p(w) reference shell domain
h thickness
L length
Constants R reference radius
PK shell density
€K regularization parameter
n = (1.,0,79) displacement
o(n) linearized change of metric tensor
Unknowns ~(n) linearized change of curvature tensor
L elastic operator
v =0m velocity of the displacement
(0 associated test functions
The mesh
I; =0,1] i—th rod domain
) ) P; 1—th rod parameterization on w
Domain and mappings o . o
m; =@ oP; | i—th rod parameterization on I"
N =T1%(0,1;) | mesh net topology
ng number of rods in the mesh
A; area of the cross-section
M; moment of inertia
Constants H; matrix of elastic properties
Q; local basis at each point
t; unit tangent on the middle line
ps mesh density
d; displacement of the middle line
k;, = 0,d; velocity of the displacement
&, associated test functions
Unknowns w; infinitesimal rotation of the cross-section
z; = O/W; velocity of the rotation
¢, associated test functions
i, Pi contact moment and force
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The function spaces

Vi (t) fluid space
i Vi shell space
Basic spaces
Vs mesh space
Viks coupled mesh-shell space
Vr(0,T) | fluid space
T hell
Evolution spaces Vie(0,T) | shell space
Vs(0,7") | mesh space
Viks(0,T) | coupled mesh-shell space
V(0,T luti
Coupled problem spaces (0.T) | solution space
Q(0,T) | test space
, Ws structure (mesh-shell) subproblem
Discrete spaces .
Wg fluid subproblem

Discretization
(0,7) time interval
At =T/N time-discretization step
Preliminaries t, = nAt discrete time forn =0,..., N
7l reparameterized shell displacement
Q" = ¢"(nAt, Q) | fluid domain at time ¢,
AT ALE mapping from Q" to Q7 ()
“continuous” ALE mapping S associated Jacobian

s associated domain velocity

Antin ALE mapping from Q"' to Q"

"discrete” ALE mapping gntin associated Jacobian

gntln associated domain velocity
uy approximate fluid velocity
Ny approximate shell displacement
NN approximate rep. shell displacement
A\ approximate shell velocity

Approximate solutions IS approximate shell displacement

dy approximate mesh displacement
Wy approximate mesh rotation
ky approximate mesh velocity
ZN approximate mesh rotation velocity

99



Appendix

100



Bibliography

1]

Robert A. Adams and John J. F. Fournier. Sobolev spaces, volume 140 of Pure and
Applied Mathematics (Amsterdam). FElsevier/Academic Press, Amsterdam, second
edition, 2003.

Stuart S. Antman. Nonlinear problems of elasticity, volume 107 of Applied Mathe-

matical Sciences. Springer, New York, second edition, 2005.

George Avalos, Irena Lasiecka, and Roberto Triggiani. Higher regularity of a coupled
parabolic-hyperbolic fluid-structure interactive system. Georgian Math. J., 15(3):403—
437, 2008.

George Avalos and Roberto Triggiani. Semigroup well-posedness in the energy
space of a parabolic-hyperbolic coupled Stokes-Lamé PDE system of fluid-structure
interaction. Discrete Contin. Dyn. Syst. Ser. S, 2(3):417-447, 20009.

Santiago Badia, Annalisa Quaini, and Alfio Quarteroni. Modular vs. non-modular
preconditioners for fluid-structure systems with large added-mass effect. Comput.
Methods Appl. Mech. Engrg., 197(49-50):4216-4232, 2008.

Viorel Barbu, Zoran Gruji¢, Irena Lasiecka, and Amjad Tuffaha. Existence of the
energy-level weak solutions for a nonlinear fluid-structure interaction model. In
Fluids and waves, volume 440 of Contemp. Math., pages 55-82. Amer. Math. Soc.,
Providence, RI, 2007.

Viorel Barbu, Zoran Gruji¢, Irena Lasiecka, and Amjad Tuffaha. Smoothness of weak
solutions to a nonlinear fluid-structure interaction model. Indiana Univ. Math. J.,
57(3):1173-1207, 2008.

Hugo Beirao da Veiga. On the existence of strong solutions to a coupled fluid-structure

evolution problem. J. Math. Fluid Mech., 6(1):21-52, 2004.

Toméas Bodnar, Giovanni P. Galdi, and Sarka Necasova, editors. Fluid-Structure

Interaction and Biomedical Applications. Birkhauser/Springer, Basel, 2014.

101



Bibliography

[10]

[11]

[12]

[13]

[16]

[17]

[18]

[19]

[20]

[21]

102

Muriel Boulakia. Existence of weak solutions for the motion of an elastic structure
in an incompressible viscous fluid. C. R. Math. Acad. Sci. Paris, 336(12):985-990,
2003.

Muriel Boulakia. Existence of weak solutions for an interaction problem between
an elastic structure and a compressible viscous fluid. J. Math. Pures Appl. (9),
84(11):1515-1554, 2005.

Martina Buka¢, Suncica éanié, and Boris Muha. A nonlinear fluid-structure in-
teraction problem in compliant arteries treated with vascular stents. Appl. Math.

Optim., T3(3):433-473, 2016.

Martina Bukac¢ and Boris Muha. Stability and Convergence Analysis of the Extensions
of the Kinematically Coupled Scheme for the Fluid-Structure Interaction. SIAM J.
Numer. Anal., 54(5):3032-3061, 2016.

Martina Buka¢, Suncica éanié, and Boris Muha. A partitioned scheme for fluid-

composite structure interaction problems. J. Comput. Phys., 281:493-517, 2015.

Martina Bukac¢, Suncica éanié, Roland Glowinski, Josip Tambaca, and Annalisa
Quaini. Fluid-structure interaction in blood flow capturing non-zero longitudinal
structure displacement. J. Comput. Phys., 235:515-541, 2013.

J. Butany, K. Carmichael, SSW. Leong, and M.J. Collins. Coronary artery stents:
identification and evaluation. Journal of clinical pathology, 58(8):795-804, 2005.

Suntica Canié, Marija Gali¢, Boris Muha, and Josip Tambaca. Analysis of a linear

3d fluid-mesh-shell interaction problem. preprint, 2018.

Suncica éanié, Matea Galovi¢, Matko Ljulj, and Josip Tambaca. A dimension-
reduction based coupled model of mesh-reinforced shells. SIAM J. Appl. Math.,
77(2):744-769, 2017.

Suncica Cani¢ and Josip Tambaca. Cardiovascular stents as PDE nets: 1D vs. 3D.

IMA J. Appl. Math., T7(6):748-770, 2012.

Sunéica Cani¢, Boris Muha, and Martina Bukaé. Stability of the kinematically
coupled p-scheme for fluid-structure interaction problems in hemodynamics. Int. J.
Numer. Anal. Model., 12(1):54-80, 2015.

Paola Causin, Jean-Frédéric Gerbeau, and Fabio Nobile. Added-mass effect in the
design of partitioned algorithms for fluid-structure problems. Comput. Methods Appl.
Mech. Engrg., 194(42-44):4506-4527, 2005.



Bibliography

[22]

[23]

[24]

[25]

[20]

[27]

[28]

[30]

[31]

[32]

[33]

Tomas Chacén Rebollo, Vivette Girault, Francois Murat, and Olivier Pironneau.

Analysis of a coupled fluid-structure model with applications to hemodynamics. STAM
J. Numer. Anal., 54(2):994-1019, 2016.

Antonin Chambolle, Benoit Desjardins, Maria J. Esteban, and Céline Grandmont.
Existence of weak solutions for the unsteady interaction of a viscous fluid with an

elastic plate. J. Math. Fluid Mech., 7(3):368-404, 2005.

C. H. Arthur Cheng, Daniel Coutand, and Steve Shkoller. Navier-Stokes equations
interacting with a nonlinear elastic biofluid shell. SIAM J. Math. Anal., 39(3):742—
800 (electronic), 2007.

C. H. Arthur Cheng and Steve Shkoller. The interaction of the 3D Navier-Stokes
equations with a moving nonlinear Koiter elastic shell. SIAM J. Math. Anal.,
42(3):1094-1155, 2010.

[gor Chueshov and Tamara Fastovska. On interaction of circular cylindrical shells
with a Poiseuille type flow. Fvol. Equ. Control Theory, 5(4):605-629, 2016.

[gor Chueshov and Iryna Ryzhkova. On the interaction of an elastic wall with a
Poiseuille-type flow. Ukrainian Math. J., 65(1):158-177, 2013.

[gor Chueshov and Iryna Ryzhkova. Well-posedness and long time behavior for a
class of fluid-plate interaction models. In System modeling and optimization, volume
391 of IFIP Adv. Inf. Commun. Technol., pages 328-337. Springer, Heidelberg,
2013.

Philippe G. Ciarlet. Mathematical elasticity. Vol. I, volume 20 of Studies in
Mathematics and its Applications. North-Holland Publishing Co., Amsterdam, 1988.

Three-dimensional elasticity.

Philippe G. Ciarlet. Mathematical elasticity. Vol. III, volume 29 of Studies in
Mathematics and its Applications. North-Holland Publishing Co., Amsterdam, 2000.
Theory of shells.

Philippe G. Ciarlet and Véronique Lods. Asymptotic analysis of linearly elastic
shells. III. Justification of Koiter’s shell equations. Arch. Rational Mech. Anal.,
136(2):191-200, 1996.

Philippe G. Ciarlet and Anne Roquefort. Justification of a two-dimensional nonlinear
shell model of Koiter’s type. Chinese Ann. Math. Ser. B, 22(2):129-144, 2001.

Carlos Conca, Francois Murat, and Olivier Pironneau. The Stokes and Navier-Stokes
equations with boundary conditions involving the pressure. Japan. J. Math. (N.S.),
20(2):279-318, 1994.

103



Bibliography

[34]

[35]

[36]

[44]

[45]

[46]

104

Carlos Conca, Jorge San Martin, and Marius Tucsnak. Motion of a rigid body in a
viscous fluid. C. R. Acad. Sci. Paris Sér. I Math., 328(6):473-478, 1999.

Daniel Coutand and Steve Shkoller. Motion of an elastic solid inside an incompressible

viscous fluid. Arch. Ration. Mech. Anal., 176(1):25-102, 2005.

Daniel Coutand and Steve Shkoller. The interaction between quasilinear elastodyna-
mics and the Navier-Stokes equations. Arch. Ration. Mech. Anal., 179(3):303-352,
2006.

Benoit Desjardins and Maria J. Esteban. Existence of weak solutions for the motion
of rigid bodies in a viscous fluid. Arch. Ration. Mech. Anal., 146(1):59-71, 1999.

Benoit Desjardins, Maria J. Esteban, Céline Grandmont, and Patrick Le Tallec.
Weak solutions for a fluid-elastic structure interaction model. Rev. Mat. Complut.,
14(2):523-538, 2001.

Qiang Du, Max D. Gunzburger, L. Steven Hou, and J. Lee. Analysis of a linear
fluid-structure interaction problem. Discrete Contin. Dyn. Syst., 9(3):633-650, 2003.

Eduard Feireisl. On the motion of rigid bodies in a viscous incompressible fluid. J.
Evol. Equ., 3(3):419-441, 2003. Dedicated to Philippe Bénilan.

Giovanni P. Galdi. On the motion of a rigid body in a viscous liquid: a mathematical
analysis with applications. In Handbook of mathematical fluid dynamics, Vol. I,
pages 653-791. North-Holland, Amsterdam, 2002.

Giovanni P. Galdi. Mathematical problems in classical and non-Newtonian fluid
mechanics. In Hemodynamical flows, volume 37 of Oberwolfach Semin., pages 121-273.
Birkhauser, Basel, 2008.

Giovanni P. Galdi. An introduction to the mathematical theory of the Navier-Stokes
equations. Springer Monographs in Mathematics. Springer, New York, second edition,
2011. Steady-state problems.

Roland Glowinski. Finite element methods for incompressible viscous flow. In
Handbook of numerical analysis, Vol. IX, Handb. Numer. Anal., IX, pages 3—1176.
North-Holland, Amsterdam, 2003.

Céline Grandmont. Existence of weak solutions for the unsteady interaction of a
viscous fluid with an elastic plate. SIAM J. Math. Anal., 40(2):716-737, 2008.

Céline Grandmont and Matthieu Hillairet. Existence of global strong solutions to a
beam-fluid interaction system. Arch. Ration. Mech. Anal., 220(3):1283-1333, 2016.



Bibliography

[47] Georges Griso. Asymptotic behavior of structures made of curved rods. Anal. Appl.
(Singap.), 6(1):11-22, 2008.

[48] Giovanna Guidoboni, Roland Glowinski, Nicola Cavallini, and Sunéica Canié¢. Sta-
ble loosely-coupled-type algorithm for fluid-structure interaction in blood flow. J.
Comput. Phys., 228(18):6916-6937, 2009.

[49] Gene Hou, Jin Wang, and Anita Layton. Numerical methods for fluid-structure
interaction—a review. Commun. Comput. Phys., 12(2):337-377, 2012.

[50] Mladen Jurak and Josip Tambaca. Derivation and justification of a curved rod model.
Math. Models Methods Appl. Sci., 9(7):991-1014, 1999.

[51] Mladen Jurak and Josip Tambaca. Linear curved rod model. General curve. Math.
Models Methods Appl. Sci., 11(7):1237-1252, 2001.

[52] Warner T. Koiter. On the foundations of the linear theory of thin elastic shells. I, II.
Nederl. Akad. Wetensch. Proc. Ser. B 73 (1970), 169-182; ibid, 73:183-195, 1970.

[53] Igor Kukavica and Amjad Tuffaha. Solutions to a fluid-structure interaction free

boundary problem. DCDS-A, 32(4):1355-1389, 2012.

[54] Igor Kukavica, Amjad Tuffaha, and Mohammed Ziane. Strong solutions for a fluid
structure interaction system. Adv. Differential Equations, 15(3-4):231-254, 2010.

[55] Daniel Lengeler and Michael Ruzicka. Weak solutions for an incompressible New-
tonian fluid interacting with a Koiter type shell.  Arch. Ration. Mech. Anal.,
211(1):205-255, 2014.

[56] Julien Lequeurre. Existence of strong solutions to a fluid-structure system. SIAM J.

Math. Anal., 43(1):389-410, 2011.

[57] Boris Muha and Suncica Cani¢. Existence of a weak solution to a nonlinear fluid-
structure interaction problem modeling the flow of an incompressible, viscous fluid in
a cylinder with deformable walls. Arch. Ration. Mech. Anal., 207(3):919-968, 2013.

[58] Boris Muha and Suncica Cani¢. A nonlinear, 3D fluid-structure interaction problem
driven by the time-dependent dynamic pressure data: a constructive existence proof.
Commun. Inf. Syst., 13(3):357-397, 2013.

[59] Boris Muha and Sunéica Cani¢. Existence of a solution to a fluid-multi-layered-
structure interaction problem. J. Differential Equations, 256(2):658-706, 2014.

[60] Boris Muha and Sunéica Cani¢. Fluid-structure interaction between an incompres-
sible, viscous 3D fluid and an elastic shell with nonlinear Koiter membrane energy.
Interfaces Free Bound., 17(4):465-495, 2015.

105



Bibliography

[61] Boris Muha and Sunéica Cani¢. Existence of a weak solution to a fluid-elastic
structure interaction problem with the Navier slip boundary condition. J. Differential
Equations, 260(12):8550-8589, 2016.

[62] Boris Muha and Sunéica Cani¢. A Generalization of the Aubin-Lions-Simon Com-

pactness Lemma for Problems on Moving Domains. ArXiv e-prints, October 2018.

[63] Michael Ruzicka. Multipolar materials. In Workshop on the Mathematical Theory of
Nonlinear and Inelastic Material Behaviour (Darmstadt, 1992), volume 239 of Bonner
Math. Schriften, pages 53-64. Univ. Bonn, Bonn, 1993.

[64] Josip Tambaca, Mate Kosor, Sunéica Cani¢, and David Paniagua. Mathematical
modeling of vascular stents. SIAM J. Appl. Math., 70(6):1922-1952, 2010.

[65] Igor Velci¢. Nonlinear weakly curved rod by I'-convergence. J. FElasticity, 108(2):125—
150, 2012.

106



Curriculum Vitae

Marija Gali¢ was born on 4** of January 1991, in Sibenik, Croatia. She finished her
primary and second school in éibenik, and in September 2009 she started her studies at
Department of Mathematics, Faculty of Science, University of Zagreb. She obtained her
bachelor’s degree in July 2012, and her master’s degree in September 2014, with the thesis
title Numerical solutions of Navier-Stokes equations via operator splitting method, under
supervision of prof. Josip Tambaca.

She started working as a teaching assistant and enrolled her PhD studies at the same
faculty in October 2014, under supervision of prof. Boris Muha. During her PhD studies,
she actively participated in numerous international summer/winter schools, workshops
and conferences where she held lectures (or presented posters) about her work. Further-
more, from December 2016 until February 2017, she was a PhD intern at the Institute of
Mathematics of the Polish Academy of Sciences in Warsaw.

She was a member of Croatian Science Foundation project Mathematical Analysis of
Multi-Physics Problems Involving Thin, Composite Structures and Fluids, and is currently a
member of Austrian-Croatian bilateral project Diffusion Systems of Multispecies Biological
Coating for Wastewater Treatment.

Her scientific interest includes partial differential equations, numerical analysis and fluid-
structure interaction. She is an active member of the Seminar for differential equations
and numerical analysis at Department of Mathematics, Faculty of Science, University of

Zagreb.

107



	Introduction
	Problem description
	Literature overview
	Chapter overview

	Linear fluid-mesh-shell interaction problem
	Model description
	The fluid
	The shell
	The elastic mesh
	Koiter shell and 1D mesh problem coupling
	The fluid-composite structure coupling

	The energy of the coupled fluid-mesh-shell problem
	The operator splitting scheme
	The structure subproblem
	The fluid subproblem

	Existence of weak solutions
	Function spaces
	Definition of a weak solution
	Statement of Main Existence Result

	Approximate solutions
	The semi-discretized structure subproblem
	The semi-discretized fluid subproblem
	Uniform energy estimates

	Convergence of approximate solutions
	Weak and weak* convergence
	Passing to the limit and proof of main result


	Nonlinear, moving-boundary fluid-mesh-shell interaction problem
	Model description
	The fluid
	The shell
	The elastic mesh
	Coupling between the shell and the elastic mesh
	Coupling between the composite structure and the fluid

	The energy of the problem
	Existence of weak solutions
	Function spaces
	Definition of a weak solution

	The fluid domain boundary reparameterization
	The operator splitting scheme
	Arbitrary Lagrangian-Eulerian mapping

	Approximate solutions
	The semi-discretized structure subproblem
	Discrete ALE mapping
	The semi-discretized fluid subproblem

	Uniform energy estimates
	Weak convergence of the approximate solutions
	Strong convergence of approximate sequences
	Strong convergence of the shell displacement
	Convergence of the gradients
	Strong convergence of velocities

	The limiting problem and main result
	Construction of the test functions
	Passing to the limit
	The main result


	Conclusion
	Appendix
	Bibliography
	Curriculum Vitae

